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Abstract

Infinite behavior of nondeterministic finite-state automata running over infinite trees or more
generally over elements of an arbitrary algebraic structure is characterized by a calculus of fixed
point terms interpreted in powerset algebras. These terms involve the least and greatest fixed
point operators and disjunction as the only logical operation. A tight correspondence is established
between a hierarchy of Rabin indices of automata and a hierarchy induced by alternation of
the least and greatest fixed point operators. It is shown that, in the powerset algebra of trees
constructed from a set of functional symbols, the fixed point hierarchy is infinite unless all the
symbols are unary (i.e. trees are words). It is also shown that an interpretation of a closed fixed
point term in any powerset algebra can be factorized through the interpretation of this term in
the powerset algebra of trees, from which it is deduced that the question whether a term denotes
always @ can be answered in polynomial time.
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0. Introduction

Nonterminating behavior of a finite state system is a mathematical abstraction of
a number of phenomena that occur in information processing, such as continuously
operating concurrent programs, network communication protocols or nonstabilizing
asynchronous digital circuits.

Formalisms that have been proposed for specifying and reasoning about nontermi-
nating behavior of programs can be roughly divided into three groups: various kinds
of automata, temporal and modal logics, and fixed point calculi, i.e. formalisms based
on explicit notation for inductive and co-inductive definitions. All of these are closely
related (see [49, 8] for survey articles). Logics provide a nice tool for specification as
they are close to human thinking; on the other hand, the relative algorithmic issues,
as e.g. the problems of satisfiability and model checking, present some conceptual
difficulties that are usually solved by reducing these questions to the emptiness prob-
lems for suitable automata. Automata are usually better tractable algorithmically due to
a straightforward rather than inductive semantics; on the other hand, the automata nota-
tion does not always reflect the structural complexity of specified properties; therefore,
the use of automata as a specification formalism is limited. Fixed point calculi seem
to join the strong points of both logics and automata, since they provide an elegant
and well-structured mathematical notation inducing nice semantical hierarchies; on the
other hand, solutions to the relative algorithmic problems are usually already implicitly
present in the structure of these calculi, as computing the least (or, dually, the greatest)
fixed point is one of general paradigms of algorithms. It is the fixed point approach
on which we shall focus our interest in the present paper.

In all fixed point calculi, the main feature of the syntax consists in an explicit notation
for solutions of the fixed point equations x =1(x). If x is supposed to range over
a complete lattice and the operation defined by t is monotone then, by the Knaster—
Tarski Theorem, there exists a least fixed point ux.z(x) and a greatest fixed point
vx.7(x). Here © may depend on some arguments other than x that may be subjected to
further applications of fixed point operators which by this can be nested and alternated,

e.g. uxvya(x, y), vx.(x, py.ti(x, y)), etc.
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The role of alternation of least and greatest fixed point operators as a source of
a sharp expressive power for the fixed point calculus has been recognized in early
1980s. Park in his studies on the semantics of parallelism [40] observed that what he
considered as a fair merge of two infinite sequences? can be adequately character-
ized only using both extremal fixed point operators. Flon and Suzuki [15] and later
Emerson and Clarke [9] gave insighting fixed point characterizations of several cor-
rectness properties of parallel programs including freedom from deadlock, invariance,
and inevitability under fair scheduling assumptions. Amold and Nivat [1] proposed
the greatest fixed points as semantics for nondeterministic recursive programs, and
Niwinski [34] has extended their approach to alternated fixed points in order to cap-
ture the infinite behavior of context-free grammars. Kozen [23] introduced the modal
u-calculus, which is a propositional modal logic extended by the least fixed point oper-
ator. This logic has subsequently received much studies; now it is known to subsume
most of the known propositional logics of programs and yet to be decidable in the
exponential time [10]; it also possess a natural complete proof system [54].

Another notation of u-terms (called fixed point terms in the present paper) has been
introduced by this author in [35,36]; it simply extends the usual notation of first-
order terms by the least and greatest fixed point operators, and a binary operator V as
the only logical operator. Fixed point terms can be interpreted in algebras with com-
pletely ordered universes, under the assumption that the basic operations are monotonic
(justification of this semantics comes from the Knaster—Tarski theorem, and no conti-
nuity requirements are needed). Important examples of such algebras can be obtained
by the powerset construction applied to arbitrary algebraic structures. It turns out that
a rather simple notation of fixed point terms, when interpreted in the powerset algebra
of trees, has precisely the same expressive power as Rabin automata. Consequently,
by the results of Rabin [41], it captures the expressive power of monadic second-order
logic over a tree structure which is known to be one of the most expressive among
the decidable mathematical theories. The proof of this result, first announced in [38],
will be presented in details in the present paper. Actually, the characterization will
be proved on a more general level: rather than automata on trees, we shall consider
automata running over arbitrary algebraic structures; this concept will subsume, in par-
ticular, alternating automata on trees. We would like to point out that a computation of
an automaton may be infinite even if the underlying algebraic structure is finite. The
aforementioned generalization will be useful especially in solving the nonemptiness
problem for fixed point terms (that is, the question whether a term has a nonempty
denotation), as it will allow to confine it to a particularly simple powerset algebra
actually equivalent to the Boolean algebra {0,1}. This will induce a polynomial-time
algorithm for the problem. As for the powerset algebra of trees, it will be shown to
play the role of an initial structure in the class of all powerset algebras.

2By Park, the fair merge of two infinite sequences of 0’s and of 1’s is the set of sequences where both
bits occur infinitely often. It can be characterized by the term vy.ux.0x V 1x v 01y.
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A tight correspondence will be established between the hierarchy of indices of Rabin
automata and a hierarchy of alternation of the least and greatest fixed point operators.
It will be exhibited that both hierarchies may be finite or infinite varying from one
interpretation to another. In particular, in a powerset algebra of trees constructed from
function symbols of a given signature, the hierarchy is infinite if the signature contains
at least two symbols of which at least one has the arity at least 2.

The paper is organized as follows. In the preliminary Section 1, we present basic
concepts concerning trees, powerset algebras and automata. We introduce our concept
of automata running in arbitrary algebras which is a straightforward generalization of
automata on infinite trees. The subsequent Section 2 is an introduction to the cal-
culus of fixed point terms. In Section 3, we prove a fine equivalence between the
fixed point terms and Rabin automata. This result is completed by a discussion of
an alternative characterization of the same hierarchy, by means of two iteration op-
erators. Section 4 presents the aforementioned initiality result of the powerset alge-
bra of trees and discusses the nonemptiness (or satisfiability) problem for fixed point
terms. Section 5 is devoted to the hierarchy problem. Finally, in Section 6 we dis-
cuss relations between our fixed point calculus and other formalisms considered in the
literature.

Notations

The set of natural numbers 0,1,..., or, equivalently, the first infinite ordinal, is
denoted by w. For a set X, @(X) is the powerset of X, i.e. the set of all subsets of
X; X" is the Cartesian product of n copies of X; |X| is the cardinality of X. The
symbol < is used with several meanings: depending on the context, it may stand for
the standard ordering of natural numbers (or ordinals), the initial segment orderings of
words, as well as an abstract partial ordering in an abstract poset. Once the meaning
of < is understood, the symbols >, <, have their usual meaning.

Throughout the paper, we largely use vector notation: generally, a tuple (a,...,a,)
may be abbreviated &@. This notation is also applied in more complex terms and for-
mulas, e.g., in writing 7[5/xX] instead of {t;[s1/x1,...,Sm/Xm)s- s talS1/X1,- - s Sm/Xm]), OF
@<b to mean “a,<b; and ... and a, <b,”, and also X CY to mean “X; C Yy and ...
and X, CY,”.

1. Preliminaries

1.1. Trees

For a set X, X* denotes the free monoid generated by X, i.c., the set of all fi-
nite words that can be written with X as an alphabet, including the empty word &.
A word w€X™* can be uniquely decomposed in w =x; - - - x;, where xi,...,x €X; the
number k is called the Jength of w, and denoted by |w| (in particular |¢| =0). The con-
catenation of two words w=x---x; and v=y; -y, is the word x; -+ X y1 - Vm
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denoted by wv. The similar notation will be applied to sets of words: if L,K CX*,
LK ={uv|u€L,veK}. Note that L{e} = {¢}L =L, while L} =0L=0.

The initial segment relation < is defined by » <w iff there exists v such that uv =w.
Note that ¢ is the least element of X* with respect to <.

Any nonempty subset 7 of X* closed under initial segments is called a tree. The
elements of T are usually called nodes. The word ¢, which belongs to every tree, is
called the root. The <-maximal elements of T are called leaves. If u€ T, x € X, and
ux €T then ux is an immediate successor of u in T. A finite or infinite sequence
Wg, Wi,. .., Wm,... such that wg=¢ and, for each m, whenever w,,; is defined, it is
an immediate successor of wy, is called a path in T. A finite path wo,wy,...,wy, is
complete if w,, has no immediate successors. We recall the celebrated Konig’s Lemma.

If T CX* is an infinite tree and each w € T has only a finite number of immediate
successors in 7 then T has an infinite path.

A tree with no infinite path is called well-founded. We note a fundamental property of
trees that we shall refer to as Tree Induction Principle (cf., e.g., [26]).

Let T be a well-founded tree and let S be a subset of T such that, for all
we T, if all immediate successors of w are in S, so is w. Then S=T.

Now let S be an arbitrary set. If T is a tree then a mapping ¢: 7 — S is called
an S-valued tree or shortly an S-tree; in this context T is called the domain of ¢
and denoted by T =dom¢. We say “root of #”, “path in ¢”, etc., referring to the
corresponding objects in dom¢. For a node v € dom¢, the subtree of ¢ induced by v is
the S-tree denoted by t.v and defined by

e domtwv={w|vwe&domt},
o tyu(w)=1t(vw), for w € dom¢r.v.

We shall be often interested in the set of values that occur infinitely often along
a path in a tree. Let ¢ be an S-tree and let P =(wgy,wy,...) be an infinite path in ¢.
We let

Inf(t,P)={s € S: t(w,) =s for infinitely many m}.

Observe that if S is finite then Inf(z, P) is always nonempty and there is some my,
such that (Ym=mg) t(wy,) € Inf(¢, P).

A basic construction that is frequently used for trees is substitution. Suppose 4 C
dom(?) is an antichain with respect to < (i.e., any two elements of 4 are incompa-
rable), and let f be a function associating an S-tree f(w) with each w e 4. Then the
substitution tree t[ f] is the S-tree defined by
o dom¢[f]= |J, e, wdom f(w) U {wedomt:Vw' <w,w gA},

Sfw)v) ifu=wy, wed,
* 17)e= {t(u) otherwise.

The above definition of substitution can be naturally extended to the case when f

is a mapping associating a set of S-trees f(w) with each w € 4; in this case the result
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of substitution is a set of S-trees. More specifically, we call f* a choice function for
[ if, for each we A, f'(w) is a tree in f(w). (Observe that a choice function may fail
to exist if some f(w)=(.) We set

t{ f1=at {t[f']: f is a choice function for f}.

In the case A is finite, say 4 = {wy, ..., w; }, we shall often express f explicitly, writing,
for example, t[w) < t,,..., W < #;], in vector notation t[w «— f]. This notation will be
extended to sets of S-trees, say Li,...,L; by

tiwy —Ly,...owe =L ={t[wy —t1,.. ., wp — e 1 €Ly, ..., 5 € Ly}

We say that two infinite paths, P =(wp,wi,...) in ¢t and P’ =(wg,w{,...) in ¢’ are
cofinal, if, roughly speaking, from some moments on, “they look the same”; more
specifically, if there exist a sequence of words vg,v;,..., and m,my; <, such that
Wiy +k = Wiy Uks Wy 44 = Wy, U, and moreover #(wp, k) =t(w,, ), for k<. Clearly,
if P and P’ are cofinal then Inf(z, P) = Inf(¢/, P’). Observe that, if ¢[ f] is a substitution
tree, then every path in any f(v) is cofinal with some path in ¢[ f]. We shall often
make implicit use of this and other easily noted properties in the sequel.

We also introduce a concept of limit. Suppose #,,... is a sequence of S-trees such
that dom# Cdom¢ C---, and, for each we |J,_, dom¢,, there is some m(w) such
that Ym=m(w), t(W)=tmey)(w). Then we define the S-tree ¢ by
e domt=J,_,dom#,

o (W)= tmu)(w), for we domt.
By hypothesis, ¢ is well-defined. We call it the /imit of the sequence #, and denote it
by lim ¢,.

Now let Sig be a finite signature, i.e., a finite set of function symbols, each f & Sig
given with a finite arity p(f)>0. The symbols of arity 0 are also called constant
symbols. A syntactic tree over Sig is a Sig-tree t:dom(t)— Sig, where dom(¢) is
included in w* (recall that @ denotes the set of natural numbers) and the following
condition is satisfied: if #(w) is a symbol of arity k£ then w has exactly ¥ immediate
successors in dom(t) which are wl,...,wk. Note that a node of a syntactic tree is
a leaf if and only if it is labeled by a constant symbol. Clearly, the set of syntactic
trees is closed under the substitution and limit operations.

The collection of all syntactic trees over Sig is denoted by Tsg.

For syntactic trees, we shall often consider some special kind of substitution. Let
ci,...,Cy be some constant symbols in Sig and let Li,...,Ly, C Tyy. Let £ €Ty, and
A={wedom(t): {w)€ {c1,....cn}}. Clearly, 4 is an antichain in dom¢. Then we
define t[c; —Li,...,cm < Ly] as t[ f], where f is mapping that sends each w € A with
t(w)=c; onto L,. This notation will be also extended to a set of trees K C Ty, by

K[ey—Ly,...,cm—Lyl=or {l[C] —Li,...;cm— Lyl IEK}

Remark. It is apparent and well-known that finite syntactic trees can be identified with
closed terms over the signature Sig. Therefore, syntactic trees may be viewed as an
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infinitary extension of terms. This point of view has been developed in the theory of
algebraic semantics of programs, see, e.g., [17].

1.2. Algebras

We now present the kinds of algebraic structures to be considered in our study.
An obvious requirement of models of fixed point calculi is the existence of definable
fixed points. This is provided by a concept of a u-algebra in which the universe is
a complete lattice and the basic operations are monotonic. As we shall be interested
in a fixed point characterization of automata operating on algebraic structures, our
main focus will be on a class of u-algebras that can be obtained by a powerset con-
struction from arbitrary algebras or, more generally, from what we shall call semi-
algebras.

Complete lattices

A partially ordered set (L, <) is a lattice if for any two elements a,b € L, there
exists their least upper bound in L, denoted a Vv b, and their greatest lower bound,
a A b. A lattice is said to be complete, whenever each subset 4 of L has a least
upper bound in L; we denote it by \/ 4. Note that consequently each A CL has also
a greatest lower bound, which is the least upper bound of the set of lower bounds
of 4, it will be denoted A 4. In particular, L itself has extremal elements \/L and
AL, also denoted by T and L. A k-ary function f:L* — L is said to be monotonic
if f(ay,...,ax)< f(b1,...,b;), whenever a; <b; holds for all i=1,... k.

Semi-algebras

Recall [16] that an algebra over a signature Sig (briefly Sig-algebra), usually pre-
sented by o/ = (4, {f¥: f € Sig}), consists of a set 4 called the universe of ./ and
a family of (basic) operations of &/ which, for each f € Sig, comprises an interpreta-
tion of f, that is a mapping £ :47/) - 4.

(The convention that a Roman capital letter stands for a universe of a structure
denoted by the corresponding calligraphic letter will be maintained in the sequel.)

A more general concept is that of a partial algebra [16], in which the operations
need not to be everywhere defined. In our considerations, it is natural to introduce
a yet more general notion of a semi-algebra over Sig, in which the operations may be
also over-defined. A semi-algebra is a structure of the form %= (B,{f%: f € Sig})
where, for each f € Sig of arity p(f), f# is a p(f) + 1 ary relation over B, that
is, f# CBPFL We shall write b= f(b1,...,bys)) to mean (b1,...,by ), b) € f2.
A (partial) algebra .o/ can be viewed as a semi-algebra if we identify a function f<
with its graph.

Our two basic examples concern trees. It is well-known that the set of closed
terms over Sig can be organized into an algebra which is a free algebra in the
class of all algebras over Sig with the empty set of generators [16]. This structure
can be further extended to an algebra of all syntactic trees over Sig that will be
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presented by s, = (Tsiy, {7 | f € Sig}), where, for f € Sig and Hyo s to( £y € Tsigy
f Fs'ﬂ(tl,...,t,,( 7)) is the unique Sig-tree ¢ satisfying the following conditions:

e domt={e} Uldoms U-- - Up( f)dome, sy,

o He)=/,

o {(iw)=t;(w), for i€ {l,...,p(f)} and w € dom?¢,.

On the other hand, any tree ¢ € Ts;, can be itself considered as a semi-algebra t=
(dom(r), { f*| f € Sig}) such that for all f € Sig, f*={(wl,...,wp(f),w): t{w)= f}.

Note that in general t is not even a partial algebra (in the sense of [16]), since
a constant symbol ¢ may be interpreted as a set of nodes (those for which #(w)=c),
rather than a single node.

We call a semi-algebra # operationally complete if any b€ B is in the image of
some operation, that is, there is some f € Sig, and by,...b, ) €B, such that b= f %
(b1,...,bx) (if p( f)=0, this condition means simply b= f%).

For technical reasons, it is convenient to make the following assumption.

Proviso 1
All semi-algebras considered in this paper are operationally complete.

Remark. It is natural to consider a mapping 4:4 — B a homomorphism from a semi-
algebra .o/ to a semi-algebra # if, for each f € Sig and ai,...,a, ) ,a€4, (ay,...,
ap( ), a) € f< implies (h(ay),...,h(ay ry),h(a)) € f%. This notion coincides with the
usual concept of homomorphism if .« and # are ordinary algebras. Then, for any tree
t € Tsiy, a mapping /s :dom(s) — Ty, given by w +— t.w is a homomorphism from the
semi-algebra t to the algebra ;.

u-Algebras

A p-algebra over signature Sig is a pair (&, <), where &/ = (4, {f: f € Sig})
is a Sig-algebra and <, is an ordering on 4 such that (4, <) is a complete lattice
and all the operations f*, f € Sig, are monotonic.

It may be sometimes convenient to include the lattice operations V and A, or one
of them, to the family of basic operations of a pu-algebra. We reserve the symbols Vv
and A for this purpose, they are always considered as binary and interpreted in the
standard way, whenever &/ is a p-algebra. If V,A & Sig, we abbreviate the signature
Sig U {V} by Sig,, Sigu {A} by Sig,, and Sig U {V,A} by Sig, .

If o/ is a p-algebra over Sig, we define a p-algebra ./, over Sig,, as the enrich-
ment of o/ by the operation V¥, interpreted as the least upper bound in (4, < .).
The p-algebras o/, and 4, » are defined similarly.

Powerset algebras
Let #=(B,{f*: fcSig}) be a semi-algebra over signature Sig. The powerset
algebra of # is an algebra over Sig,, of the form

0B =(p(B),{U}U{f*?: [ € Sig}),
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where, U= \V## is the (binary) set union and, for each f € Sig, and Li,...,L, r)CB,

fpw(Ll,...,Lp(f))Z{bl (Ja €L1,...,3ap(f) eLp(f))fg(al,...,ap(f))ib}.

Now the universe of p%, @(B), can be considered as a complete lattice with the
subset ordering and clearly all the basic operations of @4 are monotonic. Therefore,
the pair (@%,C) forms a u-algebra; in the sequel, we shall identify the powerset
algebra 4% with this u-algebra.

Our most important example of a powerset algebra will be the powerset algebra of
the aforementioned algebra of syntactic trees over a signature Sig, in symbols @ Zg;,.
If a signature is fixed in the context or irrelevant, we shall usually call this structure
a powerset tree algebra.

Powerset algebras with intersection

By definition, 9%, is an enrichment of @4 by the lattice operation A that in the
lattice (g@(B),C) is the set intersection. This enrichment may be essential since N need
not be in general definable from other operations. We shall note, however, that it is
redundant in the class of all powerset algebras, namely, that g%, can be identified
with some %', where &’ is a suitable enrichment of %.

To this end, we need a concept of isomorphism between p-algebras. Let o/ and o/’
be p-algebras over the same signature Sig. We say that a bijective mapping h:4 — A’
is an isomorphism from o to o', if
1. it is an isomorphism of lattices, that is a < b if and only if A(a) < 4 h(b), for any

a,be A4,

2. it preserves the basic operations, that is, h(f”(al,...,a,,(f))zf“/(h(al),...,

h(ayry)), for all f € Sig and ay,...,a, 7)€ A.

Clearly, in this case the inverse mapping A~!: 4’ — A4 is an isomorphism from &' to
&/, which justifies the saying that the u-algebras o/ and o/’ are isomorphic .

Now let % be an arbitrary semi-algebra over a signature Sig. Without loss of gener-
ality we may assume that the symbol A is not in Sig. We shall consider a semi-algebra
#' over the signature Sig, such that B'=B and /% = %, for all f € Sig, while A*
is a (partial) operation defined by

aNa=a

a A b undefined for a#b.

Note that we have momentarily suspended our convention about the use of A since B
is not a lattice and so A? is not a greatest lower bound in any sense. However, if we
proceed to the powerset algebra of #’, we have obviously

L /\‘(/ng Ly=LiNL;

for any L,,L, C B’ =B. Hence, the following is immediate.
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Proposition 1.1. The u-algebras (over signature Sig, ) ©%n and A are
isomorphic.

1.3. Automata

We are going to present the concept of a finite-state automaton which can have in-
finite yet successful computations. Traditionally, automata of that kind are considered
as running over infinite objects, e.g. infinite words or trees with infinite paths (cf. His-
torical note on automata below). In the present framework, we allow an automaton
to run over elements of an arbitrary semi-algebra. Classical automata on trees fit that
concept as a typical case. We remark that a computation of an automaton may be
infinite also if the underlying algebra is finite.

Informal description

Essentially, an automaton consists of a set of transitions and a global acceptance
condition. Transitions are equations of the form x = f(x1,...,x; ), where f € Sig. Here,
X,X1,...,X; are the automaton’s stafes. A computation of an automaton in a semi-
algebra & can be described as a process running in discrete, possibly infinite time.
Initially, one copy of the automaton examines some element of the semi-algebra as-
suming an initial state. At each moment, a number of elements of # will be examined
by a number of copies (not excluding that many copies can examine the same ele-
ment), but all these copies operate independently, without any communication. Suppose
that a copy of the automaton examines an element b € B assuming a state x. Then it
tries to decompose b according to some transition x = f(xj,...,x;), that is, to find
some by,...,b; €B, such that b= f#(by,...,b;). If this attempt succeeds, our copy
splits into £ new copies that are sent to the elements by,...,b;, assuming the states
X1,...,Xk, respectively. Note that a transition is chosen nondeterministically, but once
it is determined, all the new-born copies must appear. We note that a transition may
have a form x = f where f is a constant symbol, in this case decomposition succeeds
if b= f# and, if so, this computation path successfully terminates.

Now if we follow an infinite path of the computation process, we can see an infi-
nite sequence of states, some of them, due to finiteness of the automaton, reappearing
infinitely often. Thus, with each infinite computation path, we can associate its perma-
nent set of states. This is of which the global acceptance condition of the automaton
will take care, by specifying which sets of states are accepting permanent sets. The ac-
ceptance paradigm is that the whole process is accepting iff a/l its paths are accepting,
and, a given element b is accepted (or recognized) by the automaton if there exists an
accepting process, in which b is examined initially. In this way an automaton defines
a subset of B consisting of the accepted elements.

In view of subsequent applications, it will be useful to introduce a slight techni-
cal extension of the above-described concept, such that an automaton may define a
k-ary operator (¢(B))f — ¢(B) rather than just an element of @(B). To this end we
equip an automaton with an additional feature called variables. A variable may occur
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on the right-hand side of a transition x = f(xi,...,x;) but not on the left-hand side.
A computation process is defined w.r.t. a valuation of the variables by subsets of B.
Now if a copy of automaton examines an element b € B assuming a variable z instead of
a state, the computation path terminates in this point and it is successful iff 4 belongs
to the set associated with z by the valuation. (The acceptance criterion for infinite paths
remains unchanged.) Thus, an automaton defines an operator from the set of possible
valuations, which can be identified with some (o (B)Y, to @(B).

We shall now give the formal definitions of the concepts described above. It is
convenient to separate the “local” and “global” parts of automaton.

Pre-automata
A pre-automaton over a signature Sig can be presented as a tuple

A={(Sig,Q,V,Tr),

where Q is a finite set of states, V is a finite set of variables, and Tr is a set of
transitions, Tr CU e, @ X {f} x (QU V).

Each transition is therefore a tuple (y, f,x1,...,Xy s)) Where f € Sig, y€Q, and
Xi,.., X f)€Q U V. We shall usually represent such a transition as an equation
y=/f(x1,...,xp(sy)- The variable y will be referred to as the head of the transition
y=F(x1,...,%5 ). Note that if p( f)=0, a transition has form y= f.

The semantics of the automaten 1s defined as follows. Let # be a semi-algebra. Let
val be a valuation that associates a subset of B with any variable in V. A run of the
pre-automaton A w.r.t. the valuation val is formally represented as a tree r: domr — B x
(Tru V), with domr C w*, satisfying the following conditions.

Let w € domr and suppose r(w)=(b, ). Then,

e if B is a transition in Tr, say y= f(x1,...,xx), then w has k immediate successors
in domr, wl,...,wk, and r(wi)=(a;,o;), where
— o; 18 a transition with head x;, if x; is a state,
— oy is x;, if x; is a variable,
- b=f%a,...,a)
e if B is a variable in V, say z, then w is a leaf of r, and b € val(z).

With a run r, we associate two other trees over the same domain, that we will call the
element part and the state part of r and denote by r T, and r T, respectively. The tree
# T, :domr — B is defined as the composition® m; or, and the tree r 1, :domr — QU V
is defined by

y if mp o r(w) is a transition with head y,
rla(w)= , : ,
z if myor(w) is a variable z.

(Here 7; is the projection of the Cartesian product B x (7rU V') on the ith component.)
A run r such that r(¢) = (b,q) will be called a g-run of 4 on b.

3 Throughout the paper, composition of mappings f:4 — B and g:B — C is denoted go f.
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Global acceptance conditions
An automaton over signature Sig is presented as a tuple

A={Sig,Q,V,q0, Tr, Acc),

where (Sig,0,V,Tr), is a pre-automaton, go € Q is an initial state, and Acc is an

accepting condition.

As we have mentioned in our informal description of automata, an accepting con-
dition is essentially a property of sets of states, so it can be always represented by
a subfamily of @(Q). For technical reasons, it is often convenient to consider more
specific kinds of acceptance conditions that can be represented in more succinct way.
We mention below four kinds of accepting conditions with which we associate the
names of R.J. Biichi, D. Muller, M.O. Rabin, and A.W. Mostowski (see Historical
note on automata below). According to the actual accepting condition, we shall refer
to Biichi, Muller, Rabin and Mostowski automata, respectively. We will say simply
“automaton”, if the acceptance condition is irrelevant to the considerations.

Now, for each of the aforementioned accepting conditions we give its representation
and specify which subsets X C O are considered accepting.

o Muller acceptance condition is given by a family of sets of states, Acc=% C p(Q),
and a set X C Q is accepting if X € #.

e Biichi acceptance condition is given by a set of states, dcc=FCQ; aset XCQ
is accepting if X NF # {.

e Rabin acceptance condition is given by a collection of pairs of sets of states,
Ace={(L,Uy),...,(Ly, U,)}; and a set X C Q is accepting if, for some i € {1 <i<
n}, XNU; # 0 while XNL;=0.

e Mostowski acceptance condition is given by a mapping rank:(Q — w; and a set
X CQ is accepting if max{rank(x): x€ X} is even.

Since an automaton is a pre-automaton with some additional features, the concept
of a run extends to automata immediately. Let # be a semi-algebra, and let » be
a run of 4 over # w.r.t. some valuation val. Let P=(wg,w;,...) be an infinite path
in domr. Recall (Section 1.1) that Inf(r T,,P) is the set of states that occur infinitely
often along the path P in the state part of ». We consider the path P accepting if the
set Inf(r T,, P) is accepting according to the condition Acc.

Note that for the Biichi condition it means that some state of ' will reappear in-
finitely often; for the Rabin condition it means that, for some 7, some state of U; will
reappear infinitely often and all states of L; will disappear after finite time; for the
Mostowski condition it means that the highest rank of a state occurring infinitely often
is even.

A run is considered accepting if all its infinite paths are accepting. An element b € B
is accepted (or recognized) by the automaton 4 w.r.t. a valuation val, if there exists
an accepting run » w.r.t. this valuation, such that » T; (¢) =5 and r T2 (¢) = qo. The set
of all such elements will be denoted A% [val].

We usually present the valuations explicitly, e.g. z1 —Kj,...,2n— Ky (2 K, for
short), where ¥V ={z;,...,2z} and K,...,K,, C B. Thus, an automaton with m variables
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(given in some order) induces an m-ary operator on g(B) that sends a tuple K onto
A?(z+— K]. We shall denote this operator by 4%[Z] or simply by 4%. We shall also
write A(z1,...,2,) to specify the variables of automaton A.

Rabin automata vs. other kinds of automata

We say that two acceptance conditions Acc and Acc’ over the same set of states O
although possibly of different kinds are equivalent if any set X C Q is accepting ac-
cording to Acc iff it is accepting according to Acc’. As we have already remarked, any
Biichi, Rabin, or Mostowski condition can be presented as a Muller condition. Also,
a Biichi condition given by a set of states F' is obviously equivalent to a Rabin con-
dition {(0,F)}.

It is also easy to see that the Mostowski condition given by a mapping rank: 0 —
is equivalent to a Rabin condition of the form ({gq: rank(q) is odd and >i+1},
{q: rank(q) is even and >i}), where i ranges over even numbers less than or equal
to max rank(Q).

The last suggests a certain normal form of Rabin acceptance condition: we say that
a Rabin condition is in the chain form, whenever it can be presented by Acc = {(L,, U}),
oy (Ln, Up)}, where Ly DLy D+ - D L,. We shall show that a Rabin condition as above
is in turn equivalent to a Mostowski condition. Let the mapping rank be defined by
o rank(q)=2i, for the greatest i such that g € U; — L;, whenever such an i exists;

otherwise:

o rank(q)=2i+ 1, for the greatest i such that g €L;, whenever such an i exists;
otherwise:
e rank(g)=1.

We shall verify that both conditions are equivalent. Suppose that X C Q is accepting
according to the Rabin condition. Let i be the greatest one such that X NL; =0 and
XNU; #0, and let g€ X N(U; —L;). Then rank(q) is even and rank(q)>2i, while no
state ¢’ in X' may have an odd rank rank(g’)>2i. Conversely, if max{rank(x): x € X}
=2i, it is easy to see that X is accepting according to the pair (L;, U;).

We shall refer to Rabin automata with a condition in chain form, briefly, as to Rabin
chain automata. Thus, Mostowski automata and Rabin chain automata are equivalent
up to easy translations.

Note: Thomas [50] considers an apparently more restrictive form of a chain condi-
tion; in our notation it would amount to the requirement that the sets L,, U,, L1 1, Unti,
...,Ly, U, form an increasing chain. However, whenever L DL, D -+- D L,, the condi-
tion {(L1,Uy),...,(Ln, Uy)} can be transformed to such a form in two steps. First, it is
equivalent to {(LiUULU---UU,U),...,(Luc1t U Uy, Uy—y), (Ln, Un)}. Next, we can
replace each pair (X,Y) by (X, XUY).

We say that two automata 4 and A4’ are (semantically) equivalent if, for any semi-
algebra 28, they define the same operator, that is, 4% =A%  Clearly, if two accep-
tance conditions Acc and Acc’ over Q are equivalent then, for any pre-automaton
A with the set of states Q, the automata (4,Acc) and (4, Acc’) are equivalent.
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However, there exist more subtle relationships between different kinds of automata, usu-
ally involving transformation of the whole automaton rather than merely the acceptance
condition. We summarize the known facts below (they have been originally proved
for automata on k-ary trees, but the proofs adapt without difficulty to our automata
as well).

Theorem 1.2 (Rabin [41]). Any Muller automaton is equivalent to some Rabin auto-
maton.

Theorem 1.3 (Mostowski [29]). Any Muller automaton is equivalent to some
Mostowski automaton.

In contrast:

Theorem 1.4 (Rabin [42]). Let Sig={a,b}, with p(ay=p(b)=2. The set of trees
t € Tsyy, such that, on each path in t, b occurs only finitely often is recognizable by
a Rabin automaton, but not by any Biichi automaton.

Transformation from Muller to Rabin automata is rather standard, although it may
increase the size of an automaton exponentially. Transformation from Muller to
Mostowski automata originally given in [29] is double exponential; however Thomas
[50] gives an elegant construction that increases the number of states from n to at
most n!.

It should be noted that the three kinds of equivalent automata apparently differ in
succinctness, and consequently also in the complexity of the emptiness problem. The
emptiness problem for Rabin automata over infinite trees has been proved
NP-complete by Emerson and Jutla [10], while the only upper bound known to us
for the similar problem for Muller automata is double exponential. The emptiness
problem for Mostowski automata is in NP co-NP, and it is a fascinating hypothesis
that it may actually be in P. By contrast, the emptiness problem for Biichi automata
is logspace complete for PTIME [42, 51].

In this paper, we primarily consider automata with the Rabin acceptance condition.
This choice may be questioned, as the Muller condition is more general mathematically,
while the Mostowski condition is quite simple and would make some proofs more
elegant. On the other hand, the Rabin condition is based on the fundamental temporal
property some event repeats infinitely often. We believe that if someone wishes to use
automata for modeling behavior of a continuously operating parallel system, e.g., an
e-mail net, she will rather use the Rabin acceptance condition. In our characterization
of the computations of an automaton by fixed point operators, we shall see that the
two basic temporal properties used in the Rabin condition: “repeating infinitely often”
and “repeating only finitely often” are precisely captured by the greatest and the least
fixed point operators, respectively; this correspondence would not be apparent if we
have chosen another acceptance condition.
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Index of Rabin automaton

For a Rabin automaton with an acceptance condition of the form {(L,U,),...,(L,,
U,)}, with n>0, the number » is called the index of the automaton.

For our investigations of the expressive power of Rabin automata, it will be useful
to refine this concept of index, taking into account that some acceptance pairs pro-
vide, in a sense, weaker restrictions than others. Indeed, there are two reasons for this.
A pair of the form (@, U;) imposes only a positive constraint on the set of repeating
states: some states have to reappear infinitely often. On the other hand, if for some
pair (L;, U;), L; U U; equals to the set of all states of the automaton, then the constraint
is purely negative; indeed, any path that does not meet the states from L; infinitely
often, is accepting according to this pair*. Note that a pair (), Q) gives no constraint
at all.

These observations motivate the following definition.

We say that a Rabin automaton has index n weakened by 0, if it has index n and
the acceptance condition contains at least one pair of the form (0, U). We also say
that an automaton has index n weakened “by all”, if the acceptance condition contains
(at least) one pair (L,U) such that LUU = Q.

Note that an automaton can have index n weakened both by @ and “by all” if the
acceptance condition contains either two pairs corresponding to the both restrictions
or a pair (#,Q), where Q is the set of all states (for an index n=1, the latter is the
only possibility). Also note that an automaton with empty acceptance condition has the
index 0 which, by definition, may not be weakened by anything.

Proviso 2

In order to avoid some tedious exceptions, we shall henceforth assume that for
any automaton A in consideration, for any state x of 4, there is always at least one
transition of 4 with the head x (that is, in a form x = 7). Clearly, any automaton can be
transformed to an automaton satisfying this assumption by adding some dummy states,
although in one case this may require the change of the automaton’s index, namely
when this index is 1 weakened both by @ and “by all”.

Remark. We note that Proviso 2 can be in a sense viewed as a special case of
Proviso 1. Indeed, a pre-automaton 4 = (Sig, Q, ¥, Tr) may be viewed as a semi-algebra
over signature SigUV (with p(z)=0, for z€ V), the universe of which consist of
QUV and the operations are defined by x = f“(x1,...,x, ) iff x = f(x1,..., x50 1)) is
a transition in Tr, and z4 =z, for z € V. Then our Proviso 2 means that this algebra is
operationally complete.

41t is not required in the definition of Rabin acceptance condition that L; N U; = @, but it should be clear
that a pair (L;, U;) is semantically equivalent to (L;, U;\L;). In particular, a pair (L;, U;) with L; UU; = Q is
equivalent to (L;, Q).
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Automata on trees

An automaton 4 = (Sig, 0, V, qo, Tr, Acc) can, in particular, run in the algebra of trees
Tsig. Let val: V — g(Tsi;) be a valuation and let ¢ € Ty;,. Consider a run » of 4 w.r.t.
the valuation va/ which initially examines the tree ¢. Since any subtree of ¢ induced
by a node w can be uniquely decomposed in Ty, by t.w= fTu(t.wl,...,t.wp( f)),
where #(w)=f, it can be easily seen that domr C doms and moreover the element
part of the run satisfies » T, (w)=¢.w, for each w € domr. (For an automaton without
variables, the domains domr and domt coincide.) Thus, the element part of the run
is redundant in this case as it can be all retrieved from 7 T (¢).> This leads us to a
simplified definition of a run in algebra of trees, which is the classical definition with
only a slight modification due to the presence of variables:

A run of an automaton r on a tree ¢ w.r.t. a valuation val is a tree » : domr—Q UV,

such that domr C dom¢ and, for each w € domv,

(1) if r(w)e Q and t(w)=f with p( f)=k, then wl,...,wk are in domr and
r(w)= f(r(wl),...,¥(wk)) is a transition in Tr;

(2) if r(w)€eV, say r(w)=z, then w is a leaf of » and ¢t.w € val(z).

Clearly, if » is a g-run on a tree ¢ in a former sense then the state part of », rT,,
is a g-run on ¢ in the classical sense. Conversely, any run in the classical sense can
be extended to a run in our sense in obvious way. Moreover, these transformations
preserve the satisfaction of global acceptance conditions. Therefore, for the algebra of
syntactic trees, our semantics of automata coincides with the classical one.

Alternating automata. Muller and Schupp [32] extended the concept of nondetermin-
istic automata on trees to alternating automata. There are several equivalent ways of
introducing this notion [30, 12]. Close to the our setting, we can present an alternating
automaton by a tuple 4 = (Sig, Q, ¥, qo, Tr, Acc) as above, where we additionally allow
the set 7r to contain transitions of the form

x=yAgz,

where x € Q and y,z€ QU V. The semantics can be defined in game-theoretic terms.
Let t € Ts;, and a valuation val: V — @(Ty) be given. Consider a game of two players,
say Automaton and Opponent. The game will consist of a finite or infinite sequence
of plays; a position of a play will consist of a pair (w,x), where w is a node in dom¢,
and x is an item in QU V. The initial position is (¢,qo). If an actual position is (w, y)
with y € Q then Automaton makes move by choosing a transition in 77 with a head y;
the transition may be of a form y = f(x1,...,x¢), where t(w)=f, or y=x Az. In the
former case, if moreover f is a constant symbol (that is, £ = 0) then the game is over
and Automaton wins. Otherwise Opponent answers by choosing some i €{l,...,k};
then the next position becomes (wi,x;). If the transition chosen by Automaton was

5 We could alternatively consider a run of 4 in the semi-algebra t as defined earlier, initially examining
the root of ¢. In this case, we would have simply r T; (w)=w, for w € domr.
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y=x Az then Opponent selects one of the conjuncts and then the next position is
(w,x) or (w,z) according to this choice (note that the node part of the position has
not changed).® If the actual position was (w,z) with z€ V' then the game is over
and Automaton wins iff w€val(z). If the game is played infinitely then an infinite
sequence of positions is selected. In this case, Automaton wins iff the set of variables
that occur infinitely often at these positions satisfies the acceptance condition of A4,
otherwise, Opponent is the winner.

The set accepted by 4 under a valuation val consists of those trees ¢ € Ts;, for which
Automaton has a winning strategy in the game described above.

On the other hand, an automaton 4 presented above can be viewed as our automaton
over the signature Sig,, and we can consider a computation of this automaton in the
semi-algebra J;, obtained as an enrichment of 7, by the interpretation of A given
by t At=t and ¢t A ¢’ undefined for ¢ # ¢’ (Section 1.2).

Now, it is straightforward to see that these two semantics coincide, that is, a tree
t is accepted by automaton A interpreted in Fs’ig if and only if it is accepted by
the same 4 considered as an alternating automaton with the game-theoretic semantics
defined above. Indeed, an accepting run of 4 in '78,ig induces a winning strategy for
Automaton and, conversely, from a winning strategy, an accepting run can be easily
reconstructed.

Thus the concept of alternating automata on trees is subsumed by our notion of
automata over arbitrary semi-algebras.

We shall not consider in this paper alternating automata over arbitrary semi-algebras.
It can be noted, however, that the game semantics described above readily applies to
our automata over semi-algebras as well. Since an arbitrary semi-algebra can be en-
riched by the operation A as above, it can be argued that our concept of automata
captures already some essential features of alternation (nondeterminism and running
parallel computations).

Elimination of variables. At this point we would like to make an observation that
the operators over (Ts;;) computed by (ordinary) automata with variables can be also
characterized by tree languages computed by automata without variables, but over ex-
tended signature. More specifically, given an automaton A(zy,...,z,) = (Sig,Q,{z1,...,
Zm},q0, Tr, Acc), let us consider an automaton 4’ over a signature Sig’ = SiguU {z{,...,
z,,}, where the z/’s are some fresh symbols and p(z/)=0, for i=1,...,m, defined by
A'=(Sig',QUV,0,q0, Tr', Acc), where the set of transitions T+’ is obtained from Tr
by adding the equations z; =z/, for i=1,...,m. Note that the automaton 4’ has no
variables.
The following fact can be easily derived from the definitions.

% In this setting, the players may stay at the same node for ever, which is usually not allowed in a classical
alternating automaton. It can be easily prevented by suitable restrictions on transition table of the automaton.
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Proposition 1.5. For any Ki,...,K, C Tgy,
LA z1— Ky yzm— Ky] =LA )z — Ki,. ...z, — Kn)-
Examples of automata
1. Let Sig={f,c}, where f is binary and c is a constant symbol. The following

Biichi automaton accepts the set of trees that possess an infinite path on which infinitely
many nodes have a left successor labeled by c:

Q = {search, don’t-care, guess, check}
go = search
F = {guess}

and the set of transitions Tr consists of the following equations (written in the Backus—
Naur form):

search = f(search, don’t-care)| f(don’t-care, search)|
f(don’t-care, guess) | f(guess, don’t-care)

guess = f(check, search)

check=c¢

don’t-care = f(don’t-care, don’t-care) | ¢

2. Let a, b, c be binary symbols and let L be the set of trees over {a,b,c}, such that,
on each path, both a and b occur infinitely often and ¢ only finitely often. Then L is
accepted by a Muller automaton with the states seen,, seen,, seen, (any of which can
be injtial state) and the transitions

seen, — d(seeny, seeny )

for x,d € {a,b,c}, and with the acceptance condition # = {{seen,, seen,}}.

Note that replacing this Muller acceptance condition by a Rabin condition {({seen,},
{seen,, seenp})} would not lead to an equivalent automaton, since the last does not
force that both a and b occur infinitely often along a path. The set L can be however
recognized by a Rabin automaton, obtained from the above by adding a state success,
and the transitions

seen, = b(success, success)
seen, = a(success, success)

success = d(seeny, seeny)

for d € {a,b,c}. The acceptance condition of this automaton will be {({seen.}, {succ-

ess})}.
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3. Consider an automaton with one state x and two variables Y,Z, given by the
transitions

x=a(x,x) | Y, Z)

and the trivial Biichi condition F = {x}. Then this automaton defines a binary operator
over {75, that sends a couple (K,M) on the set of trees ¢ € 7, such that, for each
path, if b occurs the first time on the path, say at a node w, then the subtrees 7.wl
and ¢.w2 belong to X and M, respectively.

4. Let A= (Sig,0,qo, Tr, Acc) be an automaton (without variables). Following a re-
mark after Proviso 2, the set Q can be organized into a semi-algebra over Sig (let us
call it also 4), such that x = f4(xy,...,x, ) ff x= f(x1,...,%p(s)) is a transition in
Tr. Any g-run r of 4 in any semi-algebra B, on any element b, induces a g-run of 4
in the semi-algebra 4, on the element g. (The state part of this new run coincides with
that of r, and the clement part coincides with the state part.) On the other hand, it
is easy to sec that any g-run of 4 in B also induces a g-run of 4 in 5y, on some
tree in Tsi. Then, the following conditions are equivalent: (i) there exists an accepting
g-run of 4 in some semi-algebra %, (ii) there exists an accepting g-run of 4 in the
semi-algebra 4 on g, and (iii) there exists an accepting g-run of 4 in ;.

Historical note on automata

A comprehensive survey of automata on infinite objects is given by Thomas [49];
an essay by Emerson [7] discusses the role of Biichi’s ideas in computer science. Here
we only briefly recall some points relevant to our considerations.

Infinite computations of finite-state automata have been considered for the first time
by Biichi [S] and Muller [31]. Considering such automata as running over infinite
strings and taking as an acceptance criterion that a successful state should reappear
infinitely often, Biichi proved the basic closure properties of these automata which
allowed him to characterize the formulas of monadic second-order logic interpreted in
w with (only) successor operation (see Section 6 below) and to establish decidability of
this theory. Roughly speaking, one can say that any formuia of monadic second-order
logic over o describes a set of infinite computations of some automaton (interestingly, a
similar paradigm appears in finite model theory). Rabin [41] proved an analogous result
for the monadic second-order theory of a tree with & successor operations, but now
the closure under complement was a very difficult result, involving deep mathematical
ideas. Also, the Biichi’s acceptance condition turned out to be too weak; Rabin used
a more general condition proposed by Muller [31] and also its restricted but sufficient
form that we now refer to as the Rabin condition. Several authors attempted to simplify
the Rabin’s proof. Gurevich and Harrington [18] gave a proof via a rather difficult
determinacy result for some infinite games with finite memory, with automaton as
one of the players. In search of a yet more comprehensive argument, Mostowski was
looking for automata capable to play with no memory at all; he succeeded with a
concept of automata with a chain acceptance condition that, up to our knowledge, had
been for the first time introduced by Klaus Wagner [52] (see also [53]) in context of
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automata on infinite words. Mostowski proved already in 1985 [29] that tree automata
with this condition have the same accepting power as all Muller automata, and in [30]
gave his proof of the Rabin complementation lemma. Incidentally, essentially the same
acceptance criterion together with its memory-less property, has been later rediscovered
by other authors, namely by McNaughton [28], under the name of a “split-free” Muller
condition,” and by Emerson and Jutla [12], under the name of a parity acceptance
condition. The latter authors have also pointed out the relation between this condition
and the fixed point calculus. In the present paper we have adopted the formulation due
to Emerson and Jutla, but we think it justifiable to refer to the condition by the name
of Mostowski who was the first to adopt the condition for automata on trees.

A generalization of the concept of automata to arbitrary algebras (not yet semi-
algebras) has been proposed by Niwinski in [36]; a related concept of alternating
automata running over transition systems has been considered recently by Janin and
Walukiewicz [21].

2. Fixed point calculus

We first recall basic concepts and results concerning the least and greatest fixed
points of monotonic mappings over complete lattices. Two issues are highlighted: the
vectorial fixed points, which are conceptually very natural and technically useful, and
a hierarchy induced by alternation of the least and greatest fixed point operators, which
provides a natural measure of complexity of fixed point definable objects. Then, we
introduce a logical formalism intended to deal with fixed point definable operations.

2.1. Basic results
Let (L, <) be a complete lattice (cf. Section 1.2). The following basic result is due
to Knaster [22] and Tarski [48].

Theorem 2.1 (Knaster [22] and Tarski [48]). Any monotonic mapping f:L— L has
a least fixed point

we.fx)=N{a€L| f(a)<a}
and a greatest fixed point
e f@)=U{a€eL|a< f(a)}.

Proof. We shall show the second part of the result. Let r be |J{a€L|a< f(a)}.
If b is a fixed point of f then b<r. It remains to verify that » = f(r). Inequalities
a< f(a) and a<r imply, by monotonicity of f, a< f(r). Thus r< f(r). Further,
SIS SF(f(r)), and then f(r)<r. O

7 This is a Muller condition %, such that if two sets X, ¥ both are (are not) in %, so is (is not) X U Y.
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A well-known representation of extremal fixed points is provided by the notion of
transfinite iterations. We shall not need this representation in further consideration, but
we note it (without proof) for the sake of completeness.

Let f:L— L be a monotonic function. Define inductively the transfinite sequences
f4(L)and fé(T), where ¢ is an ordinal number, by fO(L)= L1, fH'(L)= f(fE(L)),
and fo(L)=U{fML)|n<é}, if € is a limit ordinal, fY(T)=T, fY(T)=
FOFTY), and £E(T)= N{f"T)|n<&}, if & is a limit ordinal.

Theorem 2.2. There exist ordinals o and o' such that

px. f(x)=f*(1)

and
vx. f(x)= [ (T).

Remark. The reader may have noticed the symmetry between the properties of the
least and the greatest fixed points. An obvious justification of this fact comes from
consideration of the dual lattice (L, <*) of (L, <), where <* = >. Clearly, a mapping
f:L— L is monotonic in the latter lattice iff it is monotonic in the former one, hence
the least fixed point of f in (L, <) is the greatest fixed point in (L, <*), and vice
versa.

Combinatorial properties of fixed points

If (Ly, <1)s..., {Lm, <n) are complete lattices so is the Cartesian product Ly x - - - x
L,, with the product ordering (ay,...,an)<(by,...,b,) iff a;<;b;, for i=1,...,m. We
call a mapping with the domain L, x --- x L,, monotonic if it is monotonic w.r.t.
the product ordering. In particular, a mapping ¢g:L" — L is monotonic if, for any
ay,...,ap,b,..., by, a<b implies g(&')sg(l_;). The monotonic mappings [ :L" — L will
be called operations over L. Suppose # is a monotonic mapping from L x K to L and
fix an element of K, say a, as a second argument of 4. Then we obtain a monotonic
mapping h(x,a):L — L. We can further consider the mapping from K to L which sends
a on the least fixed point of h(x,a); we shall denote it by px.h(x, y); the mapping
vx.h(x, y) is defined similarly. It is easy to see that these two mappings are again mono-
tonic. In this context, y# and v can be viewed as operators that, given an operation on L,
J:L" — L, produce new operations such as px;. f(xy,...x,), vx3.4x2.vx1. f(X1,...,Xs).

Remark. A reader who is not yet at ease with the above notation for nested fixed
points, may find it helpful to think in terms of solving equations. Let, for example,
f:L*—L be a monotonic mapping over a complete lattice L. For fixed xp,x3 €L,
an equation x; = f(x1,x3,x3) has the least and the greatest solution in L. Then vx;.
Jf(x1,x2,x3) denotes the mapping that sends a couple (x;,x3) onto the greatest solution
of the above equation. Now, for fixed x3, consider an equation x; = vx;. f(x1,X2,X3).
Then px; .vxy. f(x1,x2,x3) denotes the least solution of this last equation as a function
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of argument x;. Finally, vx;.px;.vx;. f(x;,x2,x3) denotes the greatest solution of the
equation x3 = px;.vxy. f(x1,x2,%3).

We recall some basic properties already noted in [35].

Proposition 2.3. If g(x, y) is an operation then

px.py.g(x,y) = px.g(x,x)

similarly for v.

Proof. Let a=pux.py.g(x,y), b=ux.g(x,x). We have a=puy.g(a,y)=g(a,uy.g
(a,y))=g(a,a), hence b<a. To prove a<b, by Theorem 2.1 it is enough to show
uy.g(b,y)<b. This follows from the fact that b=g(b,b). O

Proposition 2.4. If g(x, y) is an operation then
px.vy.g(x, y)<vy. ux.g(x, ).

Proof. Let a=pux.vy.g(x, y). We have a =g(a,a) and hence ux.g(x,a)<a. By mono-
tonicity of the operation vy.g(z, y) (with respect to z), we infer

vy.g(ux.g(x,a), y)<vy.g(a,y)=a

(the last equality follows from the definition of a).
Then, by monotonicity of g, we obtain

g(ux.g(x,a),vy.g(ux.g(x,a), y)) < g(ux.g(x,a),a)

and, by reducing the both sides,

vy.g(ux.g(x,a), y) < px.g(x, a).

By Knaster-Tarski Theorem 2.1, this last inequality implies ux.vy.g(x, y) < ux.g(x, a),
with the left-hand side equal to a. Then, again by Theorem 2.1, a<vy.ux.g(x, y), as
required. [l

Fixed point clones

Let (L, <) be a complete lattice. For n>0 and i<n, let ), :L"— L be the ith
projection of L™ on L, i.e. 7’ {ay,...,an) — a;.

A family of operations on L, say %, is called a clone if it contains all the projections
and is closed under composition, that is, if f(x,-..,%n),g1(¥)s...,gs(¥) are in €, so
is f(g1(¥),.--,9n(3)).

A family € is a p-clone if it is a clone and moreover is closed under the u operator,
that is, if f(xi,...,%,) is in &, so is ux;. f(x1,...,%), for i=1,...,n. A v-clone is
defined analogously. Finally, a family & is a fixed point clone if it is both a u- and
v-clone.
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For a family of operations &# and 5 € {u,v}, the (5-) clone generated by F is the
intersection of all (#-) clones containing &, which is obviously also a (n-) clone.

We denote the clone generated by a family # by Comp(% ), the u-clone generated
by # by u(#), the v-clone generated by % by v(#), and the fixed point clone
generated by & by fp(F). Note that fp(F) is the closure of # under composition
and under the least and the greatest fixed point operators.

It follows from the definitions:

Proposition 2.5.
u(F) = p(u(F)) = p(Comp(F)) = Comp(u(F)),

WF) = v(W(F)) = v(Comp(F)) = Comp(W(F)).

The fixed point clone generated by a given family of operations can be organized
into a hierarchy according to the number of alternations of u and v. Adopting notation
from the recursion theory, we form the classes 2% and IT;, n>0 as follows (here the
superscript “u” stands as a decoration):

Z(F) = 5(F) = Comp(F),

0 (F) = u(T(F)),

I (F) = w(ZHF)).
Clearly,

Ww(F)=U IyF)= U I(F).
n<w n<w

Remark. The choice of the letter X for the classes constituting u-clones, and the letter
IT for the v-clones is motivated by the characterization of the least fixed points as the
unions of iterations and the greatest fixed points as intersections (Theorem 2.2). In
this respect our notation follows, e.g. the standard notation for Borel classes. It can
be noted however that the opposite choice could also be advocated, in view of the
characterization given by the Knaster-Tarski Theorem (Theorem 2.1). Thus, the actual
notation (also used by some other authors [13,27]) is fixed here with some degree of
arbitrariness.

Vectorial fixed points

It is often convenient to consider systems of fixed point equations; many objects,
as e.g. grammars, are usually presented in that way. Readily, a system of fixed point
equations over a given lattice can be considered as a single equation over a suitable
product lattice; this leads us to the concept of “vectorial fixed points” that we shall
analyze in this subsection more closely. It turns out that vectorial fixed points do not
add any new operations to fixed point clones.
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Let av(yi, . Yo Zts- oo 5Zm)s oo s Be(P15 -+« Yis 215 - . . ,Zm ) DE monotonic operations on L.
The product mapping #(¥,Z):L¥*™ — L* is monotonic with respect to the product
ordering. We call it a vectorial operation on L. According to our convention, uj)'.}-[( ¥,7)
denote the mapping from L™ to L* that sends a vector @ to the least solution of the
system of equations

yi=hi(y,a@),

Vi :hk(j;’a)

We shall show that the ith component of that mapping, namely n;;(yjz‘.l—{( ¥,2)), may
be obtained from the operations A,..., A, using composition and the u-operator.

Lemma 2.6. Let (L, <) and (K, <g) be two complete lattices, let F1:L x K — L and
Fy L x K — K be monotonic mappings, and let F= (F1,F2) :LxK—LxK. The two
components of the least fixed point uxy.F(x,y) of F satisfy the following equalities:

my(uxy . F(x, y)) = px . Fi(x, py . Fa(x, y)),
n3(uxy. F(x, ) = py .Fa(ux .Fi(x, y), ).

Proof. Let us denote by @ and a’ the left- and right-hand side of the first equation,
and b and &’ those of the second equation.

We have a=F(a,b) and b=F,(a,b), since {a,b) is a fixed point of F. Hence,
ux.Fi(x,b)<a and py.Fs(a, y)<b. By monotonicity of F| and F,, Fp(ux.F(x,b),
bY<Fy(a,b)=0b and Fi(a,ny.Fx(a, y))<Fi(a,b)=a. It follows that ' <b and a’ <a.

On the other hand, @’ = Fi(a’,uy.F2(a’, y)) and &' =F(ux.Fi(x,0'),b’). Let b =
wy.Fy(a', y)) and a” = ux.F\(x,b’). We have a' =F(d’,b"), b’ =F)(d",b), b'=F,
(d,b"), a' =Fy(a",b'). It follows that (a’,b") and (a”,b') are fixed points of F,
hence, a<a’ and b<b'. O

Clearly, a similar result can be proved for greatest fixed points.
This result can be extended in the following way:

Proposition 2.7. Let h;: L**™ — L, for 1<i<k, be monotonic mappings. Each com-
ponent of puxX.h(z,7) belongs to u({h;|1<i<k}).

Proof. Let us prove this result by induction on k. If £ =1, there is nothing to prove.
Otherwise, let us write Fy =hy, Fy={h,.... k), and Z={x;,...,x;) and let us ap-
ply Lemma 2.6 and the induction hypothesis. The first component of W A(E F) is
equal to pxi.hi(x1, uZ.Fr(x1,Z,¥)); since each component of uZ.F»(x,Z,¥) is in
u({hz, ..., b }), this first component is in u({h1}Upu({h2,....,7})) Cu({h,..., hi}).
The other components are components of uz'. Fo(ux) .h1(xZ, ¥),Z, ¥) which are elements
of u(Comp(u({m})U{hs,.... e })) Cu{h1,.... }). O



D. Niwitiski! Theoretical Computer Science 189 (1997) 1-69 25

The converse of this proposition is also true and we get the following characterization
of the p-clone pu(F) in terms of vectorial fixed points.

Proposition 2.8. Let F be a class of operations over a complete lattice, and let f
be an m-ary operation over this lattice. Then f is in the u-clone generated by F
if and only if there exist a vectorial mapping h:L**™ — LF in Comp(F)* and some
i, 1<i<k such that f(3)=ni(u%.h(Z, 7)).

Proof. The “if” part of the equivalence was proved in the previous proposition. Let

us prove the “only if” part by induction on the construction of f.

e if f(y,...,ym) is a projection =, we have just to consider the equation x=
nipj—h(x,J’lv--aJ’m);

o if f(¥1,...,ys) is in F, we consider the equation

x:f(n,f,ﬂ(x,yl,...,ym),...,n,';’ill(x,yl,...,ym))

which is equivalent to

X=f(Y15es Ym)s

o if f(yi,...,ym)=g(hi(¥1,-... ¥m)s--- Fn(¥15..., ¥m)) then by induction hypothesis,
there are systems of equations
— ¥=G(&,7), such that g is the joth component of its least fixed point,
- i‘,»zl?}(i},jz’), such that h; is the jith component of its least fixed point, for
1<ign,
with the components of G and of each H; included in Comp(#). Then f is the
Joth component of the least fixed point of the system

= G(J?,xl)j,, e ,x,,,j" ),

fi=HELP),

=

fn :ﬁn(fn, )_; )

which can be rewritten as X = F(X, §) with F € Comp({G, H,, .. .Hy}) C Comp(F);
o if f(y1,...,¥m)=4z.9(z,y1,..., ym) such that g(z, ¥) is the jth component of the
least fixed point of X = G(X,z, ). Then we consider the system

=G,z ¥),
Z=Xj,

where x; = ni(fc’, z,7). By Lemma 2.6, the last component of its least fixed point is
precisely

pz. (% G(F2,7),2,7)
which is equal to puz.g(z, ¥). O
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The fact stated in this proposition is sometimes called the Beki¢—Scott Principle [40].

Example. In any complete lattice L, vy;y,.uxix2.(x2, ¥1)=(T,T), while pxixz.vy
y2.(%2, y1)=(L,L). This shows that the inequality of Proposition 2.4 is in general
strict.

2.2. The calculus

We build our formalism in algebraic style. That is, the models can be in general
arbitrary u-algebras, although in the sequel we shall be mainly focusing on powerset
algebras. The syntax can be viewed as the usual calculus of terms built out from
variables and function symbols, extended by the least and greatest fixed point operators
and the logical symbol V interpreted as lattice union. This presentation is very general
and may subsume, by restriction of the class of models, several calculi considered in
the literature, in particular the modal mu-calculus.

Let Sig be an arbitrary signature; it is considered fixed for the rest of this section.

Language

We fix a countably infinite set of variables Var. We assume the symbol V is not in
Sig. The set fpTy,, of fixed point terms is defined inductively by the following clauses:
o the variables are fixed point terms,

o if f€Sig and 11,...,7,( ) are fixed point terms, so is f(1,...,Tp( 1)),

e if 7; and 1, are fixed point terms, so is 177 V 13,

e if 7 is a fixed point term and x is a variable then both v/ = ux.7 and " =vx.7 are
fixed point terms.

In the sequel, we shall often refer to fixed point terms simply as terms.

An occurrence of a variable x in a term 1 in a context #x.7’, where 5 is y or v is
bound (by 1), otherwise the occurrence is free. As usual, a variable is free in a term
7 if it has a free occurrence in 7. We write 7= 1(xy,...,x,) to indicate that the free
variables of 7 are among xi,...,x,. A term without free variables is called closed.

The composition of terms, i.c. a substitution of some terms into a given term, may
require first a renaming of bound variables in the underlying term, i.e. x-conversion.
Any term obtained from a term t by applying a-conversion some number of times is
called a variant of 7. We say that a variable x is free for a term t'(yi,...,yp) in 1 if
x does not occur in scope of any ny;, i=1,...,m. Now, if ©(¥1,..., Ym),T1s-..5 T are
terms, the substitution t[t1/y1,...,Tm/Ym] is defined by first taking a variant of <, say
7/ in which each y; is free for 7;, and then replacing simultaneously y; by 7; in 7/,

Hierarchy of fixed point terms

We now define the syntactic counterparts of the classes of fixed point hierarchy. For
a set of fixed point terms F C fpTy,,, let Comp(F) be the least set of terms containing
F UVar and closed under substitution, viz if 7(y1,..., Vm), T1,.--, T are in Comp(F’),
SO 18 T[T1/V1s. .+ Tm/Vm]-
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Similarly, let u(F) be the least set of terms containing F U Var and closed under
substitution and under the y operator, where the last means that if t € y(F) and x € Var
then px.te u(F).

The set v(F) is defined similarly.

Now let

Basegig = { f(x1,....xp(5)): f €Sig,x1,..., %5 sy € Var} U{x; Vx,}.
We set

24 (Sig) = I14(Sig) = Comp(Bases;, ),
21 (Sig) = u(I114(Sig)),

I, (Sig) = (Z4(Sig))-
Clearly,

Ts,= U Zi(Sig)= U M4(Sig).
n<@ n<w

Note (Hierarchy of Emerson and Lei). The concept of a fixed point hierarchy con-
sidered in our paper (first introduced in [36]) is based on the ideas of Park [40].
A slightly different definition of a hierarchy has been proposed by Emerson and
Lei [13], in context of the model checking problem for modal mu-calculus (cf.
Section 6.2 below). Their definition is originally based on a concept of an alterna-
tion depth of a formula which is defined “top-down”. We can rephrase that definition
in our setting, by inductively defining classes ZEL and ITE' of fixed point terms as
follows. Let pgr (F') be the closure of a set of terms F under the application of symbols
in Sig and under the p-operator; note that this class may be not closed under composi-
tion. Let vgr (F) be defined similarly. Let XE-(Sig) = IIEY(Sig) = Comp(Bases;;), and
let XL (Sig) = Comp(ppL (ITE*)), ITEL|(Sig)=Comp(veL(ZEL)). For example, a term
px.vy. f(x, y, uz.vw. f(x,z,w)), where f € Sig, is in 24(Sig) but not in ZEL(Sig). (To
see that it is in Z5(Sig), note that so are the terms uz.vw. f(x,z,w), vy.f(x, y,v) and
vy. f(x, y,uz.vw. f(x,z,w).) On the other hand, our term cannot be obtained by com-
position of two terms in Z5-(Sig) since the variable x occurs free in uz.vw. f(x,z,w).)
This term is actually of alternation depth 3 in the sense of Emerson and Lei [13], and,
in our setting, it is not lower than in the class ZEL(Sig). In general, we have only
(easy) inclusions ZEL(Sig) C £4(Sig) and ITEL(Sig) C IT4(Sig).

One argument for our choice of definition of fixed point hierarchy, especially if
the expressibility issues are concerned, is provided by its compatibility with a similar
classification of vectorial fixed points expressions (see Proposition 2.11 below).

Semantics
We shall interpret the fixed point terms in the p-algebras over the signature Sig,,.
So, let of = ({4, {V4}U{f¥: feSig}) <) be a u-algebra, where, according to our
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convention, V denotes the operation of the least upper bound of two elements in the
lattice A. A valuation is any mapping from a subset ¥ C Var into 4. If V is finite,
say ¥V ={x1,...,x}, we usually present a valuation explicitly, say, x; — ai,...,x; — ay,
in vector notation ¥ —d. Let t be a fixed point term such that all the free variables
of v are among x,,...,x;, in symbols 1=1(x1,...,x;). The interpretation of t under
a valuation x; — ay,...,x; — a;, in symbols t¥[x, ~ay,...,x; — a;] (or 7]
is an element of 4, defined by induction on the construction of t:
o x7[{d]=a,
o f(t,..., ) [¥—d)= fL (P [X¥ > dl,..., 17 X)), for f € Sig,
o (V1) [T d] =1 [% d] vy 1§ [,
e (uy.1)?[X¥— d] is the least element b € 4, such that b=19[X+— @, y — b],
e (vy.1)?[Xa] is the greatest element b € 4, such that b=1¥[X+— &, y— b].
Thus, any fixed point term z, together with an ordered vector of variables x,...,xg,
such that all the free variables of 7 are among (but do not necessarily exhaust) x,,...,xx,
induces a k-ary operation on A that sends a,,...,a; on 7¥[%+— @]. We shall denote this
operation by 7[x]. Note that, formally, one term 7 induces an infinity of operations,
depending on the vector of variables in consideration. However, when no confusion
may arise, we shall sometimes write simply t instead of t¥[x].

The above definitions are obviously made to allow us to prove the following.

X d)),

Lemma 2.9. Let 1y =1(y1,...,yn), Ti=0(X), fori=1,...,n and let t=14[11/y1,...,
Tu/Yul. Then t¥[%]=1Z[F17[X]..., 77 [%]).

The hierarchy of fixed point terms induces a hierarchy of operations definable by
them in a p-algebra /.
Let

ZH(el)={r7: 1€ Z4(Sig)}
M) = {t¥: 1€ I*(Sig)},

fo(t)={x": t€fpTg,}.

It follows from our definitions that all the above classes are clones of operations over
A; moreover, X! () is the least family of operations containing IT;(/) and closed
under composition and under the least fixed point operator, similarly for IT} (<) and
the greatest fixed point.

Note (Intersection). We have not included the lattice intersection A explicitly to the
system although, in an actual p-algebra, it can be present as one of the operations. In
particular, as we have remarked in Section 1.2, the set-theoretical intersection can be re-
trived in a powerset algebra if the original semi-algebra contains the partial operation
A defined there. Our system, though without explicit intersection, will be neverthe-
less sufficient to characterize the infinite behavior of automata over powerset algebras.
This result will be proved in the next section. By considering semi-algebras with the



D. Niwinskil Theoretical Computer Science 189 (1997) 1-69 29

operation A, the characterization will comprise, as a special case, a kind of alternating
automata as discussed in Section 1.3 above.

On the other hand, the presence of intersection as a logical operation would make
the system intrinsically more complex. In particular, our results about initiality and
hierarchy (cf. Sections 4 and 5) depend on the absence of the intersection.

Vectorial fixed point expressions

When examining the proofs of Lemma 2.8 and Propositions 2.6 and 2.7, we can
easily see that the involved transformations can be done uniformly for all Sig-powerset
algebras, and do not depend on a particular interpretation. In particular, we note the
following.

Proposition 2.10. Let F be a set of fixed point terms, and let t1,...,1, € F, where
=T Vlseres YnsZls--osZm)y Jor i=1,....n. Then there exist fixed point terms
p1(Z)s. .-, pu(Z) in u(F), which represent the least solution of the system of equa-
tions

Y1 :Tl(iaz)’

n=t(P,2).

That is, in any p-algebra of, and for any d,,...,dn € A, the vector p?[Zd],...,p7
[Z—d] is the least fixed point of the vectorial mapping A" — A",

(@,...,an)— @F [P adz—dl,.... w7 [ Pr—a,z7—d]).

The analogous property holds for the greatest fixed points.
Consequently, if F C X(Sig) then the terms py,...,p, can be chosen in I, (Sig),
and if F CII}(Sig) then py,...,p, can be chosen in X}, (Sig).

The converse to the above proposition can be also formulated, and as a consequence,
one obtains a kind of characterization of operations in the classes X4, IT; in terms of
vectorial fixed points. The proof of the following result can be obtained by repeating
the argument of Proposition 2.7 several times, together with some obvious syntactic
manipulations [37].

Proposition 2.11. Let ©(zy,...,z,) be a fixed point term in £4(Sig), n=1. Then there
exist k>0, and a vector of terms 61,...,0) in Zg(Sig),

i =G Y1se s Vikoo-os Y lsee s YndsZlseeosZm)  fOr i=1,.. .k,
such that, for any y-algebra o,
9(Z) = T (BT VTt oo 1 (0T, ).

(Here & stands for p or v depending on the parity of n.)
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Moreover, the terms 6,,...,0; can be chosen in the form o;=6,V --- V 0;,, where
each §; is either a variable or an atomic term f(x1,...,%X, f)).

Conversely, if o1,...,0, are terms as above, then there exist fixed point terms
Tly..., Tk in Zh(Sig), such that the equality

Y = (UFn VFuor ... P (07, 0F)),

i=\1,...,k holds in any u-algebra A.
The similar result holds for the class IT,(Sig).

3. Characterization

In this section, we show that Rabin automata with variables and fixed point terms
have the same expressive power over the class of powerset algebras; moreover, there
is an exact correspondence between two hierarchies: the fixed point hierarchy induced
by the alternations of the 4 and v operators and a hierarchy of indices of Rabin
automata. This result splits naturally into two translations: from automata to fixed
point terms, and from fixed point terms to automata. We give thereby an automata-
theoretic characterization of the levels of the fixed point hierarchy. This main result
will be completed by a discussion of related characterizations of the hierarchy, in
terms of vectorial fixed point expressions and automata with the Mostowski condi-
tion, and in terms of two kinds of iteration operators: unrestricted and well-founded
iteration.

Let Sig be an arbitrary finite signature. We fix it for the rest of this section, and
henceforth we shall omit the explicit references to the signature in the notation, writing,
e.g., I for Tsiy, Zi for Z5(Sig), etc.

3.1. From automata to fixed point terms

The following lemma characterizes two basic kinds of computations of an automaton:
finite and unrestricted infinite. It is a direct generalization of what is well-known in
formal language theory, but we give the proof for the sake of completeness.

Lemma 3.1. Let A(zy,...,z,) be a pre-automaton with variables and let q be a state

of A. Then there exists fixed point terms p in X% and © in II{, such that, for any

semi-algebra B, and for any Dy,...,D, CB, bEB,

o be1P®[7— D] iff there exists a g-run of A on b w.r.t. the valuation Z+— D.

o be p¥B[Z— D] iff there exists a g-run of A on b w.r.t. the valuation Z— D, with
finite domain.

Proof. Let A= (Sig,0,{z|,...,2zm}, Tr), For notational convenience, let 0= {xi,...x;}.
For each x;, let \/ Tr; be the term oy V -+ Vay,,, where x; =ay,...,x; =0y, are all the
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transitions in Tr with the head x;; by Proviso 2, there is at least one such transition.
Consider the system of equations Eq(4):

x1 =V Tr(x2),

X = V Trk()_c',Z).

By Proposition 2.10, there are terms pi(Z),..., pa(Z) in Z¢ which, for any p-algebra
o/, represent the least solution of this system in &, and the terms 7,(Z'),...,7,(Z) in
1% which similarly represent its greatest solution.

Now, let # be a semi-algebra and let Dy,...,D,, CB. Fori=1,...,k, let A?[Er—»ﬁ]
(47*(Z— D]) denote the set of those b€ B for which there exists an x;-run (respec-
tively, an x;-run with finite domain) of 4 on b w.r.t. the valuation z+— D. In order to
accomplish the proof, it is enough to show that (1) 4%[Z— D] is the greatest solution
of the system Eq(4) and (2) A®*[7— D] is the least solution of this system.

Ad 1: By the Knaster-Tarski Theorem (Theorem 2.1), it is enough to show two
things:

(i) A%z~ DBICV 77’ (8 4%[7+- D), 7 D),
(i) (YM,,..., My CBYM C\ T+°% 7= M,7— D] implies M C A#[z+— D].

The clause (i) follows easily from the definition of a run. To show (ii), let M
satisfy the hypothesis and let b € M;. An x;-run » of 4 on ¢, w.r.t. the valuation z'~ D,
can be constructed as follows. By hypothesis about M, there is a transition x; =a,
such that b € a#®[%+— M,Z— 5]. This will be the first transition used by our run. Let
a= f(¥1,...,ys). So we have b= f2(by,...,b;), for some b,,...,b; € B. Note that
some of the y’s may be among the z’s and some other among the x’s. But if y,=z;
then b; is in Dy, and if y;=x; then b; is in M;» and then, again by the hypothesis
on M, there is a transition x;» = f, such that b; € pPE[x— M,z 5]. This transition
may be also used by our run. By continuing this procedure perhaps infinitely, we
obtain a desired x;-run of 4 on b. The formal justification follows easily from the limit
construction (Section 1.1). This completes the proof of 1.

Ad 2: Again, by the Knaster~Tarski Theorem, it is enough to show two things:

(i) VT+7[#+ 4%*[7 D)7 B C A%*[7 D],
(i) (YMi,..., My CB) \/ T+°7 % M,7— D] C M implies A#*[7— D] C M.

To show (i), we need to verify that, for each i, \/ Tr,[%— A#*[Z— D],7—D]C
AF* 7 D). This follows immediately from the definition of \/ 7r; and of a run. In
order to show (ii), let M satisfy the hypothesis and let b€ A**[Z— D] Let r be an
x;-run of A on ¢, w.rt. the valuation Z— D, with dom r finite. To show that b € M;, we
use the Tree Induction Principle (Section 1.1). Let § = {w € domr :if r 1, (w)=x; then
rT1 €M;}. We need to show £ S. First observe that any leaf v of r is in S. Indeed,
if T2 () €{z1,...,zn} then the condition holds trivially, and if r 1, (v) =x; then there
must be a transition x; = c in Tr (and hence c is one of the disjuncts in \/ 77;), such that
r 11 (v)=c*. Now the inclusion \/ Tr}‘gg[fu—»ﬂ,i‘o—»l—j] C M; forces that r Ty (v) € M,,
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as required. Next, suppose that w € dom r is not a leaf, but all the immediate successors
of w are in §. Then m or(w) must be a transition in 77, say x; = f(¥1,..., Vo( £)),
with p( f)>0; again, f(y1,...,¥xr)) is a disjunct of \/ Tr;. Note that some of the
y¢’s may be among z and some others among X. But, if y, =z, then, by definition of
arun, r Ty (w/) € Dy, and, if y, =x, then, by hypothesis, » T| (w/) € M,. Thus, again,
the inclusion \/ Trj‘o Q[)'c' —M,Z s——)ﬁ] C M; implies » T; (w)€M;. By Tree Induction
Principle, ¢ € S, and hence b € M;, as required. O

Theorem 3.2. For any automaton with variables A(zi,...,zn), one can construct
a fixed point term t4(zy,...,zy), such that, for any semi-algebra B, t4 and A define
the same operation in the powerset algebra o, that is A% =1%%. Moreover, if 4 is
of index n, then v4 can be chosen in XY, +1» and, additionally,

o if A is of index n weakened by 0, then t,4 can be chosen in Il

o if A is of index n weakened by all, then t, can be chosen in X,

o if A is of index n weakened both by B and “by all”, then 14 can be chosen in
Hgn—l'

Proof. General idea. We proceed by induction on the length of the accepting condi-
tion and distinguish two cases. If the condition has form {(L1,U}),...,(Ln=1,Un-1),
(8, U,)}, we consider an automaton in which the states of U, are moved into variables,
by which the index of automaton decreases. Then the original automaton is character-
ized by application of the greatest fixed point operator to the terms which by induction
hypothesis characterize the modified automaton. If no pair in the accepting condition
has the form (@, U), situation is a bit more difficult. We consider » auxiliary automata
in which the states of the sets Li,...,L,, are moved to variables, respectively. Now
the least fixed point operator is applied. Note that the negative (L) and positive (U)
constraints of the Rabin condition are captured by the least and greatest fixed point
operators, respectively.

In order to make the concept of “moving states into variables” more precise, the
following two operations on automata will be used. The first consists in converting some
states into variables. Let 4 = (Sig, O, V, g0, Tr, Acc) be an automaton with variables and
let X be a subset of O such that go # X. We define an automaton® 4 sree(x) = (Sig, 0 —
X,V UX,qo, Tr', Acc’), where a transition y = f(x,...,x;) is in T’ iff it is in Tr and
y € Q — X (while the x;’s may be in QU V), and the acceptance condition is restricted
to Q — X, that is, dcc’ ={(L - X,U — X):(L,U) € Acc}.

The second operation exchanges initial states, but for technical reasons, a new
copy of the new initial state is added. For 4 as above and x€ (0, let X be a sym-
bol not in QUV¥. We define an automaton Agum= (Sig, QU{%}, V,%, Tr", Acc),
where Tr' =TrU{f= f(x1,...,%): x= f(x1,...,x¢) is in Tr}. Note that introduc-
tion of ¥ makes possible a composition of both operations, Asar(x)free(x), also when

8 The notation is motivated by an analogy between the réle of states in an automaton and that of the
bound variables in a fixed point term. Thus, the operation 4,..(x) consists in “giving freedom” to variables
in X.
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x € X. However, semantically, the automaton Agy,.x) is clearly equivalent to the au-
tomaton A with the initial state replaced by x; in particular L(Agamg,)) coincides
with L(4).

Now let 4=(Sig,Q,{z1,...,2Zm},q0, Tr, {(L1, U1)s...., (L, Uy)}). We are going to
prove the claim of Theorem by induction on the index of the automaton 4. If n=0,
no infinite path is allowed in any accepting run of 4. Then, the result follows from
Lemma 3.1 (remember that the index 0 cannot be weakened). Another easy case that we
shall consider separately, is when the acceptance condition contains the pair {(0,Q)};
in this case any run of 4 is accepting. Then, again by Lemma 3.1, we can find a fixed
point term in IT}, equivalent to 4.

Now suppose that n>0 and the claim holds for all automata with an index less
than n. The proof proceeds in two steps.

Step 1: The acceptance condition has the form Acc={(L;,U)),...,(Ln—1,Up—1),
(0,U,)}. We shall prove that one can construct an equivalent fixed point term in IT,
and if moreover, for some i, U;UL; =0, then the fixed point term can be chosen in
IT%, . Both cases will be considered simultaneously.

If U, =0 then clearly we can delete the pair (§,0) from the acceptance condition
without changing the semantics of A4, therefore, by the induction hypothesis, the au-
tomaton is equivalent to a fixed point term in X5, , CII4 . If U,=Q we have the
case that has been treated above. So, we may assume 0 U, # Q. We can also as-
sume that the initial state gq is not in U; otherwise we would take into consideration
a semantically equivalent automaton Agey(g,).

To simplify notation, let U, =U. Let U={y1,..., »x}. We shall consider the au-
tomata A freev), and Agar(y,)rreeu), for i=1,..., yx (where the last is a simplified
notation for (Agari(y,)) free(ty)- The acceptance condition of each of these automata is
{(L1, 1), ...s(Lu=1,Up=1),(0,0)}. After deleting the useless pair (#,0), we can con-
sider all these automata being of index n — 1. Then, by the induction hypothesis, there
exist fixed point terms in Z’Z‘n_l, To(V1s---» VksZ1s-.+52m) and 71(¥,2),...,1(¥,Z), such
that, for any semi-algebra 2, A?ree(U) =1#% and Affan(yi)free(u) =% fori=1,... k.

If additionally the stronger hypothesis on the acceptance condition holds, namely
that L; U U; = @, for some i (but not for i =n; that case has been already considered),
then these fixed point terms can be chosen in X, ,.

Consider a system of equations

Y1=11,

Yk = Tk

By Proposition 2.11, there is a vector of fixed point terms in IT5,, p1(Z),...,pk(Z)
which, for any semi-algebra 2, represent the greatest solution of this system in pZ%.
In the case when the stronger hypothesis on the acceptance condition holds, the terms
p1(Z),...,px(Z) can be chosen in I, .
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We claim that, for any semi-algebra %,

1. A;’;m(yi)=p,-(2‘)5“”, fori=1,...,k,

2. A% =wlp1/y1, -, pr/98)P2.
Note that the term of (2) is in I75, and if, additionally, the index of 4 is weakened
by 0, it is in IT5, ;. Hence, by proving (2), we shall accomplish the Step 1.

We first show that (2) follows from (1).

Let us fix some Dy,...,Dn C B, we have to show 4%[Z— D] =r1[p/71°®[Z+— D].

“C”: Let r be an accepting run of 4 on b € B w.r.t. the valuation 7+ D. By choice
of 7o, it is enough to construct an accepting run of Asrery on b, W.rt. the val-
vation 3 p#®(Z— D], Z—D. Let E be the set of these nodes in domr, where
some state from U occurs for the first time (remember that the initial state go is
not in U), that is E={wedomr:rT,(w)eU and (Vo<w)r,(v)¢U}. Clearly,
E is an antichain. We define a tree ro by cutting the branches of » in the nodes
of E; more precisely, we define it by substitution (cf. Section 1.1) ry=r[trunc],
where the mapping trunc sends each v€FE on a tree r,:{¢} — B x Tr defined by
ro(2)=(r 1 (), 12 (0)).

We claim that 7y is a desired run of 4geu) on ¢. Indeed, o T2 (v) € U is possible
only if v€E, and, for any v€E, say r(v)=y;, the subtree r.v of r constitutes an

accepting y;-run of 4 on r Ty (v), and hence clearly r ) (U)EAfart(yj)[E — D). Then,

assuming (1), we have r T; (v) € pj‘” g[f +— D). Satisfaction of the remaining properties
of an accepting run is straightforward.

“D”: In this case, by choice of 7y, we have an accepting run of As.eys) On b, w.r.t. the
valuation 7 — pP%[7— 5], 7D, say ro. For each w € domry such that ry T, (w) € U
say 7o T2 (w)=y;, we have ro T (w) € pji‘og[ZH D], and, assuming (1), the last equals
to Affart(yj)[i + D]. Hence we have also an accepting y;-run of 4 on ro T (w). Now,
by substituting a suitable run of 4 into each node w of ryp such that ry T, (W)€ U, we
obtain the desired run of 4 on b.

It remains to show (1). Let us fix a valuation z; — Dy,...,z, — D, where Dy,...,
D,, CB. Let us abbreviate

ZQ[EH[)‘] =def (Agart(yﬂ[ZHﬁ]" . ’A.ya;art(yk)[EHﬁ])'

We need to verify that A2(7— D] is indeed the greatest solution of the system in
consideration. By the Knaster-Tarski Theorem 2.1, it is enough to show two
things:
() (VM,..., M, CB) M C7¥[j— M,7— D] implies M C 4%[Z+— D].
(ii) A?[7— D) C [y — 4%[Z— D],7+ D).

Ad (i): Suppose M satisfies the hypothesis and let b€ M;, for some i. We have

to show bEAffm(yi)[Z +— D). For this, it is enough to construct a successful y;-run of

A on ¢ wr.t. the valuation Z+— D. We obtain such a run by a limit construction. By
hypothesis about M, be 54 g[}»—»fl ,Z+ D]. Hence, by hypothesis about 1;, there is a
successful run of Agar(y,)freqwy On b, W.r.t. the valuation jz’o—>1\71,2’ — D. We fix one
such run, say rp. (Recall that ry T, (g)=p;.) Observe that any node w of rp, such
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that ro T2 (w)€ U, must be a leaf, and, moreover, if r(w)=y; then rT1(w)€EM;;
hence, again, there is a successful run of Agar(y,;)rreev) On 7 T1 (W), w.r.t. the valuation
jz‘r—»M ,Z+— D. We define r, by substituting such a run in each leaf w of o such that
ro T2 (w)e U. 1t follows from the construction that dom(r;) C dom(r;) C dom(¢), and,
again, any node w of r; such that r; T, (w) € U, must be a leaf of r|, and, moreover,
if 1 T2(w)=y,, we have r1; (w) € M;. So, we can repeat the construction again and
again, defining a sequence of trees 7, in the obvious way. Clearly, this sequence satisfies
the convergence requirement and then has a limit lim r,. Note first that, by construction,
no finite path of limr, may end with a value y,. Then observe that any infinite path
of limr, is either a completion of some path of some accepting run of the automaton
Astari(y;)free(u), for some j, or it contains an infinite number of occurrences of some
“initial transition” of some Aari(y,) free(U)s ﬁj =y. Let r be a modification of limr,
obtained by “removing hats” from the y,’s in all values of limr,. We claim that r is
an accepting y;-run of 4 on b. Indeed, it follows from the remark above that all infinite
paths of r are accepting. The remaining conditions of a successful run are obviously
satisfied.

Ad (ii): The proof is very similar to the proof of the inclusion “C” of the claim (2)
above and is omitted. The Step 1 of the induction is now completed.

Step 2: We consider an automaton A(z,...,z,) as above but this time we do not
assume that the acceptance condition ((L,, Uy),...,(Ly—1, Up—1), (L, U,)) is weakened
by @. We shall construct an equivalent fixed point term of level X5 , and if, ad-
ditionally, for some i, L; UU; = Q, this fixed point term will be of actually smaller
level 2%, .

Let L=L;U--- UL, and let L={xy,...,x,}. We may assume, without loss of gen-
erality, that gy & L. Consider first the automaton Ag..z). The acceptance condition of
this automaton is {(@, U;—L): i=1,...,n}, and it should be clear that without changing
the semantics it can be collapsed to just one pair (0, U), with U=J,_, ,U — L.
Therefore, by Step 1, there exists a fixed point term 7o in Iy (hence in I15,), 10 =
70(X,2), such that Aﬁee(L)z‘c‘(f g, for any semi-algebra 4. If, moreover, for some i,
L;UU;=Q, then clearly U equals to the set of all states of the automaton Ap.;); in
this case the term 7o can be chosen in IT4.

Next, for each x €L and each i€ {1,...,n}, consider the automaton Agari(x)free(s,)-
The acceptance condition of this automaton is in the form that has been considered in
Step 1 (since the pair (L;,U;) is replaced by (0, U; — L;)). Then, we already know
how to construct a fixed point term in II%,, say 1y, equivalent to Astart(x) free(L,)-
If, additionally, for some j€{1,...,n}, L;UU;=Q, there are two cases to consider.
If j # i, then, by induction hypothesis, the term 7,; can be chosen in H‘zln-p and
if, for i itself, L; U U;=Q then, similarly as above, this term can be chosen even
in IT%.

Let, for each x, €L,

T =Ty V- VTyn

(note that the free variables of 7, are among xi,...,%,, z1,...,2p).
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Consider a system of equations

X1 =1,

Xp = Tp.

By Proposition 2.11, there is a vector of fixed point terms in 2%, +1 P1E), ., 0p(2),
which, for any semi-algebra 4, represent the least solution of this system in @4%. (In
the case of the stronger hypothesis on Acc, these terms can be chosen in X5 .)

We claim that, for any semi-algebra 4%,

1. A;’;m(xi) =p;(Z)%, fori=1,...,p,
2. A% =o[p1/x1,..., pp/xp)¥%.

Note that the last term is in X%, ,, and if, for some j, L; U U; =0, this term can
be chosen in X5 . Therefore, by proving (2), we shall accomplish the Step 2. The
proof that (2) follows from (1) is similar to the proof of an analogous statement in
the Step 1, and will be omitted.

We are now going to prove (1).

Again, we fix a valuation z; — Dy, ..., 2y, — Dy, where Dy,...,D,, CB, and abbrevi-
ate

A%[7+ D)= (4%

start(x))

[2+=D,...., Aigue )2 D).

We need to verify that 4%[Z+— D] is indeed the least solution of the system in con-
sideration. By the Knaster-Tarski Theorem (Theorem 2.1), it is enough to show two
things:
(i) (VM,,..., My CB) ©®[y— M,7— D] C M implies 427+ D] C M.
(ii) %2y — A?[7+— D],z D) C A%[z— D.
Ad (i): Suppose M satisfies the condition above and b S oM D]. So we have
an accepting x;-run of Aggy(x,) on b, w.r.t. the valuation [Z+— [5]; fix such a run, say r.
We fix an infinite sequence of integers a, € {1,...,n} that repeats each £ € {1,...,n}
infinitely many times; for instance, let a, =(g mod n) + 1. We define a sequence of
subsets of domr, E,, inductively as follows:

Eo = {8},
Epr ={v:r12(v) €Ly, NGWEE)W <vA(Vuyw <u <v)rT2(u) & Lg,., }-

Notice that E, need not be finite. Let £={J,_, E,. The key observation is that no
infinite path of » can meet the set E infinitely often since otherwise such a path would
not be accepting, as each set L; would be visited infinitely many times. We want to
show that, for each w € E, if r T, (w)=x; then r T; (w) € M}, in particular b € M;. To
this end, it is convenient to organize the set E into a well-founded tree and use the
Tree Induction Principle. The idea of such a tree should be apparent: just delete all
the nodes of » not in E, keeping the seniority relation of r.
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Formally, we define a (non-valued) tree Tz as a set of sequences over E, so that
the nodes of Tr are sequences of nodes of r (to avoid the ambiguity of notation, we
shall write the nodes of  in parentheses ()). Let

TEZ{E}U{<W1>-"<W(>I Wi EEIAWLEEZN - - AWpEE, AW < -+ <W(}

Clearly, Ty is a tree. By remark above, it is well-founded, although it need not be
finite due to infinite branching.
Let, for a € Tg,

last(e) = { we ii Z:;M) o {we),

We claim that, for each a € T, if r T, (last(a)) =x; then r T, (last(«)) € M;, in particular
b€ M; as required.

By Tree Induction Principle, it is enough to verify that if all immediate successors
of o satisfy the condition, so does a. Let last(a)=w, we E, for some />0, and
r12(w)y=x;. Let r T (w)=">". The subtree r.w of r constitutes an accepting x;-run of
the automaton 4 on the element &’. Let F = {v €domr.w: wo € E;1,}. Clearly, F is an
antichain and, for each v € F, a{(wv) is an immediate successor of « in T¢. Then, by the
tree induction hypothesis, if r.w T, (V) =r T, (Wwo)=x; then r.w T, (v)=r T2 (Wv) € M;.
Using this observation, we can transform the x;-run of 4 on &', r.w, to an accepting run
of the automaton Aswri(x;)free(s,,,) On the same element b, under the valuation ¥+— M ,
7 D. Then, by definition of the terms 7, we get b’ € ‘cfg[)‘c' — M, 7 ﬁ]. Hence, by
the hypothesis on M, b’ € M;, as required. This remark completes the proof of (i).

Ad (ii): Let b€ t?[§ 4?7 D], 7 D]. Then, for some j € {1,...,n}, be sy
[¥+ A®[Z— D],Z— D]. Hence, there exists an accepting run of the automaton
Astar(x) free(1,) On b, under the valuation j}‘»—»}i” [Z+— 5],2‘ — D, say ro. Note that, for
each w € domry, such that o T2 (W)€ L;, say ry T2 (w) =x,, we have an accepting x,-
run of the automaton 4 on rT; (w). Then, by a suitable substitution, we can easily
obtain an accepting run of Aggyx,) on b, as required.

The proof of the theorem is now completed. [J

Note on complexity

The above proof of Theorem 3.2 can be implemented as a recursive algorithm which
takes as an input a Rabin automaton and produces an equivalent fixed point term. We
can therefore estimate the size of this term w.r.t. the size of the automaton.

Let a Rabin automaton 4 have m states and » pairs in the accepting condition. Note
that » can be exponentially higher than m. Also note that the transition table of 4 has
the size m*!), where the constant depends on the signature. We first observe that, by
the proof of Proposition 2.7, a term expressing a component of the least (or greatest)
solution of a system x; =1;, i=1,..., p, is of the size O((|71|+- - - +|1,|)?). In order to
perform Step 1 in our recursive algorithm, we first call recursively the procedure for the
automata Apeery and Agar(y)freev), i =1,...,k, by which the terms z, 7i,...,17; are
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computed. Then the system y; =1y,..., y; =74 is solved and its solution, p,..., ok, is
substituted to 7, in order to get the result. It should be noted that all the constructions
performed on automata by our algorithm do not increase the number of states. There-
fore, in each recursive performance of Step 1 in the computation initially started with
A, we have k <m. Thus the term resulting from Step 1 has the size O(|7| - (Jt;|+ -+
|7¢|)™), which can be further estimated by O(m™- (max{|z|,|t],-.., ||} )"*).

Step 2 is even more costly, as we have to make i - O(m) recursive calls rather than
O(m) calls, where i is the number of pairs of the actually considered automaton (so
this is »n for the original automaton and decreases by 1 after each call of Step 2). If
max is the maximum size of the terms computed by the recursive calls of Step 2, then
the size of the system of equations to be solved is bounded by i-m - max. Considera-
tions as above give us an estimation O((m - i)"max™"') on size of the term resulting
from Step 2. Note that at the bottom of the recursion, the algorithm has to consider
an automaton with an empty or trivial acceptance condition, and with the set of tran-
sitions being a subset of the original Tr. Therefore, the above considerations lead to
an estimation of the size of the eventually computed term by 2em™” < (n!)y", for some
constant c¢.

It seems, however, that the result may be better if we work with vectorial fixed point
expressions (cf. Proposition 2.11) instead of fixed point terms. Indeed, suppose that at
each performance of Step 1 or Step 2, our algorithm computes a vectorial expression
equivalent to the actually considered automaton. In that case, the size of the expression
produced in Step 1 can be estimated by the maximal size of the expressions computed
by recursive calls multiplied by m, whereas, in Step 2, the multiplication factor will be
m-i, by the reasons explained above. Therefore, the final vectorial expression equivalent
to the original automaton will be of the size m°( . n!.

3.2. From fixed point terms to automata

Translation of fixed point expressions to automata is very natural; we recall here
our construction of [36] for the sake of completeness, and in order to close up the
connection between the fixed point hierarchy and the hierarchy of Rabin indices of
automata indicated by Theorem 3.2. An analogous translation for the modal mu-calculus
has been made by Streett and Emerson [46], and is also discussed in [12, 21].

For technical reasons, it is convenient to extend slightly our concept of automata with
variables, by adding one more feature: initial variables. Such an extension is necessary
if we wish to give an automata characterization to the terms in which a free variable
may occur outside of the scope of any functional symbol from the signature, as, e.g.,
z1 Vzo. In the remainder of this section, we shall consider automata with variables of
the form 4 = (Sig,Q,V, Vi, qo, Tr, Acc) where V; CV is a set of initial variables (it may
be empty). The semantics of automata is extended as follows. Let V ={zj,...,z,}, let
% be a semi-algebra over Sig and let D,,...,D, C B. All the runs formerly accepting,
continue to be accepting. Additionally, if an element b of B is in D; and z; €V} is
an initial variable, then a one element tree r with domr={e} and r(¢)=(b,z) is
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considered as an accepting go-run of 4 on b, with respect to the valuation z'— D.
We shall call such a run lazy. Note that if 4’ is an automaton obtained from 4 by
forgetting the issue of initial variables (but keeping the set of variables ¥V intact) then
the operation defined by 4 satisfies
A%z~ D] = 4?1z~ DJu | D.
z€eV
Theorem 3.3. For any fixed point term 1(zy,...,zy), One can construct an automaton

with variables A(zy,...,zn), such that, for any semi-algebra B, 1 and A, define the
same operation in the powerset algebra o3, that is,

% = 4%[7].

Moreover, the automaton A, can be chosen with the Rabin acceptance condition

in the chain form, and,

1. if tis in 24, then A, can be chosen with index n,

2. iftisin Z’z‘n, n>0, then A, can be chosen with index n weakened “by all”,

3. if tis in IT},,,, then A, can be chosen with index n+ 1 weakened by O and “by
all”,

4. if v is in IIY,, n >0, then A, can be chosen with index n weakened by 0,

5. if v is in 2§ =111}, then A, can be chosen with empty acceptance condition.

We start with a series of lemmas which show that the operations definable by au-
tomata are closed under the fixed point operators and composition. Let A(x,zy,...,z,)
be an automaton. Recall that, by our notational convention, ux.4%[x,Z] denotes the
mapping that sends a tuple D of subsets of B onto the least fixed point of the equation
M = A®[x+— M,Z— D], where M ranges over @B.

Lemma 3.4. Let A(x,Z) be an automaton of index n, n=0. Then there exists an auto-
maton A'[Z] of the same index such that, for any semi-algebra B, A'*[7] = ux.A®[x,7).
Moreover, if the index of A is weakened “by all” then so is the index of A’ (warning:
the similar does not apply to the weakening by @), and, if 4 is in chain form, so is A'.

Proof. This is in fact a slight refinement of the well-known construction that pro-
duces an finite automaton recognizing language L* from an automaton recognizing
language L.

Let A= (Sig, Q. {x.z1,...,Zm}s Vi, qo, Tr, Acc) with Acc={(L;,U1),...,(Ly, Up)} (f

n=0, Acc is empty). We define an automaton 4’ = (Sig, QU {x}, {z1,...,2n}, ¥\ {x},
x, Tr', Acc'), where
o Tr' =TrU{x=f(¥1,---, Yor)): if Qo= f(¥15-.., Yu(s)) is @ transition in Tr}.
o Acc' ={(LiU{x},U1),...,(Ly U {x}, U,)} (Note that if Acc=§ then Acc’ =, too.)
Let # be an arbitrary semi-algebra and let Z+— D be an arbitrary valuation, where
Di,...,Dpn CB. It remains to verify that 4'%[Z\— D] is indeed the least fixed point of
the mapping M — A?[x— M,Z— D], where M ranges over pB.
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By the Knaster—Tarski Theorem, it is enough to show two things:
(i) (VM CB) A®[x— M,z D] C M implies A'#[Z— D]C M.
(ii) A%®[x— A'®[Z— D],7— D] C A'"%[z— D).

The argument is similar to the one given for an analogous statement in the proof of
Theorem 3.2.

Ad (i): Suppose M satisfies the hypothesis, and let b€ A'®[7— D]. Let r be an
accepting run of A’ on ¢, with respect to the valuation Z— D. If r is a lazy run with
r(e)=z; for some z; € ¥;\{x} then b € D; and hence b € 4%[x+— M,Z— D], from which
the assertion b € M follows by hypothesis on M.

Then suppose r is not lazy and so m; or(g) =x. Let E={wedomr: m, 0o r(w)=x}.
Observe that no infinite path of » may intersect the set E infinitely often, otherwise
a path would not be accepting. We shall organize the set £ into a well-founded tree and
use the Tree Induction Principle, similarly as in Step 2 of the proof of Theorem 3.2.

Let us write v < w to mean “v <w and, for all ¥, such that v <u<w, u g E”.

Let

Te={e}U{w1)...(We):wi,..., A\W EENe K W K -+ K Wy}
Clearly, Tg is a well-founded tree. Let, for a € Tg,

Wy ifoc:(wl)...(w/),
¢ ifa=e

last(a) = {

We claim that, for each a € Tg, if m; o r(last(«)) =x then tlast(a) €M, in particular

t €M as required. The argument is similar to that used in the proof of an analogous

statement in Step 2 of the proof of Theorem 3.2 and will be omitted.
Ad (ii): Suppose b€ A%[x— A'#[Z— D],Z+— D] and let r be an accepting run of 4

on b, with the valuation x+— 4"#[7— 5],2' s D. We consider three cases:

1. r is a lazy accepting run with r T, (¢) =z; for some z; € V7 and z; # x. Then r is
also an accepting run of 4’.

2. It happens that x€ V7, and r is a lazy accepting run with » T, (¢)=x. Thus, by
definition of a lazy run, b€ 4'#[Z— D] as required.

3. r is an accepting run with r T, (¢)=¢o. Then, for each w & dom# such that T,
(w)=x, we have an accepting run of 4’ on r T, (w). By a suitable substitution, we
obtain an accepting run of 4 on b. [J

Lemma 3.5. Let A(x,Z) be an automaton with an index n weakened by (. Then there
exists an automaton A”[Z] with index n weakened by 0, such that, for any semi-
algebra B, A%[Z] = vx.A%[x,Z). Moreover, if additionally, the index of A is weakened
“by all”, so is the index of A" and, if A is a chain automaton, so is A",

Proof. Let A= (Sig,Q,{x,z1,...,2m}, V1,90, Tr, Acc), and let

Acc = {(L], U1 ),...,(L,,_l, U,,_,),((Z), Un)}
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We start with the following observation: if x € ¥} then, for each D,...,D, CB,
vx. A%[x,7— D] = B. For, it is enough to verify that B is a fixed point in this case,
and this is obvious. It is plain how to construct an automaton with the required index
which, independently of a valuation, recognizes all the elements of any operationally
complete semi-algebra (recall that, by Proviso 1, all our semi-algebras are operationally
complete).

It remains to consider the case when x is not an initial variable.

We define an automaton A4” similar to one considered in the previous lemma,
A" =(Sig, QU {x}, {z1,---»2m}» Vi q0, Tr", Acc”’), where

o T =TrU{x=f(y1,.- . ¥u5)) :90=F(V1,.-., Yp(r)) is @ transition in Tr} (exactly
as in the previous case),

o Ac’ ={(L1, Uy U{x}),...,(Ln_1, Un1 U{x}), (B, U, U {x})}.
Let & be an arbitrary semi-algebra and let Z— D be an arbitrary valuation, where
Di,...,D, CB. It remains to verify that 4”#[7— D] is the greatest fixed point of the

mapping
M A%[x r—»M,ZHﬁ],

where M ranges over ¢B. By the Knaster—Tarski Theorem, it is enough to show two
things:
(i) (VM CB) M C A®[x — M,Z— D] implies M C 4"®[z7— D],
(ii) A"®[Z— D] C A% [x— A'?[Z— D),z D).

Again, the argument is analogous to the one given for a similar claim in Step 1 of
the proof of Theorem 3.2, and will be omitted. [

Lemma 3.6. For automata A(x1,...,x;,2), A1(Z),...,Ax(Z), there exists an automa-
ton C(Z') such that, for any algebra 4,

C?[Z] = A%[x,— AP[Z],...,.x — A2[Z],7].

Moreover, if the automata A, A, ..., A, have all the indices not greater than n then
C can be chosen of index n, and if additionally the same weakening applies to all
these automata, it is preserved by the construction. Also, the chain form can be kept
in the construction.

Note: The notation A%[x, — A%[Z],...,x; — AZ[Z],7] indicates a mapping that sends
a tuple Dy, ..., D, CB onto A%[x;+4¥[Z— D),...,x — 427 D), 7+ D).

Proof. The construction is straightforward and will be omitted. O

Proof of Theorem 3.3. We proceed by induction on n.

Recall that Z(‘,‘ is the least set of terms containing the basic terms x;, x; Vx; and
f(x1,.-5%51)), for f € Sig, and closed under substitution. It is plain how to con-
struct automata equivalent to basic terms. For example, an automaton equivalent to the
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term f(x1,...,Xy(r)) Will have one state, say xo, and one transition xo = f(x1,...,Xp(r))
(x1,...,X%p(r)) are variables). No infinite paths are needed in accepting runs of these
automata and so we can assume that the acceptance conditions are empty. Thus, by
Lemma 3.6, we obtain the claim for all terms ¢ in Zj = II}.

In order to settle the case » =0, it remains to show that, for any term t(2) € 2/, we
can find an equivalent automaton with empsy acceptance condition, and, for any term
7(Z) € I1¥, we can find such an automaton with trivial acceptance condition (@, Q). The
first claim follows directly from Lemmas 3.4 and 3.6. For the second claim first note
that the empty acceptance condition is equivalent to {(,0)}. Then the claim follows
easily from Lemma 3.5 and its proof, together with Lemma 3.6. This settles the case
of n=0.

Now suppose n > 0 and the claim holds for all »’ <n.

Consider first the class 2,. By induction hypothesis, for each term in IT), |, we
have already an equivalent automaton in chain form with index n weakened both by 0
and “by all”. Thus, the claim for all r € 25 follows from Lemmas 3.4 and 3.6.

Now consider the class IT;,. By induction hypothesis, for each term in X5, |, we
have an equivalent automaton in chain form with index n—1. For each such automaton,
we can extend the acceptance condition by a void pair (§,() obtaining thereby an
equivalent automaton with index n weakened by @. Thus, the claim for the class IT5,
follows from Lemmas 3.5 and 3.6.

The claims for the classes X%, ., and IT}, ., follow from the just proven facts in the
similar way. O

Note on complexity

The above proof gives us an upper bound on the size of the constructed automaton 4.
Indeed, in Lemmas 3.4 and 3.5 the number of states increases by 1, and in Lemma 3.6,
the number of states of the automaton B is not greater than the sum of the corresponding
numbers for A,A4,,...,4; reduced by k. Then, it is easy to see that an automaton A
equivalent to a term t can be chosen with no more than |z| states, where |7| denotes
the length of term 1.

Concluding remark

We can summarize the above considerations as follows. The class of operations
definable by fixed point terms over a given signature interpreted in powerset algebras
coincides with the class of operations definable by Rabin automata with variables.
Transformations in both directions can be done uniformly for all powerset algebras
and are computable, although they apparently differ in complexity: a translation from
fixed point terms to automata is linear while the best bound we are able to give for
the size of a (vectorial) expression equivalent to a given automaton is exponential.

Moreover, the transformations establish a tight correspondence between the levels of
the index hierarchy of automata and those of the fixed point hierarchy, as indicated
precisely in Theorems 3.2 and 3.3.
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Fixed point terms vs. automata with the Mostowski acceptance condition

As we have remarked in Theorem 3.3, an automaton resulting from a fixed point
term has its acceptance condition in chain form, which is readily equivalent to the
Mostowski acceptance condition.

Construction is even more direct if, instead of a fixed point term, we start with
a vectorial fixed point expression (cf. Proposition 2.11). Indeed, consider a vectorial
expression of the form

nj)'n """ #j;l'vj;()'(o-la'“ao-k),

where # is p or v depending on whether n is odd or even, and each o¢; is in some
normal form; say, it is a disjunction g;=46;, V -+ V J;,, of atomic terms of the form
S(x1,...,x5r)) (here the x;’s are among the variables 3o, y,..., ¥, plus the free vari-
ables of the expression, if any). Then it is not difficult to see that our expression is
semantically equivalent (modulo initial state) to a Mostowski automaton the states of
which are just all the bound variables of the expression, the set of transitions consists
of all the equations y,; =9;; (with p=0,1,...,n,i=1,...,kand j=1,...,4;), and the
ranking function is defined by rank : y,;— p. Note that in this case, the expression
and an equivalent automaton can be viewed as essentially the same object, and the
message of Theorem 3.3 is that the two semantics of this object: fixed point semantics
and automata semantics, are equivalent.

Conversely, one can carry out a direct translation of Mostowski automata to vectorial
fixed point expressions. In such a translation, the states with odd rank would be turned
into variables bound by u while the states with even rank would be turned into variables
bound by v. In order to get a vectorial expression one may need to add some dummy
variables, but the size of the resulting expression is polynomial (in fact, O(n?)) in the
size of the automaton. Therefore, the vectorial fixed point expressions and Mostowski
automata can be viewed as objects of the same level of succinctness, in contrast to
vectorial expressions vs. Rabin automata (cf. Note on complexity above). Note however
that the above does not apply to Mostowski automata vs. fixed point terms, due to the
cost of converting a vectorial expression into a term.

3.3. Iterative characterization of the fixed point definable tree languages

In this section we discuss an alternative characterization of the fixed point hierarchy
in the powerset tree algebra. More specifically, we focus on the sets of trees definable
by closed fixed point terms interpreted in .7 . We show that tree languages of the
subsequent levels of the fixed point hierarchy can be constructed from languages of the
preceding levels by means of two operators that can be viewed as somehow analogous
to the language~theoretic operators L* and L®.

Compositionality is one of the advantages of the fixed point notation: the expres-
sions denoting complex objects can be naturally decomposed into simpler expressions,
denoting simpler objects. However, contrary to the iteration operators * and w of
classical regular (or w-regular) expressions, the y and v operators do not behave
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as algebraic operations, for obvious reasons. Therefore, a fixed point definition of a
tree language does not provide per se a decomposition of this language into simpler
languages.

This can be remedied as follows. The first observation is that an m-ary operator
defined by a fixed point term t(zy,...,z,) in an algebra g, can be completely
characterized by a tree language defined by the same term in the powerset tree algebra
over a signature SigU {zi,...,zn}, Where the z;’s are considered as constant symbols.
The following fact, analogous to Proposition 1.5, can be either deduced from that
proposition and Theorems 3.2 and 3.3, or proved directly by induction on the structure
of fixed point term. (Recall that for L C J5yu4z,..2,}> LIZ < -] is the substitution
operation described in Section 1.1.)

Proposition 3.7. Let 1(zy,...,2z,) be a fixed point term over a signature Sig. Then,
Jor any Ki,..., Ky C Ty,

Note. In [36], we have stated this fact in a more general form, by extending the
concept of substitution operation L[Z < - - -] to that of an interpretation of a tree lan-
guage L in an arbitrary u-algebra /. Then, an interpretation of a fixed point term 7 in

in <.

In order to show that a tree language defined by a fixed point term can be decom-
posed into languages defined by its subterms, we should be able to interpret the fixed
point operators as operations on languages. Let L C Jg,u(x), Where x is a constant
symbol not in Sig. Consider an equation

X =Lx — X],

where X ranges over ©Jg,. We shall show that the extremal fixed points of this
equation can be characterized by two operations: an unrestricted and a well-founded
iteration.

An intuitive idea behind these operations is simple. Pick up a tree ¢ in L. Next, for
each leaf of ¢ labeled by x, pick up again some tree in L and substitute it at this leaf.
The resulting tree can still have some leaves labeled by x, so continue the substitutions
again and again. This process may be of course infinite, but, by the limit construction, it
eventually produces a tree in Jy;;. We have informally described unrestricted iteration.
For the process of well-founded iteration, we additionally require that only a finite
number of substitutions can be made along each path (although the total number of
substitutions can be, of course, infinite).

Formally, it is convenient to describe the iteration processes by trees. Let L be as
above and let t € Jgyy. Let D : domD — L be a tree valued in L, with dom D C(dom1)*.
We recall the operation last that has been used in the proof of Theorem 3.2. For
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o € domD,

w if & = vw with w € dom¢, v € (dom¢)*,
last(a) =

e fa=ec

A tree D as above is called a decomposition of t by L, if, for each o € domD with
last(«) =w and D(a)=s, the subtree t.w of ¢ is in s[x < Jg,] and the set of immediate
successors of o in domD is precisely {a{wv): s(v)=x}. A decomposition D is well-
founded if it is well-founded as a tree, i.e. does not contain an infinite path. (Note that
a well-founded decomposition may be infinite as its branching degree is not necessarily
finite.)

Let

Iteroo(L,x) = {t € Tsiy: there exists a decomposition of ¢ by L},
Iter ., (L, x) = {t € Ty there exists a well-founded decomposition of ¢ by L}.

Proposition 3.8. The least and the greatest solutions in ©Js;, of the equation X=1L
[x « X7, are respectively lter . ,(L,x) and lter,.(L,x).

Proof. The arguments are quite analogous as in the similar cases considered in this
section. We shall give an argument only for the least fixed point. Let us abbreviate
Iter (L, x)=1 and Ty =7 .

By the Knaster-Tarski Theorem, it is enough to show two things:
(i) foral MC 7, L[x — M] C M implies / C M.
(i) Lix — 1] C I

Ad (i): Let ¢t € I, and let D be a well-founded decomposition of ¢ by L. Using Tree
Induction Principle, we show that, for each o € dom D, the subtree tlast(«) of ¢ is in
M. Let D(a)=s € L and suppose that the claim holds for all immediate successors of
a. Then tw € s[x «— M], hence, by assumption, t.w € M.

Ad (ii): Let t € s[x « I] with s € L. Then, for each w € doms such that s(w)=x,
we have a well-founded decomposition of #.w by L. From this, we can easily compose
a decomposition D of ¢ by L, with D(¢)=s. O

In order to characterize the levels of the fixed point hierarchy over signature Sig,
we have to consider tree languages over the extensions of Sig by arbitrary large finite
sets of constants. Let us fix a list of symbols x;,x2,... Let, for n <, Zh(pTsiz*)o
I (9Jsig*)o be defined similarly. (The last index O indicates that we consider only
0-ary operations here.)

We are ready to state the following.

Proposition 3.9. (1) Z{(9Tsigx)o = I1h(9 Tsig*)o is the family of all finite sets of
finite trees over signatures Sig U {x),...,Xn}, m < w;
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(2) Z8, (9 Tsigx)o is the least class of tree languages containing I (g Tsig*)o and
closed under substitution and under well-founded iteration; that is,

e if z1,...,z, are among x1,x,,... and L,K,,..., K, are in Eﬁfﬂ(go%ig*)o, S0 IS
L7 < K],
o if Lis X (9Tsig*h, so is Iterc,(L,x;), for i <w;

(3) 1% (9 Tsig*)o is the least class of tree languages containing Z}(p Tsig*)o and
closed under substitution and under non-restricted iteration.

Proof. The claim (1) is obvious. The remaining claims follow from Propositions 3.7
and 3.8. O

Corollary 3.10. Any tree language L C T, definable by a a fixed point term (or,
equivalently, by a Rabin automaton), can be obtained from a finite number of finite
trees over Sig, by means of the operations of substitution, unrestricted iteration, and
the well-founded iteration.

Note. A characterization by a kind of regular expressions of tree languages rec-
ognizable by Biichi automata has been previously shown by Takahashi [47]; it can
be viewed as the case of II5(% Jsigx)o in Proposition 3.9 above. Another concept of
“regular expressions for tree languages” has been proposed by Mostowski [29]. Rather
than two iteration operators, Mostowski considers one such operator equipped with
a restriction on infinite paths similar to the Mostowski acceptance condition and shows
a characterization analogous to Corollary 3.10.

Connection with infinite games

The operations Iter.,(L,x) and Itero(L,x) discussed above can be naturally char-
acterized in terms of infinite games. Let L be an arbitrary subset of Ty}, and let
t € Tsiy. We may consider a game of two players of which one wants to show that ¢
can be decomposed by L and the other strives the opposite. At each moment of the
game, if player I has to play, some target node of ¢ is fixed; initially this is the root
¢. Suppose that w € dom¢ is a target node and player I has to play. Then she tries
to “cover” (at least partially) the subtree fw by a tree in L; that is, she picks up
a tree s in L such that t.w &€ s[x < 5] (if there is no such tree, player I loses).
Then player I sends the set of nodes {wv: v € doms and s(v)=x} to player II. He
answers by choosing one node of this set; this will be the target node for the subse-
quent play. Note that the set of nodes received by player II may be empty, in this case
he loses. It remains to say who wins the game if it lasts to infinity; actually we can
define two games according to this decision: in the game, say, Goo(L,?), we settle that
at infinity player I wins, and in the game G.(Z,?), player II is the winner. Then it
follows directly from the definitions that player I has a winning strategy in the game
Goo(L,t) (respectively, G<(L,t)) iff there exists a (well-founded) decomposition of ¢
by L.
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A simple but interesting observation is that both games are determined, that is,
if there is no suitable decomposition of ¢ by L then player II can always win (a
construction of a winning strategy is straightforward). It is interesting because this fact
does not appear to be a corollary to the Martin Determinacy Theorem about Borel
games, since the set L may be arbitrary. It can be also observed that if there is a
winning strategy for either player, it can be made “memory-less”, that is, such that
at each moment the next move depends only on the actual position and not on the
history of the play until now. Using these observations and the characterization of fixed
point terms by the iteration operators, one could inductively define more refined games
suitable for characterization of arbitrary fixed point terms; in these games more than
one label (like x) would be involved and the winning condition would depend on the
labels occurring infinitely often, yet the “memory-less” property would be preserved.
Constructions of that kind have been actually carried on by the authors that introduced
(independently) automata with Mostowski condition [30,28, 12} (cf. Historical note
on automata above), but without explicit reference to the “basic” games that we have
described above.

4. Initiality of the powerset tree algebra

In this section, we prove that the powerset algebra of syntactic trees over a signature
Sig, 95, is initial in the class of all powerset algebras over signature Sig, in the
following sense: for any semi-algebra %, there is a mapping from @7, to @B, which
is a morphism w.r.t. fixed point terms. (In the language of category theory, such
a property should be rather called weak initiality because we do not show that the
morphism in consideration is unique.) We apply this result in order to show that the
emptiness problem for fixed point terms over the powerset algebra of trees can be
reduced to the analogous problem over the powerset algebra of a trivial {one element)
algebra, from which we deduce a polynomial-time algorithm for this problem.

We need a definition first,

Let = (B,{f%: f €Sig}) be a semi-algebra, let ¢ € T, and b € B. An expansion
of b by t is a tree D : domD — B, such that dom D =dom¢, D(¢)=2>, and, for each
w € domD, if t(w)=f, with p(f )=k, then D(w)= fE(D(w1),...,D(wk)).

Let

Exp(t, #) = {b € B: there exists an expansion of b by ¢}.
For L C Ty, let

Exp(L, #) = ] Exp(t, #).
1€L
Note that the operational completeness of a semi-algebra # (Proviso 1) implies
that, for any b € B, there is always an expansion along some tree in Tgy, in particular

EXp(TSig,(@) 75 @
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We are ready to state the main result of this section.

Theorem 4.1. Let # be a semi-algebra and let a mapping h: p(Tsy)— $(B) be
defined by h(L)=Exp(L,B). Then, for any fixed point term over Sig, 1(z1,...,2m),
and any Ly,...,Ly C Tgy,

(TS [zy = Ly, oz o L) =77% 2y o b1, 2 > B(L)].

Note. 1t is not always true that 4 is onto @B, as it can be possible that two distinct
elements of B have expansions along exactly the same trees and therefore cannot be
separated in any value of . However, any subset of B definable by some term, i.e.
B2 C=1%% is a value of A.

Proof. We shall apply a characterization of fixed point terms by automata of
Theorem 3.3. By that result, there exists a Rabin automaton with variables A(zy,...,zy),
such that, for any semi-algebra &, 19%[z — h(L)] = A%® [z — R(L)] (here A(L) abbre-
viates the vector (A(L,),...,h(Lg))).

Thus, it is enough to prove that, for any Li,...,L, C Ts;, it holds

A7 [2 — L]) = 4%[Z — WD)

Let A=(Sig,Q,V,V;,q0,Tr,Acc) (note that 4 may have initial variables, cf.
Section 3.2). Let ¥V ={z,...,zn}.

Ad “C”: Let b€ B, and let ¢ be a tree in A7 [Z — L], such that there exists an expan-
sion of b by ¢, say D. Let # :domr — Ty x(TrUV') be an accepting run of A on ¢, w.r.t.
a valuation Z — L. Recall (Section 1.3) that domr=dom¢ and, for each w e domr,
rTi(w)=tw. We need to construct an accepting run of 4 on b, w.r.t. a valuation
7 — h(L). We define a tree »':dom#r’ — B x (Tr U V), by domr’ =domr and, for
wedoms,

F(w) = (D(w), m o r(w)).

Note that for each w € domy’, if the second component 7, o r/(w) is a transition
y=f(x1,...,x;) then t(w)= f and hence m; or'(w) = fZ(myor'(wl),...,m or'(wk)),
since D is an expansion by ¢, and if m, or/(w)=z; then tweL; and, as D(w) has
obviously an expansion by t.w, we have D(w) € h(L;). Therefore, ' is a run of 4 on
b w.r.t. the valuation Z — h(f). Moreover, as the state parts of the runs r and #/
coincide, this run is accepting.

Ad “2”: Now let b€ B and let » be an accepting run of 4 on b w.r.t. the valuation
7+ h(L). Consider for a moment a tree ¢ over a signature Sig U {zi,...,2,}, where
p(z;) =0, defined by dom ' =domr, and, for each w € dom?', if myor(w) is a transition
y= f(X) then £(w)= £, and if ny or(w)=z; then ¥'(w)=z;, too. Note that in this last
case, there is an expansion of the element r T, (w) by some tree in L;; let us fix such a
tree t,, and a corresponding expansion D,,; let pick:w — t, and pickp, : w— D,, denote
the induced mappings. Let D’ =r 1| be the element part of the run ». We define a tree
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D by substitution D = D[ pick,], and a tree ¢ by substitution ¢ = '[ pick]. Then it is easy
to see that D is an expansion of our b by the tree t. Now let '/ : domr — Ty x(TrU V)
be defined by dom#” =domr, and, for we domr”, "'(w)= (t.w,m; o r(w)). Then it
is straightforward to verify that " is an accepting run of 4 on ¢, w.r.t. the valuation
7+ L. Therefore t € A%%4[Z — L], and hence b€ h(49%s[Z— L]).

This remark completes the proof. [

Remark. One may think that the easiest way to show that a mapping between two
powerset algebras preserves fixed point terms, should be rather to show that it behaves
well w.r.t. the underlying subset ordering. Considering a characterization of extremal
fixed points in Theorem 2.2, one would like to require that a candidate for a mor-
phism should preserve the least upper bounds of increasing chains and the greatest
lower bounds of decreasing chains. The last, however, is not true about the mapping
h considered above.

Let, for example, a signature Sig consist of two symbols: a unary symbol f and
a constant symbol c¢. Let L, ={f™(c): m>n}. Then (), ,L,=0. Now let & be an
algebra with the universe B consisting of one element, say B= {1}, and let f#(1)=1,
c# = 1. Then clearly 1 has an expansion in % by any f™(c), hence Exp(L,, #)= {1},
for each n, and consequently (), ., =Exp(L,, #)={1}.

In view of this remark, we believe that the use of Theorem 3.3 (or some similar
automata-like characterization) in the proof of Theorem 4.1 is essential.

4.1. Internalization

We apply Theorem 4.1 to show a close connection between the algebra 75, and
an algebra t, for ¢ € Ty, (cf. Section 1.2).

Proposition 4.2. For a closed fixed point term t and t € Ty, t € 1*%4 if and only if
ce.

Proof. Let h: p(T5;y) — g(domt) be the mapping defined in Theorem 4.1. Observe
that ¢ (the root of ¢) considered as an element of the algebra t has the unique expan-
sion by ¢. Therefore, for any L C Ty, t €L iff ¢ € A(L). Thus, the claim follows from
Theorem 4.1. O

Note. We have first observed this property in [3] (and proved it directly for a
stronger version of the fixed point calculus) and called it internalization, because it
enables us to pass from external semantics for the fixed point terms in ©Js;, to an
internal semantics in t (and vice versa). We believe that this phenomenon is very
general, since many objects considered in computer science, as words, graphs, trees,
automata..., can be either organized into algebras (or logical structures) or treated
themselves as algebraic (or logical) structures. The virtue of the fixed point calculus
is that the both approaches can be considered in a unified way, just as two legitimate
interpretations of the same fixed point term notation.



50 D. Niwinskil Theoretical Computer Science 189 (1997) 1-69

4.2. Nonemptiness problem

Consider the following decision problems:

Satisfiability. Given a fixed point term without free variables, t, is there a powerset
algebra o2 such that t#% 3 () ?

Nonemptiness. For a fixed powerset algebra o4, given 1, is 9% # ?

We are primarily interested in solving this second problem for the powerset algebra
of syntactic trees. It turns out however that both problems can be reduced to some
simple finite powerset algebra, in fact the simplest one.

In what follows, Sig is an arbitrary signature. Let %, be an algebra over Sig with
the universe consisting of only one element, say 1, and all the operations defined by:
f%(1,...,1)=1, for f€Sig. The following fact induces a reduction of the satisfiability
problem, as well as the nonemptiness problem for ¢ Jg;,, to the nonemptiness problem
for @!@0.

Proposition 4.3. For a fixed point term without free variables, t, the following con-
ditions are equivalent:

1. t#%i # g,

2. there is a semi-algebra %, such that t*% # ,

3. 70%0 £ (),

Proof. Implications 2 = 1 and 3 = 1 follow directly from Theorem 4.1, implication 1
= 2 is trivial, and the implication 1 = 3 follows from Theorem 4.1 and the fact that
1 has an expansion in %, by any tree t € I's;;. O

We note that the equivalence of the fixed point terms and automata (Theorems 3.2
and 3.3), imply an analogous result for automata:

Proposition 4.4. For any Rabin automaton without free variables, A, the following
conditions are equivalent:

1. A% £ (),

2. there is a semi-algebra B, such that A% # (),

3. 49%0 AL (),

How difficult computationally is the nonemptiness problem for %, ?

The ordered universe of the algebra @w%, can be identified with that of the Boolean
lattice ({0,1},A,V), and one can translate the fixed point terms over Sig to the fixed
point terms over the signature {A,V} in such a way that the values of a closed
term and its translation are identical. Namely, trans(z,V t;)=trans(t;) V trans(t;),
trans(nx.t) = nx.trans(t), for n € {y,v} and trans(f(z1,...,7)) trans(ti) A -- - A trans
(), for f € Sig.

Now, it is immediate to verify that, for any monotonic Boolean function g : {0, 1}¥+!
—{0,1}, and for any by,...,0, €{0,1}, uy.g(y,b1,...,06) =9(0,b1,...,br) and vy.
gy, by,....,bp)=g(1,by,...,by). Therefore, evaluation of a closed fixed point term over
the Boolean lattice can be reduced to evaluation of an ordinary term built out from
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V,A, 0 and 1. The last can clearly be done in linear time. As all the reductions are
also linear, we can note the following corollary to Proposition 4.3.

Corollary 4.5. The satisfiability problem for fixed point terms, as well as the non-
emptiness problem for fixed point terms interpreted in the powerset tree algebra, can
be solved in linear time.

We cannot consider the above result as particularly optimistic, because our fixed
point calculus is not very succint. Note that an upper bound for the emptiness problem
for fixed point terms does not imply similar results neither for vectorial fixed point
terms, nor for the Rabin or Mostowski automata, as the only translations that we know
to carry on from fixed point terms to those objects are not polynomial.

Note. A similar result has been obtained recently by Janin and Walukiewicz [21] for
a special kind of formulas of the modal u-calculus (see Section 6) called disjunctive
formulas.

5. Hierarchy

In this section we shall examine the problem whether the alternation hierarchy of
fixed point terms induces a proper hierarchy of fixed point definable operations in a
p-algebra. We shall see that it is so in the powerset algebra of syntactic trees, under
some general hypothesis on the signature. More specifically, we shall exhibit a family
of sets of binary trees the definitions of which will require arbitrarily long sequences of
alternations of the least and greatest fixed point operators. For simplicity of presentation,
we shall first consider languages over different signatures; later on, we shall observe
that all these can be encoded over one fixed signature, provided that it contains at least
two symbols one of them of an arity at least 2.

Note. The family of examples to be presented has been already shown by this author
in [36]; in the actual presentation, we simplify the phrasing according to [12].

In this section we shall deal only with automata without variables running over
syntactic trees. Therefore, we shall use the classical definition of an automaton run
(Section 1.3). We shall also use a more standard notation L(4) for 4#75¢  the set of
trees accepted by an automaton A.

Let, for n=1,2,3,..., Sig,={a1,az,...,a,} be a signature, where the arity of each
a; is 2. We define two sequences of tree languages, (M,),»0 and (N,)n>0, by the
interpretation of two sequences of fixed point terms over signatures Sig, in the algebras
% Tsig,, respectively,

My=Cxp..oopixz viy . pixy . a1(X1,x1) V aa(x2,%2) V - - -V @p(Xn, Xn ),
Np=xq..ooves . puxy vxy . ar(x1,x1) V aa(x2,%2) V- - - V @p(Xn, Xn),

where £, & € {y,v} and, E=p iff n is odd iff & =v.
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What do these tree languages look like?
Let L be any of the above sets M, or N,. There is one common property that
characterizes the trees ¢ in all these sets L:

For any infinite path, if i is the greatest index such that a; occurs infinitely often
on this path, then the variable x; is bound by v (not by u) in the above definition
of L.

This obviously amounts to the following two properties:

te M, iff, for any infinite path P of ¢, max{i: a; € Inf(¢, P)} is even
and

t €N, iff, for any infinite path P of ¢, max{i: a; € Inf(z,P)} is odd.

The easiest way to see the above characterization is by translation of the fixed point
terms into the Rabin automata, e.g. by the method of Theorem 3.3. For n=1,2,...,
consider the following Rabin automata (without variables): 4, = (Sig,, {1,2,...,n},1,
Tr,, Acc,) and B, = (Sig,,{1,...,n}, 1, Tr,, Acc,), where the numbers 1,2,...,n, serve
as states of both 4, and B,, the set of transitions Tr,, also common to 4, and B,,
consists of all the equations i =a;(}, /), for i,j € {1,...,n}, and the acceptance condi-
tions are specified as follows (here Even and Odd stand for the sets of even and odd
natural numbers respectively, and [k, m] is an abbreviation for {j: k <j <mj}):

Accy = {(OddN[i + 1,n], Even\[i,n]): i is even and i <n},
Acc, = {(EvenN[i + 1,n],0ddN[i,n]): i is odd and i < n}.
For example,
Ace;={({3,5,7},{2,4,6}),({5,7}{4,6}), {7}, {6 )}
Acc;={({2,4,6},{1,3,5,7}),({4,6},{3,5,7}), ({6}, {5, 7}, (0.{7})}.

Note that Acc; =0, and Ace; = {(0,{0})}.

It is easy to see that the above are precisely the automata that we shall obtain
from the fixed point terms defining the languages M, and N,, according to the method
of Theorem 3.3 (up to replacing x; by just i/, for the sake of simplicity). In
particular,

M,=L(4,) forn=0,1,...,
N,=L(B,) forn=0,1,...

We are ready to state the main result of this section.

Theorem 5.1. (1) For n < w odd,
(a) M, is in X4(Sig,) but not in IT}(Sig,),
(b) N, is in I15(Sig,) but not in Z5(Sig,).
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(2) For 0 <n<w even,
(a) M, is in IT4(Sig,) but not in X5(Sig,),
(b) N, is in Zy(Sig,) but not in II5(Sig,).

Proof. The positive part of the claim follows from the definition of the languages M,
and N,. In order to prove the negative part, we find it more convenient to deal with
automata rather than directly with fixed point terms and then we shall use Theorem 3.3.
It is enough to prove the following:

Claim 5.2. (1) For m < w, My, cannot be recognized by a Rabin automaton with
index m+ 1 weakened by @ and “by all”,

(2) For m < w, Nayyy cannot be recognized by a Rabin automaton with index m,

(3) For m>0, M,, cannot be recognized by a Rabin automaton with index m
weakened “by all”,

(4) for m >0, Ny, cannot be recognized by a Rabin automaton with index m
weakened by 0.

The above suggests that we will have to consider 4 cases. In fact, one can note
that the cases (1) and (4) are symmetric as in both sets it is required that a; with the
highest possible i may not occur infinitely often along a path. Similarly, the case (3)
is analogous to (2), so we will essentially deal with two cases only.

It will be useful to introduce a concept of a partial tree over a binary signature and
a partial run over such a tree. We fix a symbol L as a 0-ary (constant) symbol. Let
Sig be any of the signatures Sig,, and let Sig, abbreviate the signature SiguU{Ll}.
Clearly Tsyy C Tsiy, - We shall refer to the trees over Sig, as partial trees over Sig;
in this context the trees from Ts;; will be emphatically called toral.

Let A = (Sig, 0,40, Tr, Acc) be a Rabin automaton (over signature Sig) and let g € Q.
Let t € Tsyy, be a partial tree. A partial g-run of 4 on ¢ is any tree r :dom¢ — Q such
that r(¢) =g, and, for each w € dom ¢ such that #(w) 3 L, say t{w)=a, r(w)=a(r(wl),
r(w2)) is a transition in 7r. (Note that we do not adapt the automaton A4 to a new
signature Sig | ; in particular, nothing is imposed on the states occurring at the leaves
of a partial run.)

A partial g-run is accepting if any of its infinite paths is accepting, in the usual
sense (note that | may not appear on an infinite path). We say that a tree ¢ € Ty;,  is
partially accepted by A if there exists a state ¢ € Q and a partial accepting g-run of 4
on t. Reference to g will be sometimes omitted. Note that g need not to be the initial
state. We denote by L,(4) the set of all partial trees partially accepted by 4. Clearly,
L(A) C Ly(4); note however that L,(4) may be nonempty while L(4)=0.

Now, for any total tree ¢ € Ts;;, we define the set ¢? of partial trees,

t? ={t' € Tgy, : for some wedomt, t.wet'[L— Tgyl}.

Intuitively, this is the set of those all partial trees that occur in ¢ (not necessarily as
complete subtrees).
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For M C Ts;5, we set MP =|J,,, t7.
We shall use the following fact, coming easily from the aforementioned characteri-
zations of the sets M, and N,.

Observation 5.3. For m <n,
MPNTsy =ME,
N,I,’ n TSig,,. =N£,

We call a partial tree ¢ € Tsyy, a branch if, for any w€dom¢, there is v € dom¢,
v = w, such that #(v)= L.
The following is the heart of our proof.

Lemma 5.4. Let M be any of the sets N, or M,, n=1,2,... Let A be a Rabin
automaton with such an index that hypothesis L{(4) =M would contradict Claim 5.2
above. Suppose L,(A) CMP?. Then there exists a branch in MP — Ly(4).

Proof. For M = M, the statement may appear strange, since M7 = M; =0, but in this
case the claim only says that the inclusion L,(4) CMP? is impossible. Indeed, due to
our Proviso 2, an automaton with the index 1 weakened both by @ and “by all”, that
is, with a trivial acceptance condition ({, J) must accept at least one tree.

For M =Ny, clearly M consists of the unique tree of Ty, , t:{1,2}* - {a;}. On the
other hand, an automaton with the empty acceptance condition cannot partially accept
any tree with an infinite path. Thus any infinite branch in M? will do.

Now we are going to show that the claim holds for all the sets &,. Let n>1 and
suppose that the claim holds for all N,,, n’ <n. We shall consider two cases.

Case 1: n is even, say n=_2m, for some m > 0. Let A= (Sig,,0,q0, Tr, Acc) be an
automaton with

Acc= {(Ll, Ul)’- --,(Lm—la Um—l),(@, Um)}

and suppose L,(4) CNy.
We define an automaton 4’ over a smaller signature Sig, , by restricting the tran-
sitions to Sig,_, and also simplifying the acceptance condition, namely

A/: <Sign—15Qaq0’ Trm(Q X Sign_l X Q X Q),ACC,>

with dee={(L1,U1),...,(Lm—1,Un—1)} (if m=1, this acceptance condition is empty).
It should be clear that any accepting partial run of A’ is also accepting in the sense
of 4, hence L,(4')CN}. But, since Ly(4")C Tsy,_,, by Observation 5.3, we have
L,(A4")CN?_,. Since A’ has index m— 1, by induction hypothesis, there exists a branch
BeNP_ | — L,(4"). We shall use it to construct a desired branch in N; — L,(4).

Let k be the cardinality of U,. We first construct a sequence of partial trees By,
B.....,B;, as follows. Let B=a,(L, L)[L «— B] (here a,(L,L) stands for the tree
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Fig. 1. Branch B’ € N§ — L,(A) for even n.

55

with the domain {¢, 1,2} and the values at ¢, 1,2 being a,, L and 1, respectively; the

definition of substitution has been given in Section 1.1). Let
Bo=B[L —au(L, )]
and let, for i=0,1,...,k — 1,

Bi1=B[L B

Clearly, each B; is a branch. Let B’ =B;. We claim B’ € N} — L,(4) (see Fig. 1).

The assertion B’ € N7 follows easily from the construction: @, may occur at most
k + 2 times on a path, and any infinite path of B’ is cofinal with some path in B. To
prove B’ &L,(4) suppose the converse and let »:dom B’ — Q be a partial accepting
g-run of 4 on B’. Consider an “occurrence” of B in B’, that is, a node w < dom B/,
such that B’.we B[l « Tg; ]. Let r(w)= p. Such an occurrence induces a partial
p-run of 4 on B, v’ say, defined by r'(v) =r(wv), for v €dom B. But ' can be also
considered as a partial run of the automaton A’ on B. Now a crucial observation is



56 D. Niwinskil Theoretical Computer Science 189 (1997) 1-69

that »' may not be accepting as a partial run of 4’, since otherwise we would have
BeL,(A'), contradictory to the choice of B. On the other hand, »’ is obviously an
accepting partial run of 4, as a fragment of an accepting partial run. From that we can
conclude that some state from U, must occur as a value of ' at least once (in fact,
infinitely often; if U, =, we obtain a contradiction which completes the proof in this
case). Let »'(v) € U,,. Note that, since B is a branch, there must be a leaf v; € dom B,
v < vy. As this situation holds for every occurrence of B in B/, we easily derive that
there exist some nodes wy, ws, w3 € dom B’ such that w; < wy < ws, ¥(w)=r(w3) € Uy,
and B'(w;) = a,. This fact will allow us to construct a partial tree that is not in N} but
is nevertheless partially accepted by 4, contradictory® to the assumption L,(4) C Nf.

More specifically, we first define a sequence of partial trees B, Bi,..., a sequence of
partial g-runs rg,r1,..., and, as an auxiliary, a sequence of nodes vg,vy,..., as follows.
We set vp=w3, By=B' and rog=r.

Let v be such that wy =wyv. For i < w, we define

! / /
B, =Bi[vi<— B .w],
rip1 =Fi[v; —r.wi],
Dipt = U;0.

Let B” =lim B, and r” =limr,. Clearly, B” contains a path with infinitely many oc-
currences of a,, and then B” ¢ Ni. On the other hand, it is easy to see that " is an
accepting partial g-run of 4 on B”. Indeed, the only infinite path of »” that is not
cofinal with some path of r does contain infinitely many occurrences of a state from
U, and therefore is accepting.

This remark completes the induction step for even ».

Case 2: n>1 is odd, say n=2m+ 1, for some m > 0. Let 4 = (Sig,, 0, q0, Tr, Acc)
be an automaton with Adcc={(L;,U1),...,(Lm, Uy,)} and suppose L,(4) C NP,

Now, for each i=1,...,m, we consider an automaton 4] over the signature Sig,_i,
obtained from A by restriction of 77 to Sig,_,, and moreover dropping out the states
from L; (we may assume without loss of generality that g is not in any L;). That is,

A'; = (Sig,_;, 0, q0, Tri, Acc;),

with O; =0 —L;, Tri=TrN(Q; x Sig,_; x Qi x Q;), and Acc; ={(LiN G, Ui NO;),...,
LN Qi UnNQ;)}. Note that L; NQ; =0, and thus each automaton 4] has index m
weakened by 0. Again, it is easy to see that L,(4;) CN”_|. Next, it is not difficult to
construct an automaton, D say, of index m weakened by 0, such that L,(D)=U,_,
Ly(4)). Clearly, L,(D)CNP_,. Therefore, by the induction hypothesis, there exists a
branch B € N?_, —L,(D). Again, we shall use this branch to construct a required branch
B’ € N — Ly(A) (see Fig. 2).

9 Our construction generalizes a pumping argument used by Rabin [42] in order to show, in our termi-
nology, that N & IT5(Sig, ).
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Fig. 2. Branch B’ € N} — L,(A4) for odd .

The construction will be similar as in the previous case, but this time B’ will be
obtained as a limit of an infinite sequence. Hence, for B’ to be a branch, we must be
more careful when making substitutions. Technically, it will be convenient to introduce
for a moment an auxiliary constant symbol L’ that will be used for substitutions. Let

B=a,(L, 1)L B,

By=B[L —a,(L, "),
and let, for 1 =0,1,2,...,

Bii1 =Bo[L —B].

It is easy to see, that the sequence B; is convergent and its limit is a partial tree over
Sig, (without L"). Let B’ =lim B;. We claim B’ € N} ~ L,(4).

The assertion B’ € N} follows from the fact that any path of B’ that is not cofinal
with a path of B, contains infinitely many occurrences of a,. To prove B’ ¢ L,(4)
suppose the contrary and let »:dom B’ — Q be a partial accepting ¢g-run of 4 on B'.
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As in the previous case, consider an occurrence of B in B’, that is, a node w € dom B’,
such that B'.w € B[ L « Tg;; ]. Let r(w) = p. Again, the occurrence of B in B’ induces
a partial p-run of 4 on B, r’ say, defined by »'(v) =r(wv), for v € dom B. By choice
of B, this ' may not be accepting if considered as a run of an 4], i=1,...,m. That
is, for any i, there must be a path that is accepting for 4 but not for 4;. But this
means that, for any i, we can find a node, say v € dom B, such that »'(v) =r(wv) € L;
(if some L; =), we obtain a contradiction that ends the proof). Since B is a branch,
and by construction of B’, the node wv is succeeded by another node in dom B’, which
is again an occurrence of B. Since the above observation holds for any occurrence
of B in B’, and for any i=1,...,m, we can inductively construct an infinite path
in dom B’ =dom r containing infinitely many occurrences of some state in L;, for each
i=1,...,m, and thus clearly non-accepting. But this contradicts the assumption that »
is an accepting run.

This remark completes the proof of the claim of the lemma for all sets N,, n=1,2,...

The proof of the statement for the sets M, is almost completely analogous, although
the actual argument for M, will coincide with the argument for N,,,,, and the ar-
gument for My, will coincide with the argument for N,,. One more remark must
be added for the special case when a trivial pair (0, Q) appears in the acceptance
condition. We sketch the argument briefly.

The case of M, is already settled. For n > 1, we consider two cases.

Case 1: n=2m, for some m > 0. Let A be an automaton of index m weakened “by
all” such that L,(4) C NY.

We construct the automata A4}, as in Case 2 of the proof for N,. These new automata
have index m weakened by 0, but it is plain that their index is also still weakened “by
all”. Therefore, the induction hypothesis may be applied, and the argument proceeds
exactly as in the previous case.

Case 2: n=2m+ 1, for some m > 0. Let 4 be an automaton with the index m + 1
weakened both by @ and “by all”, such that L,(4) C M¥. Let the acceptance condition
of 4 be

Ace={L1,U)),..., L, Upn), (D, Uns1)}

and let L; UU; = Q.

If i=m+ 1, that is U,4+1 = Q, then every infinite path in every run is accepting. In
this case, it is fairly easy to construct a branch that may not be accepted by 4. For
example, let B be defined as follows: dom B = {2}* U {2}*1, B(w)=a; for w € 2* and
lw| < |Q|, B(w)=ay for we 2*, and |w| > |Q|, and B(w)= L for we {2}*1. Clearly, B
is a branch in M{. Suppose it is partially accepted by 4 and let » be a partial accepting
g-run. There must be some 0 < n; <ny; <|@| such that »(2™ ) =r(2"). Hence, by an
obvious pumping construction, we can construct an accepting partial g-run of 4 on a
branch, say B’, that differs from B in that B(w)=a;, for all we 2*. Clearly, B’ is not
in MY, which is a contradiction to the assumption L,(4) C M;.

Now suppose that the i satisfying L; U U; =0 is different from m + 1. We construct
an automaton 4’ as in Case 1 of the proof for N,. This automaton has now index
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m weakened “by all” (recall that 4 had index m + 1 weakened by @ and “by all”).
Therefore, the induction hypothesis may be applied, and the argument proceeds exactly
as in the previous case.

This remark completes the proof of the lemma. O

Now we are ready to prove Claim 5.2.

Ad 1: Suppose that, for some m < w, the set My, is recognized by a Rabin
automaton 4 with an index m + 1 weakened by @ and “by all”. For m=0, we have
M, =1, while the automaton 4 has trivial acceptance condition which, by our Proviso
2 on automata, implies L(4)#@; a contradiction.

Suppose m > 0. We may assume, without loss of generality, that every state of A
occurs in some accepting run. Indeed, if this is not the case originally, we can drop out
the “useless” states, without increasing the index of the automaton. This assumption
implies L,(4) =M, . Then, by Lemma 5.4, there exists a branch B in M}, | —L,(A4).
Clearly, any branch in M}, +1 can be extended to a “total” tree in Mjp,. That is, we
can find a tree t € My, and w €domt, such that t.we B[ L «— Tsig,,, ). Let r be an
accepting run of 4 on ¢ and let r(w)=g. Then the restriction of » to the occurrence
of B in ¢ at the node w is clearly a partial accepting g-run of 4 on B, thus B € L,(4),
a contradiction,

The argument for the remaining cases is similar.

The proof of the theorem is now completed. [

We have shown by Theorem 5.1, that, in the algebra pJs;, , X0 (Sig, ) # I11(Sig,);
consequently 2¥(Sig,)# 2%, ,(Sig,) and IT1/(Sig,) # 11, (Sig,), for 0 <i<n, that is,
the hierarchy has the height at least n. From this, it is already not difficult to construct
a single powerset tree algebra in which the hierarchy is actually infinite.

Theorem 5.5. Let Sig={f,c} be a signature, where f is binary and c is constant
symbol. Then, for all n < w, the classes 24(Sig) and I5(Sig) are incomparable, that
is, the fixed point hierarchy in the algebra Ty, is infinite.

Proof. The argument will consist in encoding the trees over all signatures Sig, con-
sidered above by the trees over Sig, and then showing that the encoded versions of
the sets M, and N, require the same indices of Rabin automata as before.

We first fix a sequence of distinct finite trees in Ty, by,by,... Let by =c and
biy1= f(c,c)lc—b;], for i=1,2,...

Now, for each €|, Tsy,, we shall define a tree f€ Tgiy. It will be more infor-
mative to start with a tree, say ¢, over an auxiliary signature {f,ay,...,a,}, where
ai,...,a, are considered as constant, not binary, symbols. Let 4: {1,2}* — {1,2}* be
a homomorphism induced by the mapping

1—11
2—12
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Fig. 3. Transformation ¢+ ¢'.

and let code: {1,2}* — {1,2}* be a mapping given by
code(w) = h(w)2.
We define ¢’ by (see Fig. 3)
dom ¢ = {v:v < code(w) for some w € {1,2}*}
and
t'(code(w)) = t(w)
‘(v)=f for v+ code(w)

Let
f=t[a;—by,...,a, — b,].

Let, for a set of trees M, M ={f:tcM}.

We claim that the properties of the sets M, and N, are analogous to those of the
sets M, and N,. That is, for odd n, M, is in Z4(Sig) but not in IT4(Sig); for even n,
M, is in IT4(Sig) but not in X¥(Sig); and the similar properties hold for the sets N,.

Again, we find it convenient to deal with the automata equivalent to the fixed point
terms. Construction of the automata justifying the positive part of the claim is easy.
The proof of the negative part does not depend on the particular case of M, or Ny;
we shall fix the attention on the set M2m+1. It is enough to show that M2m+1 can-
not be recognized by a Rabin automaton with index m + 1 weakened by § and “by
all”. Suppose, to the contrary, that 4 = (Sig, Q,qo, Tr, Acc) is such an automaton. Let
Ace={(L,W1),...,(Lm+1, Unt1)}. We shall construct an automaton 4’ over Sig,,, .,
with the same index as A4, recognizing Mpp,.;.
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Fig. 4. Producing transitions of 4’.

The set of states of 4’ is Q x Q and the initial state is {go,qq). For x€, let L(4,x)
denote the set of trees in Tg;, for which there exists an accepting x-run of 4. The set
of transitions 77’ is defined as follows (see Fig. 4):

if x= f(x,x;) and x; = f(z,y) are the transitions of A4, such that moreover
b;€L(A4,x;), then

,x") = ai({(y,x1), (2,x1))
is a transition of A’, and there are no other transitions.

The acceptance condition of A’ is Acc’ ={(L{,U)),...,(L} .1, Up.1)}, where, for
each X =L; or X =U;, X' =(X x Q)U(Q x X). It should be clear that if the index of
A is weakened by () and “by all”, so is the index of 4’

Now, given a tree t€Tgy,  and an accepting run of A’ on ¢, it is not difficult to
construct an accepting run of 4 on the tree 7€ Tgyy. Conversely, given an accepting
run of 4 on £, it is not difficult to construct an accepting run of 4’ on ¢; we omit the
details.

Thus L(4") = Mym+1, which is a contradiction to Theorem 5.1 (cf. Claim 5.2 (1)).

This remark completes the proof. [J

For some signatures, however, the hierarchy is finite. The following fact has been

shown, in a slightly different formulation, by Park [40].

Proposition 5.6 (Park {40]). Let Sig be a signature such that the arity of all symbols
is at most one. Then

Jo(9Tsig) = 15 Tsig)-

Proof. The argument follows via the equivalence of fixed point terms and Rabin au-
tomata from the well-known fact that, for infinite words, Rabin automata can be always
simulated by non-deterministic Biichi automata (see [49]). The presence of constants
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and variables does not require much modifications, so we only briefly sketch the ar-
gument for the sake of completeness.

Let A[Z'] be a Rabin automaton with variables, with the acceptance condition Acc=
{(L1,1),....(Ly, Uy)}. If n=0, this acceptance condition is equivalent to a Biichi
condition F ={. Suppose n > 0. Since any tree in T, has at most one infinite path,
the operation defined by A is equivalent to a finite union

ey

where the automaton A; differs from A4 only in that its accepting condition is just
{(Li, U;)}. Therefore, without loss of generality we may assume that m =1, say Acc=
{(L,U)}. Now it is an easy exercise to construct a Biichi automaton equivalent
to 4. O

Remark. The above result is optimal, in the sense that, in general, Z4(Sig) # IT}(Sig).
Park in [39] exhibits an example that we have mentioned in the introduction: let Sig
consist of two unary symbols a and b and let FM (“fair merge”) be the set of all trees
in Tg;, (that is, infinite words over the alphabet {a,b}), such that both @ and b occur
infinitely often. It can be shown by a topological argument that FM is in IT4(Sig) but
not in X5(Sig).

It is not hard to see that the argument we have used for the signature Sig above
can be carried over to many other signatures. We summarize the above considerations
in the following.

Corollary 5.7. Let Sig be a signature containing at least two symbols of which
at least one is of an arity >=2. Then, Zy(Sig)# [, (Sig), for all n < w, that is,
the fixed point hierarchy in the algebra (Js;, is infinite. For all other signatures,

P9 Tsig) = Iy(9 Tsiy).

Proof. The first part of the claim follows from adaptation of the proof of
Theorem 5.5 above; we omit the details. The second part of the claim follows from
Proposition 5.6 and an easy observation that, for a signature consisting of one symbol,
Z4(Sig) =T (Sig). D

Note. One may investigate how the alternation hierarchy looks like in other
p-algebras. The powerset tree algebras are the only examples known to the author
in which the hierarchy has been proved infinite. One may however expect that an
infinite hierarchy may be also constructed over @(w) with an appropriate family of
arithmetically definable operations, by a diagonalization method. In [38], the author has
considered the hierarchy problem for the powerset algebra of an algebra (X°°,-,¢,6€2),
where X® =2*U X is the set of finite and infinite words over a finite alphabet X,
and - is a concatenation operation, such that if u€2® then wv=u, for any ve 2.
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It has been proved that the hierarchy is finite, and moreover it collapses on the level
Comp(Z¥ U ITY).

In any finite p-algebra, if we allow the symbols T and L for the greatest and least
elements respectively, then any fixed point term is equivalent to a term without fixed
point operators. (This follows, e.g., from the iterational characterization of fixed points,
Theorem 2.2.) Considering that | = ux.x and T =vx.x, we obtain the collapsing of
the hierarchy to the level Comp(Z* UIIY), in all finite u-algebras.

6. Related formalisms

In this section we compare our fixed point calculus over powerset algebras to some
other calculi considered in the literature. Several open problems appear naturally in this
context. We also mention a connection between the fixed point calculus and monadic
second-order logic interpreted over syntactic trees.

6.1. The fixed point calculus with intersection

It is natural to extend the syntax of our fixed point calculus by a binary operator A
interpreted as the greatest lower bound in the universe of a p-algebra. In a powerset
algebra, this operator is just as the set-theoretical intersection.

The fixed point calculus with intersection interpreted in the powerset algebra of syn-
tactic trees has been considered by Arnold and Niwinski [2, 3]. Clearly, the extension
is proper, as, e.g., the term x A y is not equivalent to any fixed point term without
intersection. However, the extended calculus does not define more tree languages; that
is, for any closed fixed point term with intersection <, there exists a fixed point term
without intersection 7’ such that z and 1’ define the same set of trees when interpreted
in the powerset tree algebra. The existence of such 7’ can be inferred from known re-
sults: an embedding (easy) of the fixed point calculus with intersection into the monadic
second-order logic (cf. Section 6.3 below), a characterization of this logic by Rabin
automata proved by Rabin [41], and, finally, our characterization of Rabin automata
by the fixed point calculus without intersection (Theorems 3.2 and 3.3). However, we
should expect that the complexity of a translation from 7 to 7’ will be high; in partic-
ular, the number of alternations of y and v may, in course of this translation, increase
arbitrarily. The last follows from an observation that our tree languaues exhibiting the
infinity of fixed point hierarchy for terms without intersection (Section 5) are all the
complements of some Biichi languages!® and therefore can be defined by terms with
intersection of the level Z}.

It can be noted [2] that the automata counterpart of the fixed point terms with
intersection is provided by alternating automata introduced by Muller and Schupp [32].
Therefore, the elimination of intersection in the fixed point calculus amounts to the

10 This observation is due to A. Amold.
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reduction of alternating automata to nondeterministic automata. (A purely automata-
theoretic proof of this last fact is given by Muller and Schupp!! [33].) We believe
that an analogous result can be proved for the fixed point calculus interpreted over
the class of all powerset algebras; Janin and Walukiewicz [21] have recently shown a
similar fact for the modal u-calculus interpreted over transition systems.

In [2], the hierarchy problem for the fixed point calculus with intersection is also
considered. It is proved that the tree languages definable on the level II5 of this hier-
archy coincide with those definable on the analogous level in the fixed point calculus
without intersection (as we have remarked above, this level can be also characterized
by Biichi automata). On the other hand, it is observed there that the levels X% of both
hierarchies are different and that, in general, IT} # X} also in the presence of inter-
section. The last was the most that we were able to say about the hierarchy in that
case; in particular, the question whether it is infinite has remained open. We note that
Thilo Hafer has shown in his dissertation [19] that Boolean combinations of tree lan-
guages recognizable by Biichi automata (that coincide with the Boolean combinations
of tree languages definable on the levels IT5 and Z%) do not exhaust all the languages
definable by Rabin automata. Recently, Lenzi [27] and Bradfield [4] have presented
two different proofs of the fact that a fixed point hierarchy for the modal u-calculus
(see below) is infinite. This result implies that the height of the hierarchy cannot be
uniformly bounded for all powerset algebras of trees, however it does not yet follow
that there exists a single signature Sig such that the fixed point hierarchy in g Js; 4 is
infinite.

Concerning the signatures where the arity of function symbols is at most 1 (and so
the trees can be viewed as possibly infinite words), it is shown in [3] that the hierarchy
of tree languages definable by fixed point terms with intersection collapses on the level
Comp(IT{ U ZY), thus earlier than in the case without intersection (I1%).

6.2. Modal mu-calculus

Modal p-calculus has been defined by Kozen [23] as an extension of the propositional
modal logic, usually with many modalities, by the least fixed point operator; the greatest
fixed point is definable by the duality law: vX . p(X)=-uX.-p(—~X). The modal
p-calculus can be presented as a fragment of our fixed point calculus as follows. Let
Act and Prop be finite sets of symbols called actions and propositions, respectively. We
consider a signature Sig,,, ., = PropU{p: peProp}U{{a): a€ Act}U {[a]: a€ Act},
where the symbols p, p€ Prop, are considered as 0-ary, and the symbols (a) and
[a] as unary function symbols. The formulas of the modal p-calculus are fixed point
terms over the signature Sig,,,.,; yn (cf. Section 1.2). Classically, models for this
calculus are so-called Kripke structures of the form M = (S™,{p" CSM: pe Prop},
{aM CSM x SM: ac Act}), where SM is an underlying set of states (or worlds), and the

pM’s and a™’s are interpretations of propositions and actions, respectively. According

11 The paper is dedicated to the memory of Ahmed Saoudi.
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to the classical interpretation of the modal operators (@) and [a], we can associate with
such a model M a p-algebra, say .#, over signature Sig,,,. s, With the universe
©(SM) completely ordered by subset ordering,

M= (p(SM),{p#: pePropyU{p*: pe Prop}

U{(a)*: acAct} U{[a]": ac Act} U{v¥#, A"},

where V# and A% are set-theoretical union and intersection, respectively, p#= p™

and p# =SM — p™, for pc Prop, and, for LC S¥,
(@*(L)={seSM: (3s'eSM) (s,s') caMAs' €L},

[a] (L) = {seSM: (Vs €SM) (s,5') €a™ = s’ €L}.

Then the classical interpretation of the formulas of the modal p-calculus [23] coincide
with our interpretation of fixed point terms. We note however that a p-algebra .4
cannot in general be easily identified with any powerset algebra p4% (the difficulty
stems from the a priori unbounded arity of [a]).

Conversely, for an arbitrary signature Sig, we can consider a vocabulary of the modal
p-calculus Prop={ps: f€Sig}, Act={d;: 1<i<k}, where k is the maximum of
arities of the symbols in Sig. In particular, a tree ¢ € Ty, can be considered as a Kripke
structure over this vocabulary, say 7, with S =domz, p} ={wedom¢: t(w)= f}, and
di = {(w,wi): w,wicdom¢t}. Let Sig,,,, be the signature constructed as above on
the basis of sets Prop and Act. Then we can embed fixed point terms over signature
Sig,, , into the modal p-calculus over this vocabulary by the following translation:

e(x)=x,

e(t1V)=e(t1)Ve(r2),

e(ti Ap)=e(t1) ANe(12),

e(f(t1,-- s T(n)) = pr Adi)e(T) A -+ Aldy(r))e(To))s

e(px. )= px.e(1),

e(vx.1)=vx.e(t).
Recall that a tree t€Ts;; can be also viewed as a semi-algebra over signature Sig, t
(Section 1.2). Then it is easy to verify that, for each fixed point term 7, ' =e(7)'.
Considering the internalization property (Proposition 4.2), we can say that our fixed
point calculus interpreted over powerset algebra of trees can be embedded into the
modal u-calculus.

Note. The above construction does not directly carry over to arbitrary semi-algebras,

since we can meet the following problem. Suppose that in an algebra we have ¢ =

f(a,b) and ¢ =f(b,a), but not ¢ = f(a,a). Then it seems to be no obvious way to
construct a Kripke structure over the same domain, such that the fixed point terms
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could be translated into equivalent modal formulas (unless the number of modalities
excessively increases). Therefore, we do not believe that our fixed point calculus over
arbitrary powerset algebras is trivially subsumed by the modal p-calculus.

The formulas of the modal p-calculus resulting from the aforementioned transla-
tion e have a special form, since they use the conjunction in a restricted way. Such
formulas do not exhaust the class of all modal formulas, even if one restricts the
class of models to the syntactic trees. However, similar to the fixed point calculus
with intersection discussed above, it can be shown that any closed formula of the
modal p-calculus is equivalent to some e(t) over syntactic trees. Interestingly, Janin
and Walukiewicz {21] present a class of what they call disjunctive formulas, which
can be viewed as a generalization of the formulas e(z), and prove that any formula of
the modal mu-calculus is equivalent to some disjunctive formula.

6.3. Monadic second-order logic

A connection between recognizability by finite-state automata and definability in
monadic second-order logic has been established by Biichi [5], who also extended the
concept of finite-state recognizability to infinite words, in order to prove decidability of
the monadic second-order theory of @ with successor operation (only). Rabin [41] used
the concept of automata on infinite trees to prove decidability of the monadic second-
order theory of full k-ary tree (for arbitrary & <w). The structure in consideration is
the (unlabeled) k-ary tree with k& successor operations. The labelled trees appear in an
intermediate stage of the proof, because a valuation of monadic second-order variables,
say Z1+—Ky,..., Zn+— K, (where Kj,...,K,, are sets of nodes) can be identified with
a labeling of the nodes of the tree in an alphabet {0,1}™ (such that the ith component
of the label of w is 1 iff weK;); the key fact is that a set of trees over this alpha-
bet is recognizable by a Rabin automaton iff the corresponding set of valuations is
definable by a monadic second-order formula. Adaptation of this last characterization
to syntactic trees is straightforward; we shall note its prolongation to the fixed point
calculus.

Let t€ Ty, and let 7= (dom t,{pj’:: feSig}, {d: 1<i<k}) be the Kripke structure
as defined above in the context of modal p-calculus. It can be viewed as a logical
structure over a vocabulary consisting of monadic symbols pyr, for f € Sig, and binary
symbols d;, i<k, where k£ is the maximum of arities of the symbols in Sig.

The formulas of monadic second-order logic use two kinds of variables: individual
variables xg,x1, ..., ranging over elements of dom ¢, and set variables Xy, X, ..., ranging
over subsets of dom ¢. Atomic formulas are x; =x;, pr(x;), dm(x:,x;), Xi(x;). The other
formulas are built using propositional connectives V,A,,=>, <, and quantifiers Vv, 3
ranging over both kinds of variables. A formula without free variables is called a
sentence. The satisfaction of formulas in 7 is defined in the usual way.

For a sentence ¢, let Mod(¢) denote the set of all t&€ Ty, such that 7 satisfies
. Then, from the Rabin’s characterization of monadic second-order logic and our
characterization of automata, we can infer the following.
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Theorem 6.1. For any fixed point term t over Sig, one can construct a monadic
second-order sentence ¢, such that 1#7ss =Mod(¢,). Conversely, for any monadic

second-order sentence ¢, one can construct a fixed point term 1, such that Mod(p) =
T@%Iy
0 .

The first part of the above theorem can be proved directly, without using automata,
but using the internalization property (Proposition 4.2), as the least and greatest fixed
points in gp(dom¢) can be easily expressed in monadic second-order logic (a proof of
this fact for the fixed point calculus with intersection can be found in [3]).

We note that the two equivalent formalisms considered in above theorem are ex-
tremely distant in succinctness. Indeed, the complexity of the emptiness problem
“r;‘;’ys‘”aé@ ?’ is in PTIME (Corollary 4.5), while the complexity of the analogous
problem “Mod(¢)#® ?” is known to be non-elementary [14].
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