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Abstract

Dynamic compleity classesuchas DynFO, describedby Immermanand Patnaik, have problemswhich are
completeunderboundedexpansionreductions.Thesearereductionsn which a changeof a singlebit in theoriginal
structurechange® boundechumberof bits in theresultingstructure.

Oncethepaperis written rewrite theabstracwith muchmoredetailedstatemenbf its content???

1 Dynamic problems

We defineadynamicproblem,4, asafamily of regularlanguagesparameterizelly asizeparameter.. For eachvalue
of n, thedynamicproblemcontainsaregularlanguagever afixedalphabebf operationsof sizen®®) (sizebounded
by a polynomialin n). We denotethis alphabety ¥,,, andtheregularlanguageoverit by A,,. If astringw € ¥
isin 4,, we saythatthe sequencef operationaw is acceptedy the dynamicproblemA. To avoid complicationdn
our definition of reductionshetweenproblems we stateaspart of the definition thatthe emptystring is acceptedy
all languagesA,, in all dynamicproblems.

An exampleof a dynamicproblemis the dynamicgraphreachabilityproblemDynREACH. This is the dynamic
probleminducedby the static decisionproblem REACH. An instanceof REACH is a directedgraphon n nodes,
numbered throughn — 1, with two distinguishechodess and¢. This instances acceptedf thereis a directedpath
from nodes to nodet. The dynamicproblemDynREACH contains,for eachn, a regularlanguageDynREACH,,
definedoverthe setof operations

S, = {lInser(s,j) | 0 <i,j <n}u{Deletdi,j) | 0<4,j<n}
u{SetSi) | 0<i<n}u{SetTi) | 0<i<n}.

Theoperationinser{s, j) insertsadirectededgefrom node: to nodej in thegraph,andthe operatiorDeletd, 7)
deletessuchan edge. The operationsSetJ:) and SetT(i) setor changethe start node and the final nodeof the
reachabilityquery A sequenceof operationsw € X7 is acceptecby DynREACH if REACH containsthe graph
createdby sequentiallyapplyingthe operationsn w to theemptygraphonn nodeswith s andt initially setto node
0. Every staticdecisionproblemon aninput of n bits hasa correspondinglynamicproblemdefinedin this way. The
standardoperationson the input are Se(z) andResefi), for 0 < 7 < n, which setandclearbit  of theinput. A
sequencef setandresetoperationss in thedynamicversionDyn Aof a staticproblemA iff then-bit input resulting
from thatsequencef operationdn in A. TheresultinglanguageDynA,, areregularbecausehe setof operations
Uf‘z_ol{Sel;, Reset} generates finite monoid undersequentiacomposition,andthe decisionproblem A inducesa
booleanfunctionoverthatmonoid.

Therearealsodynamicproblemsthat are not definedasthe dynamicequivalentof a naturalstaticproblem. We
will shawv later, however, thatevery dynamicproblemis the equivalentof somestaticproblem,with a lessnaturally
definedsetof operationsTherequirementhatthelanguagesi,, containedn adynamicproblemA beregularimplies
the existenceof a staticproblemandsetof operationavhichinduce A astheir dynamicversion.
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2 Dynamic algorithms

We now definea modelof dynamiccomputationwhich will divide the setof dynamicproblemsinto dynamiccom-
plexity classesThismodelis basednfinite modeltheory andusedogical (relational)structuresndlogicalformulas.
This modelis bestsuitedto describingdynamiccomputationsvhich maintaina datastructureof afixedsize,polyno-
mial in thesizeparameter..

We defineadynamiccomputatiorto beauniformfamily of deterministidinite automatatdDFAs). For eachvalue
of the sizeparameten, we will constructa DFA M,, = (Q, Xy, 6n, Sn, Fr). Eachcomponentf the DFA will be
describedy afinite computationabtructure specifyinghow to construcit from thevaluen.

The statespaceR,, will bethe setof all relationaldatastructureswith a givenvocahulary over thefinite universe
{0,...,n — 1}. Eachstateis thusa particularinstanceof a polynomialsize datastructure.The finite descriptionof
this componenbf thedynamiccomputatioris afinite setof relationnamesgachwith anassociatearity.

¥, thealphabeof the DFA M,,, is the setof operationf a dynamicproblemof sizen. It is givenby afinite set
of operatomamesgeachwith a givenarity. An operationis encodedasan operatomameanda tuple of parameters,
drawn from theuniverse{0, ..., n — 1}. In theexampleof DynREACH above, we hadthe operatomamednsertand
Delete,both of arity two. This encodinggivesusa polynomialboundon the numberof operations.

Thetransitionfunctiond,, is givenasasetof logicalformulas.For eachrelationnameandoperatomame we have
aformulaexpressinghe contentsof thatrelationafterthe transitionspecifiedby the operator In this paper we work
with first-orderlogic andfirst-orderlogic with generalizedjuantifiersjn which our formulascontainfree andbound
variablesrangingover our finite universe.

Specifically if therelationnamesare Ry, .. ., Ry, with aritiesuy, . .., ug, andO; is anoperatomamewith arity
u, thenour transitionfunctiond,, ((Ry, . .., Rg), O(p1, - - -, pu)) Yieldsa statein which therelationshave new values
givenby formulas:

R; := (pi,j(Rla .. -7Rkap1a cee s Pus Ty ’in) .

The previousvaluesof therelationsRy, . . . , R, andtheparameterg, . .., p, Of theoperationaresubstituted??)in
theformula,andtheresultis aformulawith u; freevariablesz,, . . . , 2., . Thisresultingformulaexpresses relation
over thesefree variables,andthis relationis the new value of relation R; in the new stateof the system. Thusthe
new valueof relation R; is afunctionof thepreviousvaluesof relationsR;, . . ., Ry andof theparameterg, ..., py
of the operationandthis functionis expressedy thelogical formulay; ;. If thesearefirst-orderformulas,the new
relationaldatastructurds afirst-orderinterpretatiorof the previousrelationaldatastructureaugmentedvith constants
representinghe operations parameters.

The startstateof the DFA, s,, canbe given asa setof logical formulas,onefor eachrelation R;, with u; free
variablesgiving theinitial valueof thatrelation. Thelogical languageusedto expressthe startstatemay be different
thanthelanguageausedto expressthe transistionfunction, meaningthattheinitialization of our dynamiccomputation
may have a differentcomputationatompleity thanthe implementatiorof eachoperation.The final setof the DFA
cansimilarly be given asa formula usingthe relationsRy, . . ., R, which evaluatesto true or falsedependingon
whethera state consideredisarelationaldatastructure js acceptedy the DFA or not.

A dynamiccomputatiordescribedhis way decideshe dynamicproblemA iff A,, = £(M,,). Thusthedynamic
problemdecidedby afamily of DFAs is justthefamily of regularlanguageslecidedby the DFAs.

3 Dynamic complexity

Dynamiccompleity classesrisenaturallyfrom the above definition of adynamiccomputatiorasafamily of DFAs.
Thedynamiccompleity of adynamiccomputatioris thecomputationatompleity of its transitionfunctioné andits
final setF'. Thesearethe only computationsvhich arecarriedout at every stepof a dynamiccomputation.The other
objects,suchasthe statespacejnitial state,alphabetandfinal step,areeitherjust specifiedasencodingspr canbe
consideredhitialization of thealgorithm. Thetransitionfunction§ is justtheinfinite family of functionsé, , ds, . . ., all
describedoy the sameformula, describedn the previous section.We musttalk aboutthe computationatomplexity
of this infinite family, of course,sinceall the individual functionsd; are finite objects,andthus have trivial static
compleity.

For example,if werequirethatthetransitionfunctionandfinal setbedescribedy first-orderformulas we havethe
dynamiccomplexity classDynFO. This classis roughly equivalentto the classDynFO describedoy Immermanand



Patnaikin [?]. This canbe briefly summarizedasthe classof dynamicproblemsacceptedy dynamiccomputations
in which a polynomially sizeddatastructureis updatedand queriedusingfirst-orderformulas. If we allow majority
quantifiersin our formulasdescribingthe transitionfunction, we get the classDynFOM, roughly equivalentto the
classDynamicTCP describedn Hess¢?]. Finally, if ourtransitionfunctionis describedy quantifierfreeformulas,
thenwe have a numberof previously undescribedlassesontainedn DynFO. Theseclassesnay alsobe described
by assertinghat the transitionfunction hasa certin circuit compleity, dueto the equivalenceof mary descriptve
and circuit complexity classes.We will usethe notationDynC to denotethe classof dynamicproblemsdecidedby
dynamiccomputationsvith transitionfunctionscomputablén the staticcompleity classC

Ourdefinitionof dynamiccompleity classeyieldscompleity classeshatareidenticalto or similarto theclasses
describedn work on dynamiccompleity by Immermanand Patnaik[?], Libkin andWong[?], andWigdersonet.
al. [?]. Theeasiestay to showv that a dynamicproblemis in a compleity classis by giving analgorithmin our
computationamodel.

Beyond thesebasics,our model of dynamiccompleity achievesresultssimilar to the resultsknown for static
compleity classes:the existenceof reductionsfrom one dynamicproblemto anothey preservingmembershign
dynamiccompleity classesand the existenceof problemscompletefor dynamiccompleity classesunderthese
reductions.

4 Reductions

We defineaboundedeductionfrom onedynamicproblemto anothemsaboundechomomorphisnfrom thelanguages
in oneproblemto thelanguagesn the other We saythata problemA reducego a problemB via boundededuction

£ iff:

¢ p(n) is aneasilycomputablepolynomiallyboundedunction,giving the polynomialexpansionin problemsize
usedby thereduction.

e fisafamily of homomorphismgi, fa, ... suchthatf; : £ — A;(z.) is ahomomorphisnirom thefreemonoid

overthealphabet:; of languaged; to thealphabetd ;) of thelanguageBp(;), suchthat fi(w) € By <=
w € A;.

¢ Thereis anintegerboundm onthefamily of homomorphismsuchthatfor ary f; andary w € £F, | fi(w)| <
m|w|.

As long asthe homomorphismé$ave a low computationakomplexity, we find that sucha reductionpreseres
dynamiccompleity. We will shav that for ary staticcompleity classC closedundercomposition,the dynamic
compleity classDynC is preseredby boundedeductionsn thesamewaythatstaticcompleity classesirepresered
underreductions.

Becausea homomorphisnalwaystakesthe emptystring to the emptystring, ary reductionasdefinedabove can
only take a dynamicproblemto anotherdynamicproblemwhich agreeson the acceptancef the empty sting for
all valuesof the size parametefor the polynomially changedsize parameter).To avoid this difficulty, which would
trivially precludethe existenceof completeproblemsunderthis type of reduction,we do not pay attentionto the
acceptancef emptystrings.*

Hereis anexampleof areductionasdefinedabove. Givenaregularlanguaged C X*, definethedynamicproblem
MEMBER/4 to bethosesequencesf operationn a string of lengthn suchthat:

e Theoperationsarefrom theset{Set(i,a) | 0 <i < n, a € £}. Se(a,i) is interpretedassettingcharactes
of asstringto bethesymbola.

¢ Whenthe sequencedf operationsis appliedto the string af containingn copiesof the first symbolin the
alphabettheresultingstringis in A.

1An alternatie solutionwould be to extend the mappingfrom ¥ to A% ., by addinga prefix string from A;

() , dependingon ¢, to each
homomorphidmage.This givesusa larger setof reductions.

(%)



Definethe dynamicproblemMEMBER/, astherelatedproblemwith operationdnser(i, a) andDeletg), which
insertcharactewr into the stringat positions, increasinghelengthof the string,anddeletethe characteat positions.
Again, an operationsequencén in MEMBER/, iff thatsequenceappliedto the stringaf, yieldsastringin A. The
size parametem restrictsthe problemby disalloving Insertoperationswhich would make the string longerthann
characters.

Given thesetwo dynamicproblems,it is easyto seethat the operationSe{:, a) from the first problemcanbe

implementedasthe sequencef operationDeletd), Inser{, a) in the secondoroblem.Thereductionfrom problem
MEMBER,4 to MEMBER!, is givenasfollows:

¢ p(n) = n: Thereductiontakesaninstanceof sizen of MEMBER 4 to aninstanceof sizen of MEMBER/,.

e The family of homomorphismsf, f, ... takes operationSe(i, a) to the sequenceof operationsDeletg)
Inser(i, a).

¢ Thereis aninteger boundm = 2 on the family of homomorphismsuchthatfor ary f; andarny w € X7,
| fi(w)| < m|w].

5 The classDynFO

We pin down our definition of the classDynFO, usingthe modeldescribedn Section??. A dynamicproblemis in
DynFOif thereis adynamicalgorithmin which thestartstate transitionfunction,andsetof acceptingstatesaregiven
by first-orderformulas.Thus,we musthave:

e A setof relationsymbols,R;, ..., R, andtheiraritiesry, ..., rg.

e An orderedist of variablesymbols,z, ..., z..

e A list of FOformulasstarty (z1, ..., %, ),--.,startg(z1, . . ., 2., ). Thesegive the startingvaluesof therela-
tionsRy, ..., R;. Eachformulastart; hasexactly r; free variableswhich arethefirst r; variablesymbols. It
may alsouseboundvariablesfrom thelist of variablesymbols andthefixedbinaryrelations<, =, andBIT ?

e An orderedist of operationsymbols,0O4, ..., O,,, andtheiraritiesoy, . . ., 0.

¢ A list of FOformulasdefiningthetransitionfunction: 1 1,...,©1,k, ¥2,1,- - - » @m,k. Theformulayp; ; defines
thenew valuefor relationR; afterperformingoperationD;. Theformulay; ; hasr; +o; freevariablesthevari-
ableszy, ..., Ty, Trj41,---,Tr;40;- 1hEvVariablesr, 1 1,..., 4, areinstantiatedvith theo; parameterso
operation0;, resultingin aformulawith r; freevariableshatgivesthenew valuefor relationR;. Thisformula
may usevariablesfrom the list of variablesymbols,the relationsymbolsR;, ..., Ry, usedwith the correct
arity, and,asstatedabove, the fixed binaryrelations<, =, andBIT. Theserelationsymbolsareinterpretedas
the currentvaluesof therelationsRy, . .., R;.

¢ An FOformula,w, definingthe setof acceptingstates.This hasno free variables,andis over the vocalulary
{<,=,BIT, Ry, ..., Ry}. Its boundvariablesarefrom thesetz,, . .., z..

We canfurther formalize the notion that theseformulasdefinea transitionfunction for a DFA. The stateof the
DFA is a structureover a vocahulary {Ry, ..., R;}. We combinethis structure,its universe{0,...,n — 1}, and
interpretation®f thevariablesz, . .., z; to getamodel A. And soon.

5.1 Subsuminginitialization and query complexity

We now show that any dynamicproblemin DynFO hasa dynamiccomputationof a certainform decidingit. For
every dynamiccomputation thereis an equaalentcomputationwhich hastrivial formulasdescribingits startstate
andits setof final states We canextendthe setof relationsusedby a DynFO problemby addingtwo relationsS and
F of arity 0 (Booleanconstants)sothatthe formulasdefiningthe startstateareall uniformly false,andthe formula
definingthefinal stateis justtheatomicformula F'.

2defineBIT here,andsayFO = FO(=, <, BIT).



We do this by composingthe formular which decidesacceptancevith the formulascomputingthe update and
usingthis booleanresultto updatethe relation F'. Thus, after eachupdate,F' is true iff the dynamiccomputation
accepts.To initialize the relations,we prependeachupdatewith anupdatewhich checksS, andif S is false,setsall
relationsto their initial valuesandupdatesS to true. This is combinedwith the updateand queryformulasto yield
a new setof first-orderupdateformulas,which includesthe functionality previously performedby the initialization
andqueryformulas.Theinitialization formulasonly run once,of course onthefirst updateof the problem.The new
dynamiccomputationinitializesall relationsto false.

Equalto previouswork?

Reductionof all problemsto unaryrelations(with polynomialblowup, encodinghigherarity into strings)?

6 Singlestepcircuit value

We now describea dynamicproblem,single stepcircuit value (SSCV),with a variantthatis completefor DynFO.
This will beadynamiccircuit value problem,in which the circuit is a network of gatesnot necessarilyagyclic. The
valuesof the gatesareupdatedsynchronouslyandmay not stabilizeto a fixed setof values.At eachtime step,each
gatecomputests valueasthe appropriatevalueof its inputs,andthatvalueis the gates outputat the next time step.

Thedynamicversionof this problemletsuschangehetypeof agate andtheconnectionbetweergates. Thenum-
berof gatesis fixedatn, andthe valuesof the gatesareinitially all false. The operationsve allow areConnecfi, j),
which connectshe outputof gate: to aninput of gatej, leaving all otherconnectiondrom ¢ andto j unchanged;
Disconnectz, j), which removesthis connectionAnd(z), whichmakesgatei anAND gate;Or(z); Not(i); andSteq),
which propagatesaluesone stepthroughthe circuit. The exactsemanticof the problem,including the acceptance
criterion, andthe initial configurationof the circuit, will be givenin the presentatiorof the dynamiccomputation
decidingthis problem.

SSCVis in DynFO,andwe will showv thata variantof it is completefor DynFO.SSCVis in DynFObecausdt is
acceptedy the dynamiccomputatiordescribedy:

e TherelationsymbolsE?, A, 0!, N1, andV!. (Thearitiesof relationsaregivenassuperscripts) The binary
relation E? (Canwe conflaterelationsandtheir symbolshere?)maintainsthe connectiondetweergates and
E(z,y) is trueiff anoutputof gatex is connectedo aninput of gatey. TheunaryrelationsA(z), O(z), and
N (z) aretrueif gatez is anAND, OR, or NOT gate respectiely. TherelationV (z) storeshecurrentvalueof
gatez.

e Ourlist of variableswill bez,y, u,v,w, 2,21, 22,...

e The startingvaluesof our relationsare simple: they areall initialized to false. Note that gatesthus have no
initial type until their typeis set. Our updateformulaimplies thatthe value of a gatewith no type is always
false. The completevariantof the SSCV probleminitializes the the relationsto createa uniform ACP circuit
which computegthe resultof a universalFO formula. The valuesV,(z) may be assumedo be false,asthe
correctoneswill becomputedoy thecircuit.

e Theoperationsasdescribedabore: Connects, j), Disconnecti, 5), And(:), Or(z), Not(¢), andSte[).
e Theupdatecomputationsre:

— For Connecfu, v), theonly formulawhich modifiesa relationis

E(z,y) :=E(z,y)Vz=uAy=v.

To shaw this onecasein full, we shawv all formulaseqg g, . - . , ¥g 4.
voo(z,y,u,v) = E(y)Ve=uAy=v
vo1(z,y,u) = A(z)
‘/90,2(37’ yau) = 0(1")
Q00,3($,y,’u) = N iE)
voa(z,y,u) = V(z)



— For Disconnecti, j), theonly nontrivial formulais
E(z,y) ;== E(z,y) A\ ~(z=iAy=7j).

— For And(?), thenon-trival formulasare

pa1(z,y) = Alz)V(z=y)
p22(z,y,u) = O(x)A-(z=
v23(z,y,u) = N(z)A-(z=1y)

— Or(7) andNot(z) arehandledsimilarly.

— TheoperationStef{) leavesrelationsE(3, j), A(z), O(i), and N (i) unchangedandupdates/ (i) accord-
ing to theformula

Ps,4(z) = A(z) A (V) (E(y, 2) = V(1))
V. O(z) A (Fy)(E(y,z) AV (y))
V. N(z) A Fy)(E(y,z) A=V (y)) -

NotethatNOT gatesareimplementecasNAND gatesandthatthisis theonly formulain the entiresetof
updateformulasthatusesquantifiers.This formulacomputeghe new valueof agatebasednits typeand
thevaluesof its inputs.

e Theformuladefiningthe setof acceptingstatess simply V' (0). If thevalueof gateO is true, the computation
accepts.

7 A CompleteProblemin DynFO: Complete SSCV(CSSCV)

We can createa variantof SSCV thatis completefor DynFO underboundedreductionsby modifying the initial

state. Theinitial stateof the circuit will bea uniform AC? circuit thatis equivalentto a universalfirst-orderformula,
plus somecontrol circuitry. This will allow a finite sequencef operationsto write an FO formula to the circuit,
andevaluatethat formula over auxiliary datastoredin the circuit. By writing the FO formulasdefininga dynamic
computatiorto this circuit, andemulatingthem,we cansimulateary operationin thatdynamiccomputationwith a
fixedsequencef operationn thecircuit. First, we defineandconstructa universalfirst-orderformula.

7.1 A universalfirst-order formula

To form a completeproblemfor DynFO, we startwith somethinglike a completeproblemfor FO, which is equal
to the circuit classuniform ACP. It is known that no completeproblemfor FO exists, (true?)(cite?) since FO is

stratifiedby quantifieralternationdepth,in a way which cannotbe obviatedby the polynomialexpansionallowed by

reductions(we mustusequantifierfree projections,asour reductions sinceary reductionswhich cancomputeFO

functionsmake ary nontrivial problemcompletefor FO). Sincein our dynamicsetting,we areallowedto iteratean

FO updateformula a constantinumberof times,dependingon the problemwe are reducingfrom, we canovercome
this stratification.

We shaw thereis a universalfirst-orderformulal{ which actsasaninterpreterfor FO logic. Givenasinputafirst-
orderformula f, andthe structureS it is to be evaluatedover, the universalformulacomputeghe truth value of the
formula: S |= f. If f hasfreevariablesthenthe universalformulacomputegherelationdefinedby f. Therelation
definedby f is themapfrom tuplesof elementof theuniverseof S to truth valuesthatis computedy subtitutingthe
elementof thetuplefor thefreevariablesof f whenevaluatingf.

Theuniversalformulais implementedasa mapfrom stringsto strings,which may needto beiterated.// hasone
freevariableandits vocalulary hasoneunaryrelationsymbol. Its input string, consideredasa unaryrelation, R, is
usedastheinterpretatiorof the unaryrelationsymbol. Thetruth valueof i, for eachvalueof its freevariable,gives
ustheoutputstringasa unaryrelation. Thusaninput stringis mappedo anoutputstring of the samelengthby the
formulai/.

The universalformulaemulatesary FO formulaby iteratingthis map. The numberof iterationsdependsnly on
thesizeof theemulatedormula.



Lemma 7.1 Theeris afirst-oderformulai/ overthevocahilary containingthe fixednumericpredicates< andBIT,
andtheunarypredicateR, sothat:

For anyFO formula f overvocahlulary V', where V' containsonly relationsymbolsno functionsor constants:

Therris anencodingw; of f asabinary string, a numberd, thedepthof formula f, anda paddingfunctionp(n)
thatis a polynomialin n, sothat:

For anystructue S overthevocahulary V', encodedasa binary string ws that beginswith the specificatiorof the
univerisesize n, as0"1:

Theresultof applying!/ to thestringwy wgs 07(7) d timesis a string containingtherelation f5:

U(d) (wf ws Op(n)) = Wy WS Wfinal,
whee wg,a1 baginswith thebinary encodingof therelation

7= {(aar) | (Slaa/m].lar/2s)) E £},

whee zq,...,z, arethefreevariablesof f.

Proof: Thisformulais constructedn Appendix??. m|

We will usethis formulato constructa circuit which canemulateary first-orderformula. This circuit will bethe
inital stateof our modifiedSSCVproblem.

7.2 A universalcircuit

The circuit we constructasa completeproblemfor DynFO will hassomefeaturesnot presentin traditionalagyclic

circuits;it shouldproperlybe calleda noetwork of gatesyatherthana circuit. Because dynamicalgorithmmaintains
state,and this statemustalso be maintainedby a completeDynFO problememulatingit, our circuit mustcontain
gadgetsservingas persistentmemory We usethe traditional methodof implementingmemoryas bistablelogical

networks. We canconstructa cyclic circuit with two externalinputs, set andreset. Thecircuit containsanandgate
andanOR gate forming a cycle of lengthtwo. If gatelis anAND gate,andgate? is anOR gate theinputsto gatel

arethe outputof gate2 andthe externalinputreset, andtheinputsto gate2 arethe outputof gatel andthe external
input set. [Show picture]. If thesignalsset andreset are0, thenthe circuit hastwo stablestatesandoneoscillating
state.The valuesof the gatesmaybothbe 0, both be 1, or they may have differentvalues.If the gateshave different
values,the valuesof the gatesoscillatebetweer0 and1 with every time step. The circuit canbe forcedinto stateO

by holding reset to 0 for two steps,andcanbe forcedinto statel by holding set to 1 for two steps.Our modified
SSCVproblemof sizen will beinitially configuredto containm of thesememorycells, which we will numberas
A[0],..., Alm — 1]. We will determinem asa function of n later, whencomputingthe size of the entire modified
circuit.

A Universalformula ¢/ for FO

First, give basicidea.

The universalformulal{ will operateon an input string that encodesa first-orderformula ¢ andthe datathat
formulaoperateon. Thefirst partof the stringis the encodingof the first-orderformulay. This encodingcontains
a datastructurefor eachsubformulaof ¢, andthusencodedhe abstractsyntaxof the formula . The secondpart
of the string containsblocksof datarepresentinghe predicatecomputedby the subformulasf ¢. Any subformula
represents predicateover its free variablesandthetruth tablesof thesesubformulasarestoredasBooleanarraysin
thedatablocksof the string. . Usingtheinductive definitionof truth, the predicatecomputedy a formuladependsn
oneof afew simplewayson the predicatecomputedy its maximalstrict subformulasOur universalformulai/ will
be ableto computea singlestepof this inductive definition of truth. By applyingl{ to the string repeatedlywe can
computethe predicatecorrespondindo theformulayp in anumberof roundsequalto the depthof the parsetreeof .
Thedetailsof theencodingandthe computatiorare presentedbelow.

We definethe encodingof a formula ¢ basedon the inductive constructionof ¢. We allow formulasto be con-
structedby thefollowing rules,in which « andg areformulas,R is arelationfrom thevocalulary of theformula,and
z,%1,T2,..., T arevariables.

Thefollowing areformulas,for any formulasa andbeta, relation R, andvariablese, 21, z2, . - . , Z:



e R(z1,zs,...,2), Wwherek is thearity of relationR

® QX

alhp

aVp
o (Vz)a
e (dz)a

Thus, for any FO formula ¢ we have an abstractsyntaxtreefor that formula, with tree nodescorrespondingo
instanceof theserules. All leavesareinstancesf the first rule, definingatomicterms,andall internalnodesare
instancef the otherrules. All subformulasof ¢ correspondo nodesin the abstractsyntaxtree,andthe maximal
strict subformulaof a subformulaareits immediatechildrenin thetree.We now defineanencodingof thistree.

We first definetwo constantdasedon the formula. Let k& be the numberof nodesin the abstractsyntaxtree of
. Letr bethenumberof distinctvariablesusedin theformulay. By renamingboundvariablesthis numbercanbe
reducedo the maximumnumberof freevariablesn any subformulaof . We assumehis numberis greatetthanthe
maximumarity of ary relationR in theformula’s vocahulary.

We also encodethe vocahulary of the formula: a finite list of relationsRy, ..., R, thatincludesall relations
referencedy the formula. This list mayincluderelationsnot actuallyusedby the formula. Thesewill be partof the
datastructurethe formulais evaluatedover, but the formula’s valuewill not actuallydependon theserelations. We
shallassumehat the basearithmeticrelationsusedby our formula areincludedin this list, sothat R,, R», and R3
will bethebinaryrelations=, <, and BIT. Thevaluesof theserelationswill be computednternallyin ¢/, andneed
notbegivenin theencodingof theinput datastructure.

Thesebasicstructuralconstantswill be representedn unaryat the beginning of our encodingof ¢. Thus,the
representationf ¢ asabinarystringwill startwith 1¥017017¢ 0. Thiswill befollowedby thearitiesof therelations
Ry,...,R,q, encodedasrel positive integersof [logr] bits each.Sincethe numberof relationsmaybelinearin the
sizeof theinputto U, in a pathologicalcase we will requirethatthe relationsbe sortedin orderof increasingarity
(after the first three). Otherwise,we could not decodethe input structurewithout sorting a large numberof items,
which cannotbedoneby anFO formula.

Next, we encodethe k£ nodesof the abstractsyntaxtreeinto a list of & fixed-sizedatastructures.Theseneedto
recordthe type of formula constructorusedat this node,andthe argumentsof this constructor The constructorof
an atomicterm needsto recordthe nameof the relationusedandthe namesof the variablesthat arethe arguments
to therelation. This requireslogrel + rlogr bits, sincethe arity of relationsis boundedby ». Nameof relations,
and pointersin general,are representeds integerswith the requirednumberof bits. A tree noderepresentinga
formulaasthe AN D of two subformulaseedsto recordpointersto the two subformulasthis requires2 log & bits.
Thusthe size of a datastructurerepresentingan abstractsyntaxtree node,and thus representinga subformula,is
s = 3 + max(logrel + rlogr, 2log k) bits.

Sotheformulayp is representetby ks bits attachedo the above prefix, representinghe k£ nodesin the abstract
syntaxtreeof . Node0, thefirst node,is theroot of thetree,representinghe entireformula.

Theentirerepresentation,, of ¢ haslength3 + k + r + rel 4+ rellogr + ks, whichis of coursea constanfor
ary fixedformulay. Notethis encodingcanhandleformulaswith ary numberof variablesyelationsof ary arity, and
ary quantifierdepth.

We next discussthe encodingwg of the input datastructureS, which interpretsthe rel relationsRy, ..., R,¢
asrelationsof the appropriatearity over the finite universe{0,1,...,n — 1}. We assumehatn > 2, sothatthe
universehasatleasttwo elementsThesizeof thefinite universen, is independenof the formulap, but the number
andarities of the relationsR; mustbe that given by the encodingof the formula. We simply encodethe relations
asbooleanarrays,andencodethemaslinear stringsby writing themin row-majororder The representationf the
entirestructureis thenthe unaryrepresentationf n as1™0 followedby the encodingof therelationsRy,. . ., R.el.
Remembethatthefirst threerelationsare the given numericrelations=, <, and BIT, which canbe computedby
U. Thisis thenan encodingof the structurewith lengthdependingon n andthe numberandarity of the relations
R;. Thecomputatiorof this total length,andof the startingpoint of eachrelationin the string,arecomputablen first
orderfrom the encodingw, andn, sincethe relationsare sortedby arity. The maximumarity of aninput relation
is alsoboundedby the logarithmof the total lengthof the input, sincen > 2 andtheinput containswg. Therefore,



computingthe sizeof wg canbedoneusinga polynomialin n with degree(andnumberof terms)boundedoy thelog
of theinputsize.

The final part of the input is the padding,wherethe relationscomputedby subformulasof ¢ arecomputedand
stored.We will storearelationof arity r overtheuniverse{0, ...,n} for eachsubformulathusrequiringkn” bits of
padding.



