
Completeproblemsfor DynamicComplexity Classes

William HesseandNeil Immerman
�

ComputerScienceDepartment
UMass,Amherst

Amherst,MA 01003USA�
whesse,immerman� @cs.umass.edu

January7, 2002

Abstract
Dynamiccomplexity classessuchasDynFO, describedby Immermanand Patnaik,have problemswhich are

completeunderboundedexpansionreductions.Thesearereductionsin which a changeof a singlebit in theoriginal
structurechangesa boundednumberof bits in theresultingstructure.

Oncethepaperis written rewrite theabstractwith muchmoredetailedstatementof its content???

1 Dynamic problems

Wedefineadynamicproblem,� , asafamily of regularlanguages,parameterizedbyasizeparameter� . For eachvalue
of � , thedynamicproblemcontainsaregularlanguageoverafixedalphabetof operations,of size �����
	�� (sizebounded
by a polynomialin � ). We denotethis alphabetby �� , andthe regular languageover it by ��� . If a string �������
is in � � , we saythatthesequenceof operations� is acceptedby thedynamicproblem � . To avoid complicationsin
our definitionof reductionsbetweenproblems,we stateaspartof thedefinition that theemptystring is acceptedby
all languages� � in all dynamicproblems.

An exampleof a dynamicproblemis thedynamicgraphreachabilityproblemDynREACH. This is thedynamic
probleminducedby the staticdecisionproblemREACH. An instanceof REACH is a directedgraphon � nodes,
numbered� through ����� , with two distinguishednodes� and � . This instanceis acceptedif thereis a directedpath
from node � to node � . The dynamicproblemDynREACH contains,for each � , a regular languageDynREACH�
definedover thesetof operations

 � � � Insert "!$#&%('*)) �,+�!$#&%,-��/.�0 � Delete 1!$#2%3'*)) �4+�!5#2%,-��/.0 � SetS 1!6'*)) �,+7!�-8�/.90 � SetT "!6':)) �,+8!;-8�/.=<
TheoperationInsert 1!$#&%(' insertsadirectededgefrom node! to node% in thegraph,andtheoperationDelete "!5#2%('

deletessuchan edge. The operationsSetS 1!6' and SetT 1!6' set or changethe start nodeand the final nodeof the
reachabilityquery. A sequenceof operations�>�?��� is acceptedby DynREACH if REACH containsthe graph
createdby sequentiallyapplyingtheoperationsin � to theemptygraphon � nodes,with � and � initially setto node
0. Every staticdecisionproblemon aninput of � bits hasa correspondingdynamicproblemdefinedin this way. The
standardoperationson the input areSet 1!6' andReset 1!6' , for �7+@!,-A� , which setandclearbit ! of the input. A
sequenceof setandresetoperationsis in thedynamicversionB=C(��� of astaticproblem� if f the � -bit input resulting
from thatsequenceof operationsin in � . The resultinglanguagesB=C(����� areregularbecausethesetof operationsD �(E 	FHG�I�J SetF # ResetF2K generatesa finite monoidundersequentialcomposition,andthe decisionproblem � inducesa
booleanfunctionover thatmonoid.

Therearealsodynamicproblemsthatarenot definedasthedynamicequivalentof a naturalstaticproblem. We
will show later, however, thatevery dynamicproblemis theequivalentof somestaticproblem,with a lessnaturally
definedsetof operations.Therequirementthatthelanguages�9� containedin adynamicproblem� beregularimplies
theexistenceof astaticproblemandsetof operationswhich induce � astheir dynamicversion.L
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2 Dynamic algorithms

We now definea modelof dynamiccomputation,which will divide thesetof dynamicproblemsinto dynamiccom-
plexity classes.Thismodelisbasedonfinite modeltheory, anduseslogical(relational)structuresandlogicalformulas.
Thismodelis bestsuitedto describingdynamiccomputationswhich maintaina datastructureof afixedsize,polyno-
mial in thesizeparameter� .

Wedefineadynamiccomputationto beauniformfamily of deterministicfinite automatata(DFAs). For eachvalue
of thesizeparameter� , we will constructa DFA M �:�  ON � #P � #$Q � #R� � #$S � ' . Eachcomponentof theDFA will be
describedby afinite computationalstructure,specifyinghow to constructit from thevalue � .

ThestatespaceN � will bethesetof all relationaldatastructureswith a givenvocabulary over thefinite universeJ �T#U<V<U<P#$�W�X� K . Eachstateis thusa particularinstanceof a polynomialsizedatastructure.Thefinite descriptionof
this componentof thedynamiccomputationis a finite setof relationnames,eachwith anassociatedarity.�� , thealphabetof theDFA M7� , is thesetof operationsof a dynamicproblemof size � . It is givenby a finite set
of operatornames,eachwith a givenarity. An operationis encodedasanoperatornameanda tupleof parameters,
drawn from theuniverseJ �T#U<V<U<P#$�Y��� K . In theexampleof DynREACH above,wehadtheoperatornamesInsertand
Delete,bothof arity two. Thisencodinggivesusa polynomialboundon thenumberof operations.

Thetransitionfunction QU� is givenasasetof logical formulas.For eachrelationnameandoperatorname,wehave
a formulaexpressingthecontentsof thatrelationafterthetransitionspecifiedby theoperator. In this paper, we work
with first-orderlogic andfirst-orderlogic with generalizedquantifiers,in which our formulascontainfreeandbound
variablesrangingoverourfinite universe.

Specifically, if therelationnamesare Z 	 #U<U<V<U#[Z]\ , with arities ^ 	 #U<V<U<U#$^_\ , and `ba is anoperatornamewith arity^ , thenour transitionfunction Q �  � OZ 	 #U<V<U<U#[Z]\c'[#[`, ed 	 #U<V<U<P#fdhg('�' yieldsa statein which therelationshave new values
givenby formulas: Z Fji �Xk F"l am "Z 	 #V<U<V<U#$Zn\m#Od 	 #V<U<U<V#OdogT#[p 	 #V<U<V<U#$phgrq�'�<
Thepreviousvaluesof therelationsZ 	 #U<V<U<P#[Z \ andtheparametersd 	 #V<U<U<U#Od g of theoperationaresubstituted(??)in
theformula,andtheresultis a formulawith ^ F freevariablesp 	 #V<U<U<U#$p g q . This resultingformulaexpressesa relation
over thesefree variables,andthis relationis the new valueof relation Z F in the new stateof the system.Thusthe
new valueof relation Z F is a functionof thepreviousvaluesof relationsZ 	 #U<V<U<V#$Z \ andof theparametersd 	 #U<V<U<V#Od g
of theoperation,andthis function is expressedby the logical formula k F1l a . If thesearefirst-orderformulas,thenew
relationaldatastructureis afirst-orderinterpretationof thepreviousrelationaldatastructureaugmentedwith constants
representingtheoperation’sparameters.

The startstateof the DFA, �V� canbe given asa setof logical formulas,onefor eachrelation Z F , with ^ F free
variables,giving theinitial valueof thatrelation.Thelogical languageusedto expressthestartstatemaybedifferent
thanthelanguageusedto expressthetransistionfunction,meaningthattheinitialization of ourdynamiccomputation
mayhave a differentcomputationalcomplexity thanthe implementationof eachoperation.Thefinal setof theDFA
cansimilarly be given asa formula using the relations Z 	 #U<V<U<U#[Z]\ , which evaluatesto true or falsedependingon
whethera state,consideredasarelationaldatastructure,is acceptedby theDFA or not.

A dynamiccomputationdescribedthis way decidesthedynamicproblem � if f ��� �ts  OMu�T' . Thusthedynamic
problemdecidedby a family of DFAs is just thefamily of regularlanguagesdecidedby theDFAs.

3 Dynamic complexity

Dynamiccomplexity classesarisenaturallyfrom theabovedefinitionof adynamiccomputationasa family of DFAs.
Thedynamiccomplexity of adynamiccomputationis thecomputationalcomplexity of its transitionfunction Q andits
final set S . Thesearetheonly computationswhich arecarriedout at everystepof a dynamiccomputation.Theother
objects,suchasthestatespace,initial state,alphabet,andfinal step,areeitherjust specifiedasencodings,or canbe
consideredinitializationof thealgorithm.Thetransitionfunction Q is just theinfinite family of functionsQ 	 #$QUvw#U<V<U< , all
describedby thesameformula,describedin theprevioussection.We musttalk aboutthecomputationalcomplexity
of this infinite family, of course,sinceall the individual functions Q F arefinite objects,and thushave trivial static
complexity.

Forexample,if werequirethatthetransitionfunctionandfinal setbedescribedby first-orderformulas,wehavethe
dynamiccomplexity classDynFO.This classis roughlyequivalentto theclassDynFOdescribedby Immermanand
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Patnaikin [?]. This canbebriefly summarizedastheclassof dynamicproblemsacceptedby dynamiccomputations
in which a polynomiallysizeddatastructureis updatedandqueriedusingfirst-orderformulas. If we allow majority
quantifiersin our formulasdescribingthe transitionfunction, we get the classDynFOM, roughly equivalentto the
classDynamicTC

I
describedin Hesse[?]. Finally, if our transitionfunctionis describedby quantifier-freeformulas,

thenwe have a numberof previously undescribedclassescontainedin DynFO.Theseclassesmayalsobedescribed
by assertingthat the transitionfunction hasa certin circuit complexity, dueto the equivalenceof many descriptive
andcircuit complexity classes.We will usethe notationDynx to denotethe classof dynamicproblemsdecidedby
dynamiccomputationswith transitionfunctionscomputablein thestaticcomplexity classx

Ourdefinitionof dynamiccomplexity classesyieldscomplexity classesthatareidenticalto or similarto theclasses
describedin work on dynamiccomplexity by ImmermanandPatnaik[?], Libkin andWong [?], andWigdersonet.
al. [?]. The easiestway to show that a dynamicproblemis in a complexity classis by giving an algorithmin our
computationalmodel.

Beyond thesebasics,our modelof dynamiccomplexity achievesresultssimilar to the resultsknown for static
complexity classes:the existenceof reductionsfrom onedynamicproblemto another, preservingmembershipin
dynamiccomplexity classes,and the existenceof problemscompletefor dynamiccomplexity classesunderthese
reductions.

4 Reductions

Wedefineaboundedreductionfrom onedynamicproblemto anotherasaboundedhomomorphismfrom thelanguages
in oneproblemto thelanguagesin theother. We saythata problem � reducesto a problem y via boundedreductionz

if f:

{ d| 1�}' is aneasilycomputable,polynomiallyboundedfunction,giving thepolynomialexpansionin problemsize
usedby thereduction.

{ z is afamily of homomorphisms
z 	 # z v #U<V<U< suchthat

z F~i ��F9��� �� � F � is ahomomorphismfrom thefreemonoid
over thealphabet F of language� F to thealphabet� � � F � of thelanguagey]� � F � , suchthat

z F  "�9'b�Wy � � F ���4��t�W� F .
{ Thereis anintegerbound� on thefamily of homomorphismssuchthatfor any

z F andany ���*��F , � z F  "�9'U�h+��� ��� .
As long as the homomorphismshave a low computationalcomplexity, we find that sucha reductionpreserves

dynamiccomplexity. We will show that for any static complexity class x closedundercomposition,the dynamic
complexity classDynx is preservedby boundedreductionsin thesamewaythatstaticcomplexity classesarepreserved
underreductions.

Becausea homomorphismalwaystakestheemptystringto theemptystring,any reductionasdefinedabove can
only take a dynamicproblemto anotherdynamicproblemwhich agreeson the acceptanceof the empty sting for
all valuesof the sizeparameter(or thepolynomiallychangedsizeparameter).To avoid this difficulty, which would
trivially precludethe existenceof completeproblemsunderthis type of reduction,we do not pay attentionto the
acceptanceof emptystrings.1

Hereis anexampleof areductionasdefinedabove.Givenaregularlanguage���X�� , definethedynamicproblem
MEMBER� to bethosesequencesof operationson astringof length � suchthat:

{ Theoperationsarefrom theset �3���P�� "!$#$��' )) ��+�!b-��j#����� . . Set "�h#5!6' is interpretedassettingcharacter!
of a stringto bethesymbol � .

{ When the sequenceof operationsis appliedto the string � �I containing � copiesof the first symbol in the
alphabet,theresultingstringis in � .

1An alternative solutionwould be to extendthe mappingfrom ���� to ����r� �H  by addinga prefix string from ����r� �¡  , dependingon ¢ , to each

homomorphicimage.Thisgivesusa largersetof reductions.
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DefinethedynamicproblemMEMBER£ � astherelatedproblemwith operationsInsert "!5#[��' andDelete 1!6' , which
insertcharacter� into thestringat position ! , increasingthelengthof thestring,anddeletethecharacterat position ! .
Again, anoperationsequencein in MEMBER£ � if f thatsequence,appliedto thestring � �I , yieldsa string in � . The
sizeparameter� restrictsthe problemby disallowing Insertoperationswhich would make the string longerthan �
characters.

Given thesetwo dynamicproblems,it is easyto seethat the operationSet "!5#[��' from the first problemcanbe
implementedasthesequenceof operationsDelete "!2' , Insert 1!$#[�(' in thesecondproblem.Thereductionfrom problem
MEMBER� to MEMBER£ � is givenasfollows:

{ d| 1�}' � � : Thereductiontakesaninstanceof size � of MEMBER� to aninstanceof size � of MEMBER£ � .

{ The family of homomorphisms
z 	 # z v #V<U<U< takes operationSet 1!$#[�(' to the sequenceof operationsDelete "!6'

Insert 1!$#$��' .
{ Thereis an integer bound � �¥¤ on the family of homomorphismssuchthat for any

z F andany �¦�§��F ,� z F  1�9'V��+���� ��� .

5 The classDynFO

We pin down our definitionof theclassDynFO,usingthemodeldescribedin Section??. A dynamicproblemis in
DynFOif thereis adynamicalgorithmin which thestartstate,transitionfunction,andsetof acceptingstatesaregiven
by first-orderformulas.Thus,wemusthave:

{ A setof relationsymbols,Z 	 #U<V<U<U#[Z \ , andtheir arities ¨ 	 #V<U<U<V#5¨ \ .{ An orderedlist of variablesymbols,p 	 #U<V<U<V#$pª© .{ A list of FO formulas «��$¬c�� 	  "p 	 #V<U<U<V#$ph®5¯P'R#U<U<V<P#$«��$¬c��R\� "p 	 #V<U<V<P#$ph®�°w' . Thesegive thestartingvaluesof therela-
tions Z 	 #U<U<V<P#$Zn\ . Eachformula «��$¬c�� F hasexactly ¨ F freevariables,which arethefirst ¨ F variablesymbols.It
mayalsouseboundvariablesfrom thelist of variablesymbols,andthefixedbinaryrelations - , � , andBIT 2

{ An orderedlist of operationsymbols,̀ 	 #U<V<U<U#R`�± , andtheirarities ² 	 #V<U<V<P#$²³± .

{ A list of FOformulasdefiningthetransitionfunction: k 	 l 	 #U<V<U<V# k 	 l \(# kjv l 	 #U<V<U<U# k ± l \ . Theformula k F"l a defines
thenew valuefor relation Z´a afterperformingoperatioǹ F . Theformula k F"l a has̈Ra�µ=² F freevariables,thevari-
ablesp 	 #V<U<V<P#$ph®2¶³#$ph®2¶�· 	 #U<V<U<U#[pª®2¶5·�¸5q . Thevariablesph®2¶5· 	 #U<V<U<V#$pª®6¶�·�¸$q areinstantiatedwith the ² F parametersto
operatioǹ F , resultingin a formulawith ¨Pa freevariablesthatgivesthenew valuefor relation Z´a . This formula
may usevariablesfrom the list of variablesymbols,the relationsymbols Z 	 #U<V<U<V#$Zn\ , usedwith the correct
arity, and,asstatedabove, thefixedbinaryrelations - , � , andBIT. Theserelationsymbolsareinterpretedas
thecurrentvaluesof therelationsZ 	 #V<U<U<U#$Z a .{ An FO formula, ¹ , definingthe setof acceptingstates.This hasno freevariables,andis over thevocabularyJ -n# � #[º�»6¼´#[Z 	 #U<U<V<U#[Z]\ K . Its boundvariablesarefrom theset p 	 #U<V<U<U#[p © .

We canfurther formalizethe notion that theseformulasdefinea transitionfunction for a DFA. The stateof the
DFA is a structureover a vocabulary J Z 	 #V<U<V<U#$Zn\ K . We combinethis structure,its universe J ��#U<V<U<P#$�½�¾� K , and
interpretationsof thevariablesp 	 #V<U<U<U#$ph\ to getamodel ¿ . And soon.

5.1 Subsuminginitialization and query complexity

We now show that any dynamicproblemin DynFO hasa dynamiccomputationof a certainform decidingit. For
every dynamiccomputation,thereis an equavalentcomputationwhich hastrivial formulasdescribingits startstate
andits setof final states.We canextendthesetof relationsusedby a DynFOproblemby addingtwo relationsÀ andS of arity 0 (Booleanconstants),sothat theformulasdefiningthestartstateareall uniformly false,andtheformula
definingthefinal stateis just theatomicformula S .

2defineBIT here,andsay Á/ÂWÃ�Á/Â�ÄÅÃ�Æ6Ç�ÆOÈ/ÉRÊ~Ë .
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We do this by composingthe formula ¹ which decidesacceptancewith the formulascomputingtheupdate,and
usingthis booleanresult to updatethe relation S . Thus,after eachupdate,S is true if f the dynamiccomputation
accepts.To initialize therelations,we prependeachupdatewith anupdatewhich checksÀ , andif À is false,setsall
relationsto their initial valuesandupdatesÀ to true. This is combinedwith the updateandqueryformulasto yield
a new setof first-orderupdateformulas,which includesthe functionality previously performedby the initialization
andqueryformulas.Theinitialization formulasonly run once,of course,on thefirst updateof theproblem.Thenew
dynamiccomputationinitializesall relationsto false.

Equalto previouswork?
Reductionof all problemsto unaryrelations(with polynomialblowup,encodinghigherarity into strings)?

6 Singlestepcircuit value

We now describea dynamicproblem,singlestepcircuit value(SSCV),with a variantthat is completefor DynFO.
This will bea dynamiccircuit valueproblem,in which thecircuit is a network of gates,not necessarilyacyclic. The
valuesof thegatesareupdatedsynchronously, andmaynot stabilizeto a fixedsetof values.At eachtime step,each
gatecomputesits valueastheappropriatevalueof its inputs,andthatvalueis thegate’soutputat thenext timestep.

Thedynamicversionof thisproblemletsuschangethetypeof agate,andtheconnectionsbetweengates.Thenum-
berof gatesis fixedat � , andthevaluesof thegatesareinitially all false.Theoperationswe allow areConnect "!$#&%(' ,
which connectsthe outputof gate ! to an input of gate % , leaving all otherconnectionsfrom ! andto % unchanged;
Disconnect 1!$#2%3' , whichremovesthisconnection;And  1!6' , whichmakesgate! anAND gate;Or  1!6' ; Not  1!6' ; andStep O' ,
which propagatesvaluesonestepthroughthecircuit. Theexactsemanticsof theproblem,including theacceptance
criterion, and the initial configurationof the circuit, will be given in the presentationof the dynamiccomputation
decidingthisproblem.

SSCVis in DynFO,andwe will show thata variantof it is completefor DynFO.SSCVis in DynFObecauseit is
acceptedby thedynamiccomputationdescribedby:

{ TherelationsymbolsÌ v #$�]	r#[`Í	³#$Î*	 , and Ï�	 . (Thearitiesof relationsaregivenassuperscripts).Thebinary
relation Ì v (Canwe conflaterelationsandtheir symbolshere?)maintainstheconnectionsbetweengates,andÌÐ "p�#5CT' is true if f anoutputof gate p is connectedto an input of gate C . Theunaryrelations�Ñ Oph'[#R`, "po'[# andÎu "po' aretrueif gatep is anAND, OR,or NOT gate,respectively. Therelation ÏÐ Oph' storesthecurrentvalueof
gatep .

{ Our list of variableswill be p�#5Co#5^|#5Òh#5�Í#$Óª#$Óh�w#$Ó ¤ #V<U<V<
{ The startingvaluesof our relationsaresimple: they areall initialized to false. Note that gatesthushave no

initial type until their type is set. Our updateformula implies that the valueof a gatewith no type is always
false. The completevariantof the SSCVprobleminitializes the the relationsto createa uniform AC

I
circuit

which computesthe resultof a universalFO formula. The values Ï I  "po' may be assumedto be false,as the
correctoneswill becomputedby thecircuit.

{ Theoperationsasdescribedabove: Connect 1!$#2%3' , Disconnect 1!$#2%3' , And  1!6' , Or  1!6' , Not  1!6' , andStep f' .
{ Theupdatecomputationsare:

– For Connect 1^|#5Ò�' , theonly formulawhichmodifiesa relationis

ÌÐ "p�#5CT' i � ÌÐ OpÔ#5CT'�Õ�p � ^�ÖYC � ÒÐ<
To show this onecasein full, weshow all formulas k IUl I #U<U<V<U# k IVl × .

k IVl I  "p�#5Co#5^|#5Ò�' � ÌÐ "p�#5CT'�Õ�p � ^4Ö�C � Ò
k IVl 	  "p�#5Co#5^Ô' � �Ñ "po'
k IVl v  "p�#5Co#5^Ô' � `, "ph'
k IVl Ø  "p�#5Co#5^Ô' � Îu "po'
k IVl ×  "p�#5Co#5^Ô' � ÏÐ "po'
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– For Disconnect 1!$#2%3' , theonly nontrivial formulais

ÌÐ "p�#5CT' i � Ì� "pÔ#$CT'�Ö�Ù� "p � !oÖYC � %('�<
– For And  1!6' , thenon-trival formulasare

k v l 	  OpÔ#$C�' � �Ñ Oph'|Õ* Op � CT'
k v l v3 "pÔ#$Co#5^Ô' � `, "po'}Ö�Ù� "p � CT'
k v l Ø  "pÔ#$Co#5^Ô' � Îu Oph'�Ö�Ù� "p � CT'

– Or  1!6' andNot  "!6' arehandledsimilarly.

– TheoperationStep O' leavesrelationsÌÐ 1!$#&%(' , �Ñ "!6' , `, 1!6' , and Îu "!6' unchanged,andupdatesÏ= "!2' accord-
ing to theformula

kjÚ l ×  "po' � �Ñ Oph'�Ö� ÅÛoCT'P OÌÐ 1Co#$po' � Ï= "CT'�'
Õ `, "po'}Ö* OÜ(CT'U "ÌÐ "Ch#[ph'|Ö�Ï� 1CT'�'
Õ Îu Oph'�Ö� OÜ�C�'U "ÌÐ "Co#$ph'}Ö�Ù�Ï� 1CT'�'�<

NotethatNOT gatesareimplementedasNAND gates,andthatthis is theonly formulain theentiresetof
updateformulasthatusesquantifiers.This formulacomputesthenew valueof agatebasedonits typeand
thevaluesof its inputs.

{ Theformuladefiningthesetof acceptingstatesis simply ÏÐ O�m' . If thevalueof gate0 is true,thecomputation
accepts.

7 A CompleteProblem in DynFO: CompleteSSCV(CSSCV)

We can createa variant of SSCV that is completefor DynFO underboundedreductionsby modifying the initial
state.Theinitial stateof thecircuit will bea uniform AC

I
circuit that is equivalentto a universalfirst-orderformula,

plus somecontrol circuitry. This will allow a finite sequenceof operationsto write an FO formula to the circuit,
andevaluatethat formula over auxiliary datastoredin the circuit. By writing the FO formulasdefininga dynamic
computationto this circuit, andemulatingthem,we cansimulateany operationin thatdynamiccomputationwith a
fixedsequenceof operationson thecircuit. First,we defineandconstructa universalfirst-orderformula.

7.1 A universal first-order formula

To form a completeproblemfor DynFO,we startwith somethinglike a completeproblemfor FO, which is equal
to the circuit classuniform AC

I
. It is known that no completeproblemfor FO exists, (true?)(cite?) sinceFO is

stratifiedby quantifieralternationdepth,in a way which cannotbeobviatedby thepolynomialexpansionallowedby
reductions(we mustusequantifier-freeprojections,asour reductions,sinceany reductionswhich cancomputeFO
functionsmake any nontrivial problemcompletefor FO). Sincein our dynamicsetting,we areallowedto iteratean
FO updateformulaa constantnumberof times,dependingon the problemwe arereducingfrom, we canovercome
this stratification.

Weshow thereis auniversalfirst-orderformula Ý whichactsasaninterpreterfor FOlogic. Givenasinputafirst-
orderformula

z
, andthestructureÀ it is to beevaluatedover, theuniversalformulacomputesthe truth valueof the

formula: ÀÞ� � z
. If

z
hasfreevariables,thentheuniversalformulacomputestherelationdefinedby

z
. Therelation

definedby
z

is themapfrom tuplesof elementsof theuniverseof À to truthvaluesthatis computedby subtitutingthe
elementsof thetuplefor thefreevariablesof

z
whenevaluating

z
.

Theuniversalformulais implementedasa mapfrom stringsto strings,which mayneedto beiterated.Ý hasone
freevariableandits vocabulary hasoneunaryrelationsymbol. Its input string,consideredasa unaryrelation, Z , is
usedastheinterpretationof theunaryrelationsymbol.Thetruth valueof Ý , for eachvalueof its freevariable,gives
ustheoutputstringasa unaryrelation. Thusan input string is mappedto anoutputstringof thesamelengthby the
formula Ý .

Theuniversalformulaemulatesany FO formulaby iteratingthis map.Thenumberof iterationsdependsonly on
thesizeof theemulatedformula.
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Lemma 7.1 There is a first-order formula Ý over thevocabulary containingthefixednumericpredicates- andBIT,
andtheunarypredicateZ , sothat:

For anyFO formula
z

over vocabulary Ï , where Ï containsonly relationsymbols,no functionsor constants:
There is an encoding�´ß of

z
asa binarystring, a numberà , thedepthof formula

z
, anda paddingfunctiond| "�}'

that is a polynomialin � , sothat:
For anystructure À over thevocabulary Ï , encodedasa binarystring �´á thatbeginswith thespecificationof the

universesize, � , as � � � :
Theresultof applying Ý to thestring � ß � á � � � � �}à timesis a stringcontainingtherelation

z á :

Ý �HâR�  "�´ß/�´á´� � � � � ' � �bß/�´á´��ãräUå$æ1#
where � ãräUå$æ beginswith thebinary encodingof therelationz á � �  "� 	 #U<V<U<P#[� ® '*))  OÀ~#rç � 	Uè p 	[é <U<V<�ç � ® è p ® é '´� � z . #
where p 	 #U<V<U<V#$pª® are thefreevariablesof

z
.

Proof: This formulais constructedin Appendix??. ê
We will usethis formulato constructa circuit which canemulateany first-orderformula. This circuit will be the

inital stateof our modifiedSSCVproblem.

7.2 A universal circuit

The circuit we constructasa completeproblemfor DynFO will hassomefeaturesnot presentin traditionalacyclic
circuits;it shouldproperlybecalledanoetwork of gates,ratherthanacircuit. Becauseadynamicalgorithmmaintains
state,and this statemustalsobe maintainedby a completeDynFO problememulatingit, our circuit mustcontain
gadgetsservingaspersistentmemory. We usethe traditionalmethodof implementingmemoryasbistablelogical
networks. We canconstructa cyclic circuit with two externalinputs, ��ër� and ¨rë³��ër� . Thecircuit containsanandgate
andanORgate,formingacycleof lengthtwo. If gate1 is anAND gate,andgate2 is anORgate,theinputsto gate1
aretheoutputof gate2 andtheexternalinput ¨³ë³��ër� , andtheinputsto gate2 aretheoutputof gate1 andtheexternal
input �Vër� . [Show picture]. If thesignals��ë�� and ¨³ë³��ë�� are0, thenthecircuit hastwo stablestatesandoneoscillating
state.Thevaluesof thegatesmaybothbe0, bothbe1, or they mayhave differentvalues.If thegateshave different
values,thevaluesof thegatesoscillatebetween0 and1 with every time step. Thecircuit canbe forcedinto state0
by holding ¨rë³��ër� to 0 for two steps,andcanbe forcedinto state1 by holding ��ër� to 1 for two steps.Our modified
SSCVproblemof size � will be initially configuredto contain � of thesememorycells, which we will numberas�Ñç � é #U<V<U<P#[�Ñç �ì��� é . We will determine� asa functionof � later, whencomputingthe sizeof the entiremodified
circuit.

A Universal formula í for FO

First,givebasicidea.
The universalformula Ý will operateon an input string that encodesa first-orderformula k and the datathat

formulaoperateson. Thefirst partof thestring is theencodingof thefirst-orderformula k . This encodingcontains
a datastructurefor eachsubformulaof k , andthusencodesthe abstractsyntaxof the formula k . The secondpart
of thestringcontainsblocksof datarepresentingthepredicatescomputedby thesubformulasof k . Any subformula
representsa predicateover its freevariables,andthetruth tablesof thesesubformulasarestoredasBooleanarraysin
thedatablocksof thestring. . Usingtheinductivedefinitionof truth, thepredicatecomputedby a formuladependsin
oneof a few simplewayson thepredicatescomputedby its maximalstrict subformulas.Ouruniversalformula Ý will
beableto computea singlestepof this inductive definitionof truth. By applying Ý to thestring repeatedly, we can
computethepredicatecorrespondingto theformula k in anumberof roundsequalto thedepthof theparsetreeof k .
Thedetailsof theencodingandthecomputationarepresentedbelow.

We definethe encodingof a formula k basedon the inductive constructionof k . We allow formulasto becon-
structedby thefollowing rules,in which î and ï areformulas,Z is a relationfrom thevocabularyof theformula,andpÔ#[p 	 #$phvw#V<U<U<U#$p \ arevariables.

Thefollowing areformulas,for any formulas î and ðPë��2� , relation Z , andvariablesp�#$p 	 #$phv³#V<U<U<V#$p \ :
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{ Z4 Op 	 #$pªvc#U<V<U<P#[p \ ' , where ñ is thearity of relation Z
{ Ùjî
{ î�ÖÐï
{ î�ÕÐï
{  
Û_po'6î
{  OÜ�po'6î
Thus,for any FO formula k we have an abstractsyntaxtreefor that formula, with treenodescorrespondingto

instancesof theserules. All leavesare instancesof the first rule, definingatomic terms,andall internalnodesare
instancesof the otherrules. All subformulasof k correspondto nodesin the abstractsyntaxtree,andthe maximal
strict subformulasof a subformulaareits immediatechildrenin thetree.We now defineanencodingof this tree.

We first definetwo constantsbasedon the formula. Let ñ be the numberof nodesin the abstractsyntaxtreeofk . Let ¨ bethenumberof distinctvariablesusedin theformula k . By renamingboundvariables,this numbercanbe
reducedto themaximumnumberof freevariablesin any subformulaof k . We assumethis numberis greaterthanthe
maximumarity of any relation Z in theformula’svocabulary.

We alsoencodethe vocabulary of the formula: a finite list of relations Z 	 #V<U<V<U#$Z ®$ò2ó that includesall relations
referencedby theformula. This list mayincluderelationsnot actuallyusedby theformula. Thesewill bepartof the
datastructurethe formula is evaluatedover, but the formula’s valuewill not actuallydependon theserelations.We
shall assumethat the basearithmeticrelationsusedby our formula areincludedin this list, so that Z 	 , Z v , and Z Ø
will bethebinaryrelations� , - , and yÑômõ . Thevaluesof theserelationswill becomputedinternally in Ý , andneed
not begivenin theencodingof theinputdatastructure.

Thesebasicstructuralconstantswill be representedin unaryat the beginning of our encodingof k . Thus, the
representationof k asabinarystringwill startwith � \ ��� ® ��� ®$ò2ó � . Thiswill befollowedby thearitiesof therelationsZ 	 #U<V<U<V#$Z ®5ò2ó , encodedas ¨³ërö positive integersof ÷Åø
ùmú�¨Vû bits each.Sincethenumberof relationsmaybelinearin the
sizeof the input to Ý , in a pathologicalcase,we will requirethat the relationsbe sortedin orderof increasingarity
(after the first three). Otherwise,we could not decodethe input structurewithout sortinga large numberof items,
which cannotbedoneby anFO formu1a.

Next, we encodethe ñ nodesof theabstractsyntaxtreeinto a list of ñ fixed-sizedatastructures.Theseneedto
recordthe type of formula constructorusedat this node,andthe argumentsof this constructor. The constructorof
an atomicterm needsto recordthe nameof the relationusedandthe namesof the variablesthat arethe arguments
to the relation. This requiresø
ùcú�¨³ërö�µ�¨~ø
ùcú�¨ bits, sincethe arity of relationsis boundedby ¨ . Nameof relations,
and pointersin general,are representedas integerswith the requirednumberof bits. A tree noderepresentinga
formulaasthe ��ÎüB of two subformulasneedsto recordpointersto the two subformulas;this requires¤ ø¡ùmú;ñ bits.
Thus the sizeof a datastructurerepresentingan abstractsyntaxtree node,and thus representinga subformula,is� ��ý µuþÐ¬³ÿo "ø
ùcú�¨³ëröhµ½¨~ø
ùcú�¨r# ¤ ø
ùcú;ñT' bits.

So the formula k is representedby ñª� bits attachedto the above prefix, representingthe ñ nodesin the abstract
syntaxtreeof k . Node � , thefirst node,is theroot of thetree,representingtheentireformula k .

Theentirerepresentation��� of k haslength ý µ�ñÑµ7¨9µ8¨³ëröoµ7¨³ërö³ø
ùcú�¨9µ�ñT� , which is of coursea constantfor
any fixedformula k . Notethisencodingcanhandleformulaswith any numberof variables,relationsof any arity, and
any quantifierdepth.

We next discussthe encoding� á of the input datastructureÀ , which interpretsthe ¨³ërö relations Z 	 #U<U<V<P#$Z ®$ò2ó
asrelationsof the appropriatearity over the finite universe J ��#V�c#U<V<U<R#5����� K . We assumethat � � ¤ , so that the
universehasat leasttwo elements.Thesizeof thefinite universe,� , is independentof theformula k , but thenumber
andaritiesof the relations Z F mustbe that given by the encodingof the formula. We simply encodethe relations
asbooleanarrays,andencodethemaslinearstringsby writing themin row-majororder. The representationof the
entirestructureis thentheunaryrepresentationof � as � � � followedby theencodingsof therelationsZ × #U<V<U<P#[Z9®Vërö .
Rememberthat the first threerelationsarethe givennumericrelations � , - , and y�ôcõ , which canbe computedbyÝ . This is thenan encodingof the structurewith lengthdependingon � andthe numberandarity of the relationsZ F . Thecomputationof this total length,andof thestartingpointof eachrelationin thestring,arecomputablein first
orderfrom the encoding��� and � , sincethe relationsaresortedby arity. The maximumarity of an input relation
is alsoboundedby the logarithmof the total lengthof the input, since � � ¤ andthe input contains� á . Therefore,
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computingthesizeof � á canbedoneusingapolynomialin � with degree(andnumberof terms)boundedby thelog
of theinput size.

The final part of the input is the padding,wherethe relationscomputedby subformulasof k arecomputedand
stored.We will storea relationof arity ¨ over theuniverseJ �T#U<U<V<P#5� K for eachsubformula,thusrequiring ñ(� ® bits of
padding.
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