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Abstract

We considertwo-playergameswhich areplayedon a fi-
nite statespacefor an infinite numberof rounds. The
gamesareconcurrent, thatis, in eachround,thetwo play-
erschoosetheirmovesindependentlyandsimultaneously;
thecurrentstateandthetwo movesdetermineasuccessor
state.We consideromega-regular winning conditionson
the resultinginfinite statesequence.To model the inde-
pendentchoiceof moves,bothplayersareallowedto use
randomizationfor selectingtheir moves. This givesrise
to thefollowing qualitativemodesof winning,which can
be studiedwithout numericalconsiderationsconcerning
probabilities:sure-win(player1 canensurewinning with
certainty),almost-sure-win (player1 canensurewinning
with probability 1), limit-win (player 1 can ensurewin-
ning with probabilityarbitrarily closeto 1), bounded-win
(player 1 can ensurewinning with probability bounded
away from 0), positive-win(player1 canensurewinning
with positiveprobability),andexist-win (player1 canen-
surethatat leastonepossibleoutcomeof thegamesatis-
fiesthewinningcondition).

We provide algorithmsfor computingthesetsof win-
ningstatesfor eachof thesewinningmodes.In particular,
we solve concurrentRabin-chaingamesin �����	��
 time,
where� is thesizeof thegamestructureand� is thenum-
berof pairsin theRabin-chaincondition.While thiscom-
plexity is in line with traditionalturn-basedgames,where
in eachstateonly one of the two playershasa choice
of moves,our algorithmsareconsiderablymoreinvolved
thanthosefor turn-basedgames.This is becauseconcur-
rentgamesviolatetwo of themostfundamentalproperties
of turn-basedgames.First, concurrentgamesarenot de-
termined,but ratherexhibit a moregeneralduality prop-
erty which involvesmultiple modesof winning. Second,
winningstrategiesfor concurrentgamesmayrequireinfi-
nitememory.
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1 Intr oduction

Gamesprovideamodelfor systemscomposedof interact-
ing components.In particular, theinteractionof acompo-
nentwith its environmentis naturallymodeledasa two-
playergame,componentvs.environment[ALW89, Dil89,
PR89, KV96, AHK97]. The gameis playedon a finite
statespaceandproducesan infinite path: in eachround,
dependingon the currentstateof the game,the moves
of oneor both playersdeterminethe next state[Sha53].
Questionsthatmay interestus aboutsuchgamesinclude
thefollowing: Doesplayer1 (say, a process)havea strat-
egy to meeta specification(say, acquirea resource)no
matterhow player2 (the otherprocesses)behave? Does
player2 (say, acontroller)haveastrategy to keepplayer1
(theprocess)from violating a specification?Following a
successfultradition,we focuson � -regularspecifications.
Dependingon thecomplexity of thespecification,we can
classify the resulting gamesas safety ( � ), reachability
( � ), Büchi ( ��� ), co-Büchi ( ��� ), or Rabin-chain(cer-
tainrestrictedbooleancombinationsof ��� and ��� ). The
significanceof Rabin-chainspecifications(winning con-
ditions) is that every finite-stategamewith an � -regular
winning conditioncanbe reducedto anotherfinite-state
gamewith a Rabin-chaincondition(this is essentiallybe-
causeevery � -regularpropertycanbe specifiedby a de-
terministicRabin-chainautomaton)[Mos84, Tho90]. For
example, the “receptiveness”condition [Dil89], that no
environmentcaninvalidatethefairnessassumptionsabout
acomponent,yieldsaBüchigamein thecaseof weakfair-
ness,anda Rabin-chaingamein the caseof strongfair-
ness.

Systemsin which the interactionbetweenthe com-
ponentsis asynchronousgive rise to turn-basedgames,
where in each round only one of the two playerscan
chooseamongseveral moves. On the other hand,syn-
chronousinteractionleadsto concurrent games,where
in eachround both playerscan choosesimultaneously
andindependentlyamongseveralmoves[AHK97]. Both
typesof gamescanbe playedwith deterministicor ran-
domizedstrategies. A player that usesa deterministic
strategy mustselectamovebasedon thecurrentstateand
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on thehistoryof thegame.A playerthatusesa random-
izedstrategy selectsnotamove,but aprobabilitydistribu-
tion over moves;themove to beplayedis thenchosenat
random,accordingto thedistribution. Randomizedstrate-
gies are not helpful for winning turn-basedgames,but
they canbehelpful for winningconcurrentgames.To see
this,considertheconcurrentreachability( � ) gamecalled
MATCHBIT: in eachround,both playerssimultaneously
andindependentlychoosea bit (0 or 1); thewinning con-
dition is satisfiedif thetwo bits matchin any round. For
eachdeterministicstrategy of player 1, thereis a corre-
spondingstrategy for player2 thatpreventsplayer1 from
winning(thestrategy for player2 alwayschoosesadiffer-
ent bit thanthe onechosenby the strategy for player1).
However, if both playerschoosetheir bits truly simulta-
neouslyand independently, then it is extremely “lik ely”
that thechosenbits will matchin someround. This intu-
ition canbecapturedmathematicallyby randomization:if
player1 choosesher bits at random,with uniform prob-
ability, then player 1 wins with probability 1/2 at each
round,andshecanwin thegamewith probability1.

We study concurrentgames, played with random-
ized strategies: concurrent,as simultaneous,indepen-
dent choice of moves is neededto adequatelymodel
synchronoussystems;playedwith randomizedstrategies,
as randomizedchoiceof moves is neededto adequately
analyzethe simultaneous,independentchoiceof moves
[Sha53]. Our main result is to solve concurrentRabin-
chaingames,playedwith randomizedstrategies. Theso-
lution wepresentappliesbothto deterministicconcurrent
games,in which the currentstateand the moves deter-
mineauniquesuccessorstate,andto probabilisticconcur-
rentgames,in which the currentstateandthe movesde-
terminea probability distribution for the successorstate.
Probabilisticconcurrentgamesgeneralizeseveralmodels,
includingMarkov chains,Markov decisionprocesses,de-
terministicaswell asprobabilisticturn-basedgames,and
deterministicconcurrentgames.Previously, solutionsto
gameshavebeenknown only for (1) all varietiesof deter-
ministic turn-basedgames[BL69, GH82, EJ91, Tho95],
(2) concurrentRabin-chaingames,playedwith determin-
istic strategies(thesegamescanbesolvedlike turn-based
games)[AHK97], and(3) concurrentreachabilitygames,
playedwith randomizedstrategies [dAHK98]. We note
that alreadythe casefor probabilistic turn-basedgames
wasopen,eventhoughthesegamescanbeanalyzedwith
deterministicstrategies.

For deterministic games,played with deterministic
strategies,thereis only a single“mode” of winning: the
uniqueoutcomeof thegameeitherdoesordoesnotsatisfy
the winning condition. For fixed randomizedstrategies,
there are many possibleoutcomesand thereforemany
modesof winning: player1 canensurea win with prob-

�
hide

hide� wait

�
home

run � throw�
wet

hide� throw
run � wait

Figure1: GameSKIRMISH

ability 1 (asin the gameMATCHBIT), or with probabil-
ity greaterthan7/8, etc. We areinterestedin the follow-
ing “qualitative” modesof winning [dAHK98]: sure-win
(player1 hasa strategy which guaranteesthatall possible
outcomessatisfythewinningcondition),almost-sure-win
(player1 hasastrategy whichguaranteesawin with prob-
ability 1), andlimit-win (for eachreal ����� , player1 has
astrategy whichguaranteesawin with probability ����� ).
The limit mode is illustrated by the reachabilitygame
SKIRMISH, which is derived from a gameof [KS81]:
player1 is hiding;hergoalis to runandreachhomewith-
out beinghit by a snowball; player2 is armedwith a sin-
gle snowball. Therearethreestates,� wet,

�
hide, and � home,

andthewinning conditionis � � home. Theonly statewith
more than one move for either player is the state � hide,
whereplayer 1 mustchoosebetweenhide and run, and
player2 mustchoosebetweenwait andthrow. Theeffects
of themovesareshown in Figure1. To seethat from the
state � hide player1 canlimit-win, given any ����� , sup-
posethatplayer1 choosesrun with probability � andhide
with probability � �!� . On theotherhand,player1 cannot
almost-winfrom �

hide: if sheneverchoosesrun, sherisks
thatplayer2 alwayschooseswait, confiningher in � hide;
if in any roundshechoosesrun with positive probability,
then the strategy of player 2 that choosesthrow in that
roundcausesherto losewith positiveprobability.

We provide algorithmsthat compute,given a concur-
rentprobabilisticRabin-chaingame,thesetsof sure-win,
almost-sure-win,andlimit-win statesfor eachplayer. All
threesetscan be computedin time �����"�#
 , where � is
the size of the gamestructureand � is the numberof
pairsin the Rabin-chaincondition. While this complex-
ity is in line with thesolutionfor turn-basedRabin-chain
games[EJ91], our algorithmsareconsiderablymore in-
volvedthanthosefor turn-basedgames.This hasseveral
reasons.

First, while turn-basedgamesaredetermined[BL69]
(in every state,eitherplayer1 hasa “winning” strategy,
which guaranteesa win no matterwhatplayer2 does,or
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player2 hasa “spoiling” strategy, which guaranteesthat
thewinning conditionis violatedno matterwhatplayer1
does),concurrentgamesaregenerallynotdetermined.For
example,in the gameMATCHBIT, neitherdoesplayer1
have a winning strategy nor doesplayer2 havea spoiling
strategy. Insteadof determinacy, concurrentgamesexhibit
amorecomplex form of duality, whichis basedonthefol-
lowing modesof losing:exist-loss(player2 hasastrategy
that guaranteesthat somepossibleoutcomeof the game
is a loss),positive-loss(player2 hasa strategy thatguar-
anteesa losswith positive probability),andbounded-loss
(player2 hasa strategy thatguaranteesa losswith proba-
bility � for some�$�%� ). We show that for all concurrent
Rabin-chaingames,the sure-win statesare the comple-
mentof theexist-lossstates,thealmost-sure-winstatesare
the complementof the positive-lossstates,andthe limit-
win statesarethecomplementof thebounded-lossstates.

Second, in sharp contrast with turn-basedgames
[BL69], the limit-winning strategies for a concurrent
gamemayrequireaninfinite amountof memoryaboutthe
history of the game. This phenomenonoccursnot with
reachabilitybut with Büchi games. Consideragainthe
gameSKIRMISH, togetherwith theBüchi winningcondi-
tion ��� � home. Thelimit-win statesare � homeand � hide. As
explainedabove,for every � , from �

hide player1 canreach�
homewith probabilityat least �&�'� . However, if player1

usesthe sameprobability � to chooserun in every visit
to � hide, by alwayschoosingthrowplayer2 canensurethat
theprobabilityof infinitely many visits to � home is 0. The
proof that thereareno finite-memory(ratherthanmemo-
ryless)winning strategiesfollowsa similar argument.On
theotherhand,for �(�)� , aninfinite-memorystrategy that
ensureswinningwith probabilityat least �*�+� canbecon-
structedasfollows: for ,.-)� , let �0/213�4�+56�4�&�0798;:=<=>@?6ACB ,
sothat D'E/GF;H 56�&���0/I7�1J�&��� ; then,at � hide, chooserun
with probability �0/ , where , is thenumberof prior visits
to � home. Thus,theconstructionof winning strategiesfor
concurrentgamesoftenhingeson theanalysisof thelimit
behavior of infinite-memoryrandomizedstrategies.In the
paper, weprovideacompletecharacterizationof thetypes
of winning andspoilingstrategiesneededfor thevarious
subclassesof concurrentgames.

Third, the fact that both playerscan chooseamong
several moves at a state breaksthe standardrecursive
divide-and-conquerapproachto thesolutionof turn-based
Rabin-chaingames[McN93, Tho95]. For example,the
setof statesfrom which player1 cannotreacha goal no
longer forms a propersubgame.Our algorithmsare in-
steadpresentedin symbolicform, using K -calculusnota-
tion, which, asfirst remarked in [EJ91], offers a power-
ful tool for writing andanalyzingalgorithmsthattraverse
statespaces.It alsosuggestsa way for implementingthe
algorithmssymbolically, potentiallyenablingtheanalysis

of systemswith largestatespaces[BCM L 90].

2 Games

For afinite set M , aprobabilitydistributionon M is afunc-
tion NPOQMSRTVU �Q�W�GX suchthat Y[Z]\0^&N_5a`47�1b� . We denote
thesetof probabilitydistributionson M by cd5eMf7 . Given
a distribution Nhgicd5eMf7 , we denoteby Supp5jNk721ml]nhgMpo;N_5qnr7s�t�Qu the supportof N . A (two-player)game
structure v[1xwzy{� Moves: � Moves> �=| : �=| > �eNr} consistsof
thefollowing components:~ A finite statespacey .~ Two finite setsMoves: , Moves> of moves. For con-

venience,weassumeMoves: � Moves> 1[� .~ Two move assignments|��!OfyxRT�� Moves��� � , for� g�l������Cu . Theassignment|�� associateswith each
state � g�y the nonemptyset | � 5 � 7�� Moves� of
movesavailableto player

�
at state� .~ A probabilistictransitionfunction N2O�y)� Moves: �

Moves> RT�cd5zy 7 , which associateswith every state� gmy and moves ` : g�| : 5 � 7 and ` > g�| > 5 � 7 a
probability distribution N�5 � ��` : �=` > 7�g�cd5zy 7 for the
successorstate.

At everystate� gsy , player1 choosesamove ` : g�| : 5 � 7 ,
andsimultaneouslyandindependentlyplayer2 choosesa
move ` > g�| > 5 � 7 . Thegamethenproceedsto thesucces-
sor state � with probability N�5 � �=` : ��` > 7G5a�67 , for all ��g�y .
For all states� g�y and moves ` : gb| : 5 � 7 and ` > g| > 5 � 7 , we indicateby �45 � �=` : ��` > 7.1 Supp5jN_5 � �=` : ��` > 767
the set of possiblesuccessorsof � when moves ` : , ` >
are selected. A path of v is an infinite sequence� 1� H � � : � � > ���W��� of statesin y suchthat for all ,i-3� , there
are moves ` / : gp| : 5 � / 7 and ` /> g�| > 5 � / 7 such that� / L�: g��45 � / �=` / : ��` /> 7 . Wedenoteby � thesetof all paths.

Wedefinethesizeof thegamestructurev to beequalto
thenumberof entriesof thetransitionfunction � ; specif-
ically, o v#o+1�Y[��\���Y%Z]\I� B � � 
 Y[�6\I�0� � � 
 o �45 � �=`r�@�G7�o .
Notethatthisdefinitionassumesthattheprobabilitynum-
berscanberepresentedin constantspace;thisassumption
is conservativewith respectto theupper-boundcomplex-
ity resultsthat we presentin the paper. We say that a
gamestructure v is turn-basedif at every stateat most
oneplayercanchooseamongmultiple moves;thatis, for
every state� g�y thereexistsat mostone

� gil��0�@�Cu witho |��65 � 7Wok��� . We saythata gamestructurev is determin-
istic if o �45 � �=` : ��` > 7�o�1 � for all � g�y andall ` : g�| : 5 � 7 ,` > g�| > 5 � 7 .
2.1 Strategies

A strategy for player
� g¡l��0�@�Cu is a mapping¢£�£Ory L�RTcd5 Moves�¤7 thatassociateswith every nonemptyfinite se-
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quence¥¦gmy§L of states,representingthe pasthistory
of the game,a probability distribution ¢£��5a¥*7 usedto se-
lect the next move. Thus, the choiceof the next move
can be history-dependentand randomized. For all se-
quences¥�g�y�¨ and states � g©y , we require that
Supp5a¢ � 5a¥ � 767s�t| � 5 � 7 . We denoteby ª � the setof all
strategiesfor player

� g�l������Cu .
Given a state � g%y andtwo strategies ¢ : g[ª : and¢ > g�ª > , we defineOutcomes5 � �=¢ : �6¢ > 7$�m� to be the

setof pathsthat canbe followed by the game,whenthe
gamestartsfrom � and the playersusethe strategies ¢ :
and ¢ > . Formally, � H � � : � � > �����W�Pg Outcomes5 � �=¢ : �6¢ > 7
if � H 1 � and if for all ,S-«� thereexist moves ` / : g| : 5 � / 7 and ` /> g¬| > 5 � / 7 suchthat ¢ : 5 � H �����W��� � / 7G5a` / : 7�� , ¢ > 5 � H �W�����W� � / 7�5a` /> 7h�®� , and N�5 � / �=` / : �=` /> 7�5 � / L�: 7h�� . Oncethe startingstate � andthe strategies ¢ : and ¢ >
for the two playershave beenchosen,they give rise to a
probabilityspaceover thepaths.Hence,theprobabilities
of eventsare uniquely defined,wherean event ¯°�®�
is a measurableset of paths. For an event ¯x�±� , we
denoteby Pr² B�³ ² �� 5q¯_7 the probability that a pathbelongs
to ¯ whenthegamestartsfrom � andtheplayersusethe
strategies ¢ : and ¢ > . We distinguishthe following types
of strategies:~ A strategy ¢ for player

� g)l������4u is deterministicif
for all ¥mgby§L thereexists `Sg Moves� suchthat¢ 5e¥*7G5a`47#1S� .~ A strategy ¢ is memorylessif ¢ 5e¥ � 7´1�¢ 5 � 7 for all� g�y andall ¥�g�y ¨ .~ A strategy ¢ is finite-memoryif thedistribution cho-
senateverystate� gsy dependsonly on � itself, and
on a finite numberof bits of informationaboutthe
pasthistoryof thegame.

We indicatewith ªfµ , ªf¶ , ªf· the classesof determin-
istic, memoryless,and finite-memorystrategies; we letª&µ�¶¦1[ª&µ � ª2¶ , andwelet ªf¸ (for history-dependent)
betheclassof all strategies.

2.2 Winning conditions

Weconsiderwinningconditionsexpressedby LTL formu-
las, whoseatomicpropositionscorrespondto subsetsof
states.Wewrite � o 1[¹ to denotethefactthatapath � sat-
isfiesa winning condition ¹ . Givena winning condition¹ , we denoteby U U ¹�X X_1bl � g��3o � o 1S¹�u thesetof paths
thatsatisfy ¹ . For all initial states� g�y , thesetof pathsl � H�� � : � � > ���W����gbU U ¹�X X�o � Hs1 � u is measurable[Var85].
Given an initial state � gºy anda winning condition ¹ ,
we considerthefollowing winningmodesfor player1:

Sure. We saythat player1 wins surely if the playerhas
a strategy to ensurethat ¹ holdson every path, or» ¢ : g�ª : �G¼r¢ > g�ª > � Outcomes5 � �=¢ : �6¢ > 7��ºU U ¹�X X .

Almost. We say that player 1 wins almostsurely if the
player hasa strategy to win with probability 1, or» ¢ : g�ª : �@¼r¢ > g!ª > � Pr² B�³ ² �� 5=U U ¹�X X½7�1 � .

Limit. Wesaythatplayer1 winslimit surely if theplayer
hasastrategy to win with probabilityarbitrarilyclose
to 1, or ¾=¿QÀ ² B \IÁ B

Â"Ã4Ä ² � \IÁ � Pr² B ³ ² �� 56U U ¹�X Xq7�13� .
Bounded. We say that player 1 winsboundedly

if the player has a strategy to win with
probability bounded away from 0, or¾6¿ÅÀ ² B \IÁ B

Â"Ã4Ä ² � \IÁ � Pr² B ³ ² �� 5=U U ¹�X X½7Æ�Ç� .
Positive. Wesaythatplayer1 winspositivelyif theplayer

has a strategy to win with positive probability, or» ¢ : g�ª : �@¼r¢ > g!ª > � Pr² B�³ ² �� 5=U U ¹�X X½7��)� .
Existential. We say that player 1 winsexistentially

if the player has a strategy that en-
sures that at least one path satisfies ¹ , or» ¢ : g�ª : � ¼r¢ > g�ª > �Outcomes5 � �=¢ : �6¢ > 7 � U U ¹�X X�È1�� .

Analogousdefinitionsapply for player 2. We abbrevi-
ate the winning modesby sure, almost, limit, bounded,
positive, and exist. We call thesewinning modesthe
qualitativewinning modesbecausethey canbe decided
without resortingto numericalcomputation,as will be
shown in the course of the paper. Using a nota-
tion derived from alternating temporal logic [AHK97],
given a player

� g l��0�@�Cu , a winning mode É gl sure� almost� limit � bounded� positive� existu and a win-
ning condition ¹ , we denoteby w w � } }6Ê#¹ the setof states
from which player

�
can win in mode É the gamewith

winningcondition ¹ . For eachplayer
� g�l��0�@�Cu andwin-

ningcondition ¹ , thecontainmentshold:

w w � } } sure ¹Ë�Sw w � } } almost ¹h�ºw w � } } limit ¹
�)w w � } } bounded¹Ë�Sw w � } } positive ¹Ë�Sw w � } } exist ¹Ë�

In general this containment cannot be strengthened
to equality, even for deterministic concurrent games
[dAHK98]. We presenttwo theoremsthatsummarizethe
relationsbetweenthesesetsof winning states;the theo-
remsfollow from thealgorithmsandargumentspresented
in the later sections. The first theoremstatesthat, for
turn-basedgames,someinclusionscan be strengthened
to equalities.

Theorem1 For every LTL formula ¹ , and for
� gl��0�@�Cu , thefollowing assertionshold:

1. For probabilistic turn-based games, we havew w � } } almost ¹�1�w w � } } limit ¹ .

2. For deterministic turn-based games, we havew w � } } sure ¹i13w w � } } almost ¹¬1 w w � } } limit ¹ .

Thefirstpartof thetheoremis aconsequenceof theresults
presentedin the following sections;the secondpart fol-
lows from the determinacy resultsof [BL69] (exceptfor
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the terminology). The secondtheoremexpressesthe du-
ality betweenthewinning conditionsfor players1 and2.
For convenience,givensubsetsÌ : �=Ì > �ºy of states,we
write Í{Ì : for y � Ì : , and Ì :rÎ Ì > , Ì :rÏ Ì > for Ì :£� Ì > ,Ì :§Ð Ì > , respectively.

Theorem2 (Duality Theorem) For everyLTL formula¹ , wehave:

w w6�]} } sure ¹�1%Í�w wz�0} } exist Í{¹
w wÑ�Ò} } almost ¹�1%Í�w wz�0} } positive Í{¹
w wÑ�]} } limit ¹�1%Í�w wz�0} } bounded Í{¹Ç�

For a mode ÉxgÓl sure� almost� limit � bounded� positive�
existu , definethe dual ÔÉ of É by sure 1 exist, almost 1
positive, limit 1 bounded, and É.1%É . In view of thedual-
ity theorem,in this paperwe will focuson algorithmsfor
computingthewinning stateswith respectto thewinning
conditionssure, almost, andlimit.

In the following sections,we considerwinning con-
ditions that consistin safetyandreachabilityproperties,
andon winning conditionsthatcorrespondto theaccept-
ing criteria of Büchi, co-Büchi, andRabin-chain(or par-
ity) automata[Mos84, Tho90]. We call gameswith such
winning conditionssafety, reachability, Büchi, co-Büchi,
and Rabin-chain games,respectively. We remark that
the ability of solving gameswith Rabin-chainwinning
conditionssufficesfor solving gameswith respectto ar-
bitrary � -regular winning conditions. In fact, we can
encodea general � -regular condition as a deterministic
Rabin-chainautomaton.By takingthesynchronousprod-
uct of the automatonand the original game,we obtain
an(enlarged)gamewith aRabin-chainwinningcondition
[Tho95, LW95, KPBV95, BLV96]. The set of winning
statesof the original structurecanbe computedby com-
putingthesetof winningstatesof this enlargedgame.

2.3 Winning and spoiling strategies

For É¬ghl sure� almost� positive� existu , a É -winningstrat-
egy is a strategy for player1 that realizesthe existential
quantifierin the definitionsof sure,almost,positive, and
existentialwinning modesfor all � gJw w6�]} }6Ê�¹ . A limit-
winningfamily of strategiesfor ¹ is a family lW¢ : U �ÒX{o]�+��4u of strategiesfor player1 suchthatfor all reals�+�Ç� , all
states� gÇw w6�]} } limit ¹ , andall strategies ¢ > of player2, we
havePr² B�Õ ÖØ×Ù³ ² �� 56U U ¹�X Xq7�-%�Å�P� . A bounded-winningstrategy
for ¹ is a strategy ¢ : suchthat,for some�d�%� , we have
Pr² B�³ ² �� 56U U ¹�X Xq7��h� for all strategies ¢ > of player2. A spoil-
ing strategy for player2 for condition ¹ andmode ÉSgl sure� almost� limit � bounded� positive� existu is a (family
of) winning strategiesfor player2, for condition Í{¹ , and
for mode ÔÉ . We areinterestedin determiningthesmallest

classof strategies in which winning andspoiling strate-
giesareguaranteedto exist, with respectto theinclusionsª&µ�¶��Jª2¶Ú��ª&·J�Jªf¸ . The following lemmawill
be usedto show that, for several typesof games,finite-
memoryspoilingstrategiesfor almostmodemaynot ex-
ist. The lemmais proved by noting that a gameunder
a fixed finite-memorystrategy is equivalentto a Markov
decisionprocess,andusingresultsfrom [CY90, BdA95].

Lemma 1 Considerany concurrent game v and any
LTL formula ¹ . If player 2 hasa finite-memoryspoiling
strategy for modealmostand for ¹ , then w wÑ�]} } almost ¹�1w w6�]} } limit ¹ .

3 Safetyand Reachability Games

In this sectionwe summarizesomeresultson concurrent
safetyandreachabilitygamesfrom [dAHK98]. Thepre-
sentationis rephrasedsignificantly, in a framework that
allows us to extend the resultsto Büchi, co-Büchi, and
Rabin-chainwinningconditions.

3.1 Safetygames

The winning conditionof a safetygameis a formula of
theform � Ì , whereÌ���y is a subsetof states.To solve
thesegames,weusethecontrollablepredecessoroperator
Pre: O�� � RT®� � , definedfor all � g�y and ÛÜ�¡y by:

� g Pre: 5aÛ�7 iff
» `$g�| : 5 � 79� ¼;�&g�| > 5 � 79� �45 � �=`r�@�G7#�ÇÛ'�

(1)
Thesubscript� of Pre: indicatesthat thepredecessorop-
eratorrefersto player1; wecandefinePre> by exchanging
thesubscripts1 and2 in (1). Thesetof winningstatescan
becomputedby the K -calculusexpressionw w6�]} } sure � Ìm1w w6�]} } almost � Ì�13w wÑ�Ò} } limit � Ì�1�ÝCÛ���5 Pre: 5qÛ�7 Î Ì+7 . The
followingtheoremsummarizestheresultsonsafetygames
[dAHK98].

Theorem3 Thefollowingassertionshold.

1. w w6�]} } sure � ÌÞ1ßw wÑ�Ò} } almost � ÌÞ1àw w6�]} } limit � Ì , and
for Éºg3l sure� almost� limit u , we have w wÑ�Ò} } Ê � ¹�1w wz�0} }9áÊ � Í{¹ .

2. The complexity of computing w w6�]} } sure � ¹ , and the
mostrestrictiveclassesin which winningandspoil-
ing strategiesareguaranteedto existaregivenin Ta-
ble1(a).

ThepredecessoroperatorPrehasbeendefinedon theba-
sisof the movesavailableto both players. However, ac-
cordingto our definitionof strategy, at eachstatea player
choosesa distribution over the moves,ratherthana sin-
gle move. Hence,it is naturalto rephrasethe definition
in termsof distributionsover moves;sucha formulation
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Complexity Winning Spoiling

Sure â$5a��7 ª µ�¶ ª ¶
Almost â$5a��7 ªfµ�¶ ªf¶
Limit â$5a��7 ªfµ�¶ ªf¶

(a)Safetygames.

Complexity Winning Spoiling

Sure â$5a��7 ª µ�¶ ª ¶
Almost â$5a�*>]7 ªf¶ ª&¸
Limit â$5a�*>]7 ªf¶ ªf¶

(b) Reachabilitygames.

Complexity Winning Spoiling

Sure â$5a� > 7 ª µ�¶ ª ¶
Almost â$5a�*>]7 ªf¶ ª&¸
Limit â$5a�*>]7 ª&¸ ªf¶

(c) Büchi games.

Complexity Winning Spoiling

Sure â$5a� > 7 ª µ�¶ ª ¶
Almost â$5a�*ã]7 ªf¶ ª&¸
Limit â$5a�*ã]7 ªf¶ ª&¸

(d) Co-Büchi games.

Complexity Winning Spoiling

Sure â.5q� >�� 7 ª µ�¶ ª ¶
Almost â$5a�*>=��L�:W7 ª&¸ ª&¸
Limit â$5a�*>=��L�:W7 ª&¸ ª&¸

(e) Rabin-chaingames.

Table1: Upperboundsfor the time complexity of solv-
ing � -regular games,and typesof winning andspoiling
strategies; � is the sizeof the gameand, in Rabin-chain
games,� is thenumberof acceptingpairs.

will alsogeneralizeto thepredecessoroperatorsrequired
to solveothertypesof games,suchasreachabilitygames.
For � ghy , ÛÚ��y , ä : g¬cd5e| : 5 � 767 , and ä > gicd5a| > 5 � 767

wedenoteby

åPæ B�³ æ �� 5aÛ�7 1 çZÒ\I� B � � 

ç�6\I�0� � � 


çè \0é ä : 5a`47Cä > 5z�G7ÒN�5
� �=`r���G7�5q�67

the one-roundprobability of a transition into Û when
players1 and2 play at � with distributions ä : and ä > , re-
spectively. With thisnotation,for all Û±��y thedefinition
of Precanberephrasedas

� g Pre: 5qÛ�7 iff» ä : g!cd5e| : 5 � 767 �@¼rä > gdcd5e| > 5 � 767{� åPæ B�³ æ �� 5qÛ�7 1 ��
3.2 Reachability games

Thewinning conditionof a reachability gameis aneven-
tuality formula � Ì , where Ì��êy is a subsetof states.
Reachabilitygamesaremorecomplex thansafetygames,
since the setsof sure, almost, and limit-winning states
do not coincide [dAHK98]. To computethesesetsof
winning states,we introducethreepredecessoroperators
Spre� Apre� Lpre O_� � �i� � RTë� � , correspondingto the
winningmodessure, almost, andlimit. Thesepredecessor
operatorsaredefinedin Table2. We candefinesymmet-
rical operatorsfor player2 by exchangingthe subscripts
1 and2 in thedefinitions.We notethat for all Ûs��ì¦�Sy
we have Spre� 5eì��=Û�7�1 Pre� 5qÛ�7 for

� gil��0�@�Cu ; thenota-
tion Spre� 5eì��=Û�7 hasbeenintroducedonly for notational
uniformity. For mode ÉÇg�l sure� almost� limit u andcon-
dition � Ì , whereÌ���y , thesetof winningstatescanbe
computedby:

w w6�]} }6Ê � Ì�1%Ý4ìS�WK;Û¦��5eÉ pre: 5eì��=Û�7 Ï Ì(7 (2)

where É pre is Spreif É�1 sure, Apre if É�1 almost, and
is Lpre if É¡1 limit. Using the equalitySpre: 5eì��=Û�7´1
Pre: 5qÛ�7 for all Ûs�=ì , in thecaseof surereachability(2)
reducesto w w6�]} } sure � Ìí1®K;Ûp�;5 Pre: 5qÛ�7 Ï Ì(7 , which
is thestandardformulafor turn-basedreachabilitygames
[TW68]. Except for the notation, thesealgorithmsare
equivalentto thosegivenin [dAHK98].

Intuitively, the algorithmscan be understoodas fol-
lows. For the modesure, formula K;Ûî�£5 Pre: 5aÛ�7 Ï Ì+7
computesateachiteration

�
thesetof statesthatcanreachÌ surelyin at most

�
rounds. For the modealmost, for-

mula(2) statestheexistenceof a set ìx1¦w w6�]} } almost � Ì ,
and of a seriesof sets Ì 1ïÛ :xð Û >±ðòñ�ñ�ñ)ðÛ / 1�ì . For ��ó ��ô , , the set Û�� is obtainedbyÛ � 1 Apre: 5aì��6Û � 8;: 7 . The operatorApre: 5aì��6Û � 8;: 7
statesthatplayer1 canplayadistributionovermovesthat
ensuresthat ì is not left, andthatwith someprobabilityÛ � 8;: is entered.Hence,from every stateof ì thereis a
positiveprobabilityof reachingÌ in atmost , rounds,and
since ì is never left, theprobabilityof eventuallyreach-
ing Ì is 1. Thealgorithmfor modelimit is similar, except

6



� g Spre: 5eì��=Û�7 iff
» ä : g!cd5a| : 5 � 7=7§�@¼kä > gdcd5a| > 5 � 7=7{� å æ B ³ æ �� 5aÛ�7 1S�

� g Apre: 5eì��=Û�7 iff
» ä : g!cd5a| : 5 � 7=7§�@¼kä > gdcd5a| > 5 � 7=7{��U åPæ B�³ æ �� 5aì+7 1 � Î åPæ B@³ æ �� 5qÛ�7#�¡�õX

� g Lpre: 5eì��=Û�7 iff ¼;ö¬�¡�P� » ä : gdcd5e| : 5 � 767{�G¼rä > gdcd5e| > 5 � 767{� åPæ B@³ æ �� 5aÛ�7#�¡ö åPæ B9³ æ �� 5eÍ{ì�7
Table2: Definitionof thepredecessoroperatorsSpre: , Apre: , andLpre: , for � g�y and Ûs��ì��)y .

that theoperatorLpre: 5eì��=Û�� 8;: 7 relaxestheconditionof
Apre: 5aì��6Û�� 8*: 7 by allowing a probabilityof escapefromì , provided the probability of progressto Û � 8;: canbe
madearbitrarily largerthantheprobabilityof escapefromì . This arbitrarily large ratio accountsfor beingableto
reachÌ with probabilityarbitrarily closeto 1.

TheoperatorSprecanbecomputedlikePre.Thecom-
putationof the operatorsApre and Lpre is presentedin
Section6. The computationalso enablesthe derivation
of the winning and spoiling (families of) strategies; we
omit the detailsdue to spacelimitations. The follow-
ing theorem,from [dAHK98], summarizestheresultsfor
reachabilitygames.

Theorem4 Thefollowing assertionshold.

1. For Ì®�my and É�gSl sure� almost� limit u , we havew wÑ�Ò} }=Ê � Ìb1�Í�w we��} }9áÊ � Í{Ì .

2. The complexity of computingthe sets of winning
states,andthemostrestrictiveclassesin which win-
ning and spoiling strategiesare guaranteedto exist
aregivenin Table1(b).

4 Büchi and Co-Büchi Games

4.1 Büchi games

The winning condition of a Büchi game is a formula��� Ì , where Ì÷�Vy is a subsetof states. For ÉÓgl sure� almost� limit u and Ì���y , thesetof winningstates
canbecomputedas:

w wÑ�]} }6Ê ��� Ìb1 (3)

Ý4ìS��K;Ûx�;øa5zÍ{Ì Î É pre: 5aì��6Û�767 Ï 5aÌ Î Pre: 5aì(7=7¤ùP�
For És1 sure, this expressionreducesto w wÑ�Ò} } sure ��� Ì�1Ý4ìt�4K;Ûú�*U	5zÍ{Ì Î Pre: 5qÛ�7=7 Ï 5aÌ Î Pre: 5eì(7=7¤X , which
coincideswith the solution of [EJ91]. For the mode
almost, formula (3) statesthe existenceof a set ìû1w wÑ�]} } almost ��� Ì , andof a seriesof setsÛ : ð Û > ð%ñWñ�ñ£ðÛ$/ü1�ì . Since É pre: 5aì�����7�1%� , we have Û : �¡Ì ; fromÛ : , the operatorPre: 5aì(7 ensuresthat ì is not left. For�ó ��ô , , theoperatorApre: 5aì��6Û�� 8;: 7 ensuresthat ì is

not left, andthatwith someprobability, from Û�� we pro-
ceedto Û�� 8;: . Hence,from everystateof ì thereis apos-
itiveprobabilityof reachingÌ in at most , rounds.Sinceì is never left, the probability of eventuallyreachingÌ
infinitely oftenis 1. Thealgorithmfor modelimit is simi-
lar, exceptthatfor �ó � ô , theoperatorLpre: 5aì��6Û � 8;: 7
relaxes the condition of Apre: 5aì��6Û � 8;: 7 by allowing a
probabilityof escapefrom ì , providedtheprobabilityof
progressto Û�� 8;: canbe madearbitrarily larger thanthe
probabilityof escapefrom ì . We donotneedto relaxthe
conditionfor Û : , writing for instanceÌ Î Lpre: 5aì��=ì(7 . In
fact,we have Lpre: 5eì���ì´7P1 Pre: 5eì(7 : if the probability
of leaving ì canbemadearbitrarily small, thenPre: 5aì+7
holds. Thefollowing theoremsummarizesthe resultsfor
Büchi games.

Theorem5 Thefollowingassertionshold.

1. For Ìp��y and É[gSl sure� almost� limit u , we havew w6�]} }6Ê ��� Ì�1[Í�w we��} }9áÊ �(� Í{Ì .

2. The complexity of computingthe sets of winning
states,andthemostrestrictiveclassesin which win-
ning and spoiling strategiesare guaranteedto exist
aregivenin Table1(c).

Thewinningandspoilingstrategiescanbeconstructedon
thebasisof the K -calculusexpression(3) andof theprede-
cessoroperatorsappearingin it; weomit theconstructions
dueto lack of space.

4.2 Co-Büchi games

The winning conditionof a co-Büchi gameis a formula
of the form �+� Ì , where Ìý�þy is a subsetof states.
The solution for sure co-Büchi gamescoincideswith
the solution for deterministicturn-basedgames[EJ91]:w w6�]} } sure �(� Ìÿ1�K;Û©�£Ý4ì°��U"5aÌ Î Pre: 5aì+767 Ï 5zÍ{Ì Î
Pre: 5qÛ�767¤X .

To gain some intuition about co-Büchi gamesfor
modesalmostand limit, considerthe gamesdepictedin
Figure2. State � : is the only stateat which the players
canchooseamongmorethanonemove;in bothgameswe
have | : 5 � : 7�1�l]`r���õ���Òu and | > 5 � : 7�1�l � ��������u ; thewin-
ning condition is �(� l � H � � : � � > u . Intuitively, from state� : , therearethreetypesof transitions:successtransitions
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`r����Ò����õ� �
`r����Ò� � �õ����Ò� �
`r����Ò����õ� � �I����õ���`r� ���� � H

� >

� :

� ã

Í{Ì Ì

Ì

Ì

Í{Ì

�I����õ���`r� ���� � H

� >

� :

� ã

Í{Ì Ì

Ì

Ì

Í{Ì

v : O v > O

�õ���
`r���

Figure 2: Co-Büchi gamesv : and v > . State � : is the only stateat which the playerscan chooseamongmore than
onemove; in both gameswe have | : 5 � : 7+1Ól]`r���Ò���Òu and | > 5 � : 7�1«l � ��������u . The winning conditionis �(� Ì , whereÌ�1 l � H � � : � � > u .

to � H , failure transitionsto �	� , andnuisancetransitions
to � ã . Failure transitionscauseplayer1 to lose; success
transitionbringplayer1 closerto winning;nuisancetran-
sitionscauseplayer1 to loseonly if they arerepeatedin-
finitely often. A transitionto l � : � � > u is neutral: theout-
comeof thegamedependson whetherfailuretransitions,
or infinitely many nuisancetransitions,occur.

In game v : , player1 canwin with probability1 from� : by playingmoves ` and � with probability1/2 each.In
fact,if player1 usesthis distribution, then(a) no moveof
player2 cancausea failure transition,and(b) the prob-
ability of a successtransition is proportionalto that of
a nuisancetransition,so that the probability of infinitely
many visits to � ã is 0. On the other hand, in game v >
player1 cannotwin with probability 1 from � : . In fact,
to avoid failure player 1 must play move ` determinis-
tically; player 2 can then force infinitely many visits to� ã by playing move � .1 Nevertheless,player1 canwin
gamev > from � : with probabilityarbitrarilycloseto 1 by
playing move ` with probability ��Ç� andmove � with
probability � , andletting �Tþ� . Thisdistributionensures
that(a) theprobabilityof successcanbemadearbitrarily
largerthantheprobabilityof failureby choosing� , and(b)
for every � , the probability of successis proportionalto
theprobabilityof nuisance.Part (b) ensuresthattheprob-
ability of infinitely many nuisancetransitionsis 0; part(a)
ensuresthat the probabilityof successcanbemadearbi-
trarily closeto 1.

Thesolutionformulas(2) and(3) for reachabilityand
Büchi gamesinvolved two-argumentpredecessoropera-

1An infinite-memoryspoilingpolicy for player2 consistsin playing

at 
�� moves  and � with probability ����������� ��������� ?6ACB�� each,andmove� with probability ������������� ����� ?6ACB , where is thenumberof previous
visits to 
 � .

tors,suchasLpre: 5eì��=Û�7 . In fact,thealgorithmsfor solv-
ing thesegamesneedto consideronly two typesof transi-
tions: successtransitions(to Û ) andfailureones(to Í{ì ).
To solve co-Büchi games,we needpredecessoroperators
thattake threeargumentsÛs��ì���!º�¡y : a successfultran-
sition is onethatentersÛ ; a failure transitionis onethat
leaves ! , anda nuisancetransitionis onethat leaves ì .
Correspondingto almostand limit modes,we introduce
theoperatorsAFpre: � LFpre: O�� � �!� � ��� � RTî� � . The
definitionsreflectthepreviousanalysis.For all � g�y andÛs�=ì���![��y , we let:

� g AFpre: 5"!Æ�=ì��6Û�7 iff»$# g&% ')( H �» ä : g!cd5e| : 5 � 767{�9¼rä > gdcd5a| > 5 � 767{�*+ å æ B ³ æ �� 5�!&7 13�
Îå æ B ³ æ �� 5aÛ�7�- # å æ B ³ æ �� 5zÍ{ì+7

,-
� g LFpre: 5"!Æ�=ì��6Û�7 iff

¼köig&% ')( H � »$# g.% ')( H �» ä : g!cd5e| : 5 � 767{�9¼rä > gdcd5a| > 5 � 767{�*+ å æ B�³ æ �� 5aÛ�7�-)ö å æ B9³ æ �� 5eÍ/!f7
Îå æ B@³ æ �� 5aÛ�7�- # å æ B9³ æ �� 5zÍ{ì+7

,-
For Ì���y andmode Ésgil sure� almost� limit u , thesetof
winningstatesof co-Büchigamesis givenby:

w w6�]} } Ê �+� Ì�1%Ý0!ü� K;Ûh� Ý4ì$� *+ 5aÌ Î É Fpre: 5"!Æ�=ì��6Û�7=7Ï5eÍ{Ì Î É pre: 5"!Æ�6Û�7=7
,-

(4)
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where É Fpre: 5"!Æ�=ì��6Û�7V1 Pre: 5eì(7 if É 1 sure,É Fpre: 5"!Æ�=ì��6Û�7Æ1 AFpre: 5"!Æ�=ì��6Û�7 if É�1 almost, andÉ Fpre: 5"!Æ�=ì��6Û�7.1 LFpre: 5�!���ì��=Û�7 if ÉS1 limit. ForÉ�1 sure, the above formula reducesto the solution for
deterministicturn-basedgamesof [EJ91].

Informally, algorithm(4) canbeunderstoodasfollows.
For themodealmost, we canwrite thefixpoint ! ¨ of (4)
asan increasingsequenceof setsÛ : ð�ñ�ñWñ�ð Û$/$11! ¨
obtainedasfollows. SinceAFpre: 5�! ¨ �=ì�����721 Pre: 5eì(7
andApre: 5"! ¨ �@�07 1%� for all ì���y , thefirst setis Û : 1Ý4ì��ÒU Ì Î Pre: 5eì(7ØXk13w wÑ�Ò} } sure � Ì . For � ôÇ� ó�, , thesetÛ � L_: is obtainedfrom Û � in oneof two ways:
~ either Û�� L�: 1�Û�� Ð l � �Ñu ,

where � �#Èg�Ì and � �§g Apre: 5�! ¨ �6Û��¤7 ;~ or Û�� L�: 1�Û�� Ð ìr� ,
where ìr�§�ÇÌ and ìr�§� AFpre: 5�! ¨ �=ìr�Ñ�=Û��¤7 .

If Û � L_: is obtainedin thefirst way, thenat � � player1 can
avoid leaving ! ¨ while proceedingwith positive proba-
bility to Û � . If Û � L�: is obtainedin thesecondway, then
from ì � �ºÌ player1 canavoid leaving ! ¨ , while going
to Û�� with probability proportionalto that of leaving ìr� .
Puttingthesetwo observationstogether, we canshow by
inductionon

�
, from

� 1%,(�Ç� downto
� 1�� , that! ¨ � Û � �ºw w6�]} } almost 5 �+� 5eÌ Î 5"! ¨ � Û � 7=7 Ï � Û � 79�

This shows that ! ¨ �Ów wÑ�Ò} } almost �+� Ì , which is onedi-
rection of (4). The proof of the reversecontainmentis
basedon the complementationof the K -calculusformula
(4), andis omitteddueto spaceconstraints.

For the modelimit, we againwrite the fixpoint ! ¨ of
(4) asan increasingsequenceof setsÛ : ð Û > ðmñWñ�ñ_ðÛ$/%12! ¨ with Û : 1Vw w6�]} } sure � Ì . For � ô®� ó�, ,
set Û � L�: is obtainedfrom Û � in oneof thetwo waysde-
scribedfor modealmost, exceptthatApre is replacedby
Lpre andAFpre is replacedby LFpre. Proceedingsimi-
larly to modealmost, we canshow by inductionon

�
that! ¨ � Û��{�Sw w6�]} } limit 5 �+� 5aÌ Î 5�! ¨ � Û��a767 Ï � Û��z7 . Thisleads

to ! ¨ � w wÑ�Ò} } limit �+� Ì ; theproof of thereverseinclusion
is againbasedon the complementationof the K -calculus
expression(4). Thecomputationof operatorsAFpreand
LFpreis givenin Section6. Thefollowing theoremsum-
marizestheresultsfor co-Büchigames.

Theorem6 Thefollowing assertionshold.

1. For Ì®�my and É�gSl sure� almost� limit u , we havew wÑ�Ò} }=Ê �(� Ìb1[Í�w wz�0} }9áÊ ��� Í{Ì .

2. The complexity of computingthe sets of winning
states,andthemostrestrictiveclassesin which win-
ning and spoiling strategiesare guaranteedto exist
aregivenin Table1(d).

5 Rabin-Chain Games

Thewinningconditionof aRabin-chaingameis aformula3 1 �f8*:4
� F;H 5 ���65 > � Î Í ���65 > � L_: 7�� (5)

where � -ë� is the numberof acceptingpairs, and�b1 5 >�� � 5 >��f8;: � 5 >��&8k> � ñWñ�ñ � 5 H31ýy
[Mos84]. Perhapsa more intuitive characterizationof 3
is thatof a parity game[EJ91]. For � ôº�Æô �I�ê��� , letÌf��1 5 � � 5 � L�: be thesetof statesof color

�
. The total

numberof colorsis �õ� . Givenapath � , let Infi 5 � 7#�¡y be
thesetof statesthatoccurinfinitely oftenalong � , andlet
MaxCol5 � 7�187:9<;kl � g�l]�Å���W���G�@�õ���i�0uüoIÌf� � Infi 5 � 7fÈ1�Cu bethelargestcolorappearinginfinitely oftenalongthe
path.Then,wehave U U 3 X X�1 l � gs�So MaxCol5 � 7 is evenu .
For thewinning mode É�1 sure, thesetof winning states
canbecomputedusingtheformulaof [EJ91]:

w w6�]} } sure
3 1¡K;Û >��&8*: �WÝ4ì >��&8k> � ñWñ�ñ K;Û : �WÝQì H �= 5aÌ H Î Pre: 5aì H 767 Ï ñWñ�ñ Ï 5eÌ >��f8;: Î Pre: 5qÛ >=�f8*: 767�>��

For thewinning modesalmostandlimit, thesolutionof a
Rabin-chaingameis obtainedby recursively nestingthe
solution of the algorithm for co-Büchi games. In fact,
theco-Büchiacceptingconditioncorrespondsto a Rabin-
chaingamewith only two colors, Ì H and Ì : . In thenest-
ing, thereis one instanceof the co-Büchi algorithm for
eachacceptingpair � ôî� óþ� , correspondingto the
colors Ì > � and Ì > � L�: . Thenestinginvolvesnot only theK -calculusexpression(4), but also the definition of the
predecessoroperators.To understandthis latter nesting,
whichis akey pointof thealgorithm,let usrevisit thedef-
inition of operatorLFpre: . For Ûs�=ì���!¦�by , the opera-
tor LFpre: 5"!Æ�=ì��6Û�7 consistsof two conditions,hierarchi-
cally combined:at thetop level, thecondition weö���!��=Û�} ;
at the next (and bottom) level, the condition w # �=ì��6Û�} .
Theseconditionshave thefollowing meaning:~ The condition weö���!��=Û�} requiresthat the probabil-

ity of enteringÛ canbemadearbitrarily largerthan
theprobabilityof leaving ! , andthatthenext lower-
level conditionis alsosatisfied.Furthermore,if there
areno lower-level conditions,thentheprobabilityof
goingto Û mustbepositive.~ Thecondition w # �=ì��6Û�} requiresthateithertheprob-
ability of enteringÛ is somenon-zerofractionof the
probability of leaving ì or, if thereare lower-level
conditions,thatthenext lower-level conditionis sat-
isfied.

We write the hierarchicalcombinationof conditionsasa
sequence,startingwith the top-level condition,andpro-
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ceedingin orderof decreasinglevel. We will have:

LFpre: 5�!���ì��=Û�7§13weö���!��=Û�}@?[w # ��ì��=Û�} (6)

Lpre: 5eì��=Û�7 13weö���ì��=Û�} (7)

for all Ûs�=ìê�[y . In orderto definetheoperatorAFpre: ,
we definealsoa A -triple, for all !Æ�6ÛÜ��y :~ The condition wBA_��!��=Û�} requiresthat the probabil-

ity of leaving ! is 0, and that the next lower-level
condition is satisfied. Furthermore,if thereare no
lower-level conditions,thentheprobabilityof going
to Û mustbepositive.

With this definition,for all !Æ�=ì��6ÛÜ�¡y we will have:

Apre: 5eì��=Û�7 1�wCA{�=ì��6Û�} (8)

AFpre: 5"!Æ�=ì��6Û�7§1�wCA{��!Æ�6Û�}D?[w # ��ì��=Û�}9� (9)

Formally, to definethemeaningof a sequenceE of ö ,
#

,
and A -triples, we defineseparatelythe quantifier prefixF 5BE�7 andthe quantifier-freepart G.5HE�7 of E . The mean-
ing of thesequenceE is thendefinedby:

� g.E iff
F 5BE�7�� » ä : g.cd5e| : 5 � 767��½¼rä > g!cd5e| > 5 � 767��CG.5HE�79�

Thequantifierprefix
F 5HE�7 is definedasfollows:F 5z�07 1%�F 56weö���ì��=Û�}@?IE�7�1�5Ù¼kö é �¡�P� F 5BE�7=7F 5=w # ��ì��=Û�}@?IE�7�1�5 »$# é �)�P� F 5HE�767F 5=wCA{�=ì��6Û�}D?IE�7�1 F 5HE�7

Thequantifier-freepart G.5BE�7 is definedasfollows:G.56waö��=ì��6Û�}67 1 5 åPæ B@³ æ �� 5qÛ�7��¡ö é åPæ B9³ æ �� 5eÍ{ì�767G.56w # �=ì��6Û�}67 1 5 åPæ B@³ æ �� 5qÛ�7�- # é åPæ B@³ æ �� 5eÍ{ì(7=7G.56wCA{�=ì��6Û�}67 1 5 åPæ B@³ æ �� 5aì´7�1S� Î åPæ B@³ æ �� 5qÛ�7#�¡��7G.56weö���ì��=Û�}@?IE�7�1KJ å æ B�³ æ �� 5qÛ�7#-)ö é å æ B@³ æ �� 5eÍ{ì+7
Î G.5BE�7 LG.5=w # ��ì��=Û�}@?IE�7�1KJ å æ B�³ æ �� 5qÛ�7#� # é å æ B�³ æ �� 5eÍ{ì�7
Ï G.5HE�7 LG.5=wCA{�=ì��6Û�}D?IE�7�1 J å æ B ³ æ �� 5aì+7 1 �

Î G.5BE�7 L �
In ouralgorithms,whenthetriple w # ��ì��=Û�} occursbefore
theendof thesequence,it will alwaysbefollowedby the
triple weö���ì��=ÛNMÙ} , for some ÛNM��þy . Hence,either the
probabilityof Û is a non-zerofractionof theprobability
of leaving ì , or elsethe following triple waö��=ì��6ÛNMÙ} en-
suresthat the probability of leaving ì is either0, or can
bemadearbitrarilysmall.

5.1 Two-pair Rabin-chain games

Before presentingthe solution for generalRabin-chain
games,we presentthe solutionfor two-pair Rabin-chain
games;thegeneralsolutionwill beastraightforwardgen-
eralizationof the two-pair solution. In thesegames,we
have �p1�� andthe colorsare Ì&H��=Ì : ��Ì > , and Ì ã . For
modelimit, thesetof winningstatesis givenby:

w wÑ�Ò} } limit
3 1[Ý0!Æ� K;Û ã � ÝQì > � K;Û : � Ý4ì H � (10)*OOOOOOOOOOOO+

Ì ã�Î waö���!Æ�6Û ã }ÏÌ > Î weö���!��=Û ã }P?[w # �=ì > �6Û ã }Ï
Ì :§Î J weö���!��=Û ã }P?[w # �=ì > �6Û ã }?+weö���ì > �6Û : } L

Ï
Ì H Î J weö���!��=Û ã }@?%w # ��ì > �6Û ã }?+weö���ì > �6Û : }Q?�w # �=ì H �=Û : }RL

,	SSSSSSSSSSSS- �

The solution for modealmost is similar, except that the
triple waö���!Æ�6Û ã } is replacedwith wBA_��!��=Û ã } (theother ö -
triple is unchanged).In orderto analyzethissolution,it is
convenientto write it in thefollowing form:

w w6�]} } limit
3 1[Ý0!Æ� K;Û ã � ÝQì > � (11)TVU UW!��=Û ã �=ì > X *+ Ì ã Î waö���!Æ�6Û ã }ÏÌ > Î waö���!Æ�6Û ã }Q?�w # �=ì > �=Û ã }

,-
�

wherefor all XS�)Ì ã�Ð Ì > , we have:TYU U !Æ�6Û ã ��ì > X¤5HXf7 1¡K;Û : � Ý4ì H �*OOOOOOOO+
X
Ï

Ì :§Î J weö���!��=Û ã }P?[w # �=ì > �6Û ã }?+weö���ì > �6Û : } L
Ï

Ì H Î J weö���!��=Û ã }@?%w # ��ì > �6Û ã }?+weö���ì > �6Û : }Q?�w # �=ì H �=Û : }RL
,	SSSSSSSS- �

Note that, for all !Æ�6Û ã ��ì > ��y and X¦��Ì ãÆÐ Ì > , we
have

TYU UW!Æ�6Û ã �=ì > X¤5HXf7 1ZX Ð:[ for some[ �¡Ì&H Ð Ì : :
i.e., function

TVU U ñ XØ5BXf7 addsto X a subsetof Ì&H Ð Ì : .
Wegiveaninformalexplanationof thealgorithm,with

the aid of the examplegamedepictedin Figure3. Sim-
ilarly to co-Büchi games,the fixpoint ! ¨ of (11) canbe
written asanincreasingsequenceof setsÛ �Ù:6
ã ð Û �	>�
ã ð
ñ�ñ�ñ{ð Û � / 
ã , wherefor � ôb� óJ, , the set Û � � L�:6
ã is ob-

tainedfrom Û � � 
ã in oneof thetwo following ways:

A1. either Û � � L_:Ñ
ã 1ÓÛ � � 
ã Ð l � �Ñu , where � �$g3Ì ã and� �{giweö���! ¨ �6Û � � 
ã } ;
10
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Figure3: A Rabin-chaingamewith two-pair acceptingcondition. The colorsare Ì H ��Ì : �=Ì > ��Ì ã , with Ì H 1t� , Ì : 1l � ã u , Ì > 1Ül � H � � > u , and Ì ã 1Ül � : � ��� � � a u . The movesare | : 5 � : 7$1ÜlÒ`r���]u , | > 5 � : 7$1Ülc�õ� � u , | : 5 � ã 7$1ÜlÒ`r���Ò���Òu ,| > 5 � ã 7 1Sl � �������r�d\ru , | : 5 ��� 7 1SlÒ`£�@�]u , | > 5 �	� 7�1ºlc�õ� � u ; at states� H , � > , and � a thetwo playershaveonly onemove.

A2. or Û � � L�:6
ã 1�Û � � 
ã Ð ì � � 
> , where ì � � 
> is afixpoint of
(11) thatsatisfiesthefollowing conditions:

ì � � 
> � Ì > 13weö���! ¨ �6Û � � 
ã }Q?�w # �=ì � � 
> �6Û � � 
ã } (12)

ì � � 
> 1 TVU UW! ¨ �6Û � � 
ã ��ì � � 
> X¤5aÛ � � 
ã Ð 5eì � � 
> � Ì > 7=79� (13)

Notethat ì � � 
> �ÇÌ H Ð Ì : Ð Ì > .
In the gameof Figure 3, we have w wÑ�Ò} } limit

3 1e!f¨[1l � H � � : � � > � � ã � ��� u , andthe set ! ¨ is computedin ,�11f
steps,with Û �½:Ñ
ã 1ÿl � H u , Û �	>�
ã 1Þl � H � � : u , Û �"ã=
ã 1
l � H�� � : � � > � � ã u , Û �

� 
ã 1�l � H0� � : � � > � � ã � � � u . The states� : and � � areaddedaccordingto conditionA1 above:~ at state � : , if player 1 plays moves ` and � with
equalprobability, he canreachstate � H with proba-
bility 1/2,andleave ! ¨ with probability0;~ at state�	� , if player1 playsmove ` with probability�P�Ë� andmove � with probability � , for ����� , he
canreach� ã with probabilityat least �{�$� , andleave! ¨ with probabilityat most � .

State� H is addedtrivially accordingto conditionA2. The
nontrivial caseis for ì �	>�
> 1°l � > � � ã u , addedto Û �	>�
ã 1l � H � � : u accordingto conditionA2. Thiscaseis explained
below.

For
� g«l��0�W���W�G��,'�b�0u , assumethat ì � � 
> hasbeen

addedaccordingto condition A2. At ì � � 
> � Ì > , as in

the caseof co-Büchi games,the gameproceedsto Û � � 
ã
with probabilityarbitrarily largerthanthatof leaving ! ¨ ,
andequalto at leastafractionof theprobabilityof leaving

ì � � 
> Ð ÛË� � 
 . At thestates� g!ì � � 
> � 5aÌfH Ð Ì : 7 , theprede-
cessoroperatorscorrespondto thenestingof two games:
thetop co-Büchi gamewith colors Ì ã and Ì > andobjec-
tive �+� Ì > , andabottompseudo-co-B̈uchigamewith col-
ors Ì H andÌ : , andobjective � 5qÛ � � 
ã Ï 5aì � � 
> Î Ì > 7 Ï � Ì H 7 .
Thesecondgamecorrespondsto expression(13). We can
show that,unlessplayer2 playsso thatplayer1 canwin
the top game,player 1 can win the bottom gamewith
probabilityarbitrarilycloseto 1.

To make this notionmoreprecise,given � g'Ì : (resp.� gËÌ H ), let E � be thesequenceof 3 (resp.4) triplescor-
respondingto � in (10). If � ggE � then,given the values
for ö éih and ö é B , we canconstructa suitabledistributionä : g!cd5a| : 5 � 7=7 andselectsuitablevaluesfor

# é B and
# é h

suchthat G.5HE � 7 is satisfiedfor all ä > g�cd5a| > 5 � 7=7 . Givenä > g[cd5e| > 5 � 767 , we saythat ä > satisfiesthe top gameifå æ B�³ æ �� 5aÛ ã 7���� , andwe saythat ä > satisfiesthe bottom
gameotherwise.

Correspondingto this hierarchyof games,if thegame
entersì � � 
> � 5aÌ H Ð Ì : 7 therearetwo cases:

B1. If player2 choosesadistributionthatsatisfiesthetop
game,thenthegameproceedsto Û � � 
ã with apositive
probabilitythat is arbitrarily largerthanthatof leav-
ing ! ¨ , andequalto at leasta fractionof theproba-
bility of leaving ì � � 
> Ð Û¬� � 
 .

B2. If player2 choosesonly distributionsthatsatisfythe
bottomgame,thenwe canrewrite theexpressionfor
ì � � 
> asfollows:

11



ì � � 
> 1�K;Û : � Ý4ì H �*O+ Û � � 
ã Ï 5aÌ > Î ì � � 
> 7
Ï 5eÌ : Î weö���ì � � 
> �6Û : }67
Ï 5eÌ H Î weö���ì � � 
> �6Û : }P?�w # �=ì H �6Û : }=7

, S-
�

By analogywith expression(4) for limit co-Büchi
games,in this casewe concludethat with probabil-
ity arbitrarily closeto 1, we have thateitherplayer1
wins thegamewhile stayingin ì � � 
> � 5aÌ H Ð Ì : 7 , or

thegameproceedsto Û � � 
ã Ð 5eÌ > � ì � � 
> 7 .
Thepreciseanalysisis morecomplex, sinceplayer2 can
play a strategy thatcausesa mix of theabovecases.Nev-
ertheless,we can prove that with probability arbitrarily
closeto 1 thepathsthatenter ì � � 
> behaveasfollows:~ eitherthey win in ì � � 
> ,~ or they leave ì � � 
> , proceedingto Û¬� � 
 with proba-

bility arbitrarily larger thanthat of leaving ! ¨ , and
equalto at leasta fractionof theprobabilityof leav-
ing ì � � 
> Ð Û � � 
 .

Reasoningasin thecaseof co-Büchi games,this in turns
enablesus to prove by induction on

�
, from

� 1þ,�� �
down to

� 1[� , that! ¨ � Û � � 
ã �ºw w6�]} } limit 565 3 Î � 5"! ¨ � Û � � 
ã 7=7 Ï � Û � � 
ã 79�
which shows !2¨��°w wÑ�Ò} } limit

3 . The argumentfor the re-
verseinclusionvergeson theduality of the ö and

#
con-

ditions,which in turn is provedon the basisof the algo-
rithmsfor thecomputationof thepredecessoroperators.

In the gameof Figure 3, the set ì �	>=
> 1©l � > � � ã u is

addedto the Û �	>�
ã 1êl � H � � : u . If we evaluate(13) in the
sameiterative fashionas(11), thenwhen � ã is addedwe
have Û �½:Ñ
: 1«l � > � � ã � � H u . Given ö éih , player1 chooses
thedistribution thatplaysmoves ` and � with probabilityö é hcj 56�6k3�Iö é h 7 , and move � with probability � j 5Ñ�6k�Iö é h 7 each.Therearetwo cases:~ If player2 playsmoves

�
or � , thenthe gamefrom

ì �	>=
> goesto � : and � ã with probability 1/2 each.
This correspondsto winning the top game. Indeed,
by choosingthe distribution for player 1 at state��� accordingto a sequence� H �6� : �Ñ� > �����W� suchthatD El F;H 5Ñ��Ë� l 7 is arbitrarily closeto 1, player1 can
proceedto � H (and win the two-pair Rabin-chain
game)with probabilityarbitrarily closeto 1.~ If player 2 plays moves � or \ , then from � ã the
gamegoesto � > with probability ö é h timesgreater
than that of going to � � . This correspondsto win-
ning thebottomgame.Indeed,by choosingö éih af-
ter eachvisit to � > accordingto a sequenceö éih 1

ö H �=ö : ��ö > �����W� suchthat D El F;H 56�Æ�¬ö l 7 is arbitrarily
closeto 1, player1 canstayin l � > � � ã u andvisit � >
infinitely oftenwith probabilityarbitrarilycloseto 1.

The analysisof strategiesof player2 that mix the above
behaviors is technicallymoredifficult, but confirmsthat
player1 canwin the Rabin-chaingamewith probability
arbitrarilycloseto 1.

5.2 GeneralRabin-chain games

Considera Rabinchaingameswith ��� � pairsandac-
ceptingconditiondefinedasin (5). Definethepredecessor
operators:

ARpre�>=�f8*: ³ : 13wCA{�=ì >=� �6Û >��f8;: }
ARpre�>=�f8k> ³ : 13wCA{�=ì >=� �6Û >��f8;: }P?[w # �=ì >=�f8r> �6Û >��f8;: }
LRpre�>=�f8*: ³ : 13waö��=ì >=� �6Û >��f8;: }
LRpre�>=�f8k> ³ : 13waö��=ì >=� �6Û >��f8;: }Q?�w # �=ì >=�f8k> �=Û >��f8;: }
and,for

� g�lÒ�Q�W�����9�=�m�¬�Cu , by:

É Rpre�> � L_: ³ : 1[É Rpre�> � L*> ³ : ?[waö��=ì > � L*> �6Û > � L�: }É Rpre�> � ³ : 1[É Rpre�> � L�: ³ : ?[w # ��ì > � �6Û > � L�: }9�
For a winning mode Émgtl almost� limit u , let É Rpre be
ARpreif É!1 almost, andLRpreif É.1 limit.

Thesetof É -winning statescanbecomputedby defin-
ing the operator É U by É U �8*: 5HXf7 1mX and, for

� gl]�Q�W���W�9�6�m�)�Iu , by

É U �� 5BXf7 1�K;Û > � L�: �WÝQì > �*�
É U �� 8*:on X Ï 5aÌ > � L�: Î É Rpre�> � L_: ³ : 7Ï 5aÌ > � Î É Rpre�> � ³ : 7 p �

Thesetof winningstatesis thengivenby

w w6�]} }6Ê 3 1%Ý4ì >=� �WÉ U �>=�f8;: 5e��79� (14)

Thefollowing theoremsummarizestheresultsfor Rabin-
chaingames.

Theorem7 Thefollowingassertionshold.

1. For every Rabin-chain condition 3 and É gl sure� almost� limit u , wehave w wÑ�Ò} }=Ê 3 1�Í�w we��} }9áÊ Í 3 .
2. The complexity of computingthe sets of winning

states,andthemostrestrictiveclassesin which win-
ning and spoiling strategiesare guaranteedto exist
aregivenin Table1(e).

Unlike in thepreviousclassesof games,winningaRabin-
chain gamewith mode almost may require the use of
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infinite-memorystrategies. To seethis, considera mod-
ification of the gameSKIRMISH of Figure 1, in which
from state� wet we deterministicallyproceedto state� hide.
We consider4 colors (hence � 1ý� ), with Ì&H31ý� ,Ì : 1�l � hideu , Ì > 1�l � homeu , and Ì ã 1�l � wet u . It is easy
to seethat if player1 playswith a memorylessstrategy,
hewins with probability0: in fact, if heplaysonly move
hide, player2 canreplywith movewait; if heplaysmove
runwith positiveprobability, player2cancounterbyplay-
ing movethrowdeterministically. Theargumentfor finite-
memorystrategiesis similar. On theotherhand,player1
canwin with probability1by playingmoverun with prob-
ability � j � / L�: andmovehidewith probability �C�(� j � / L�: ,
where , is thenumberof prior visits to l � wet � � homeu .

Rabin-chaingamesalso exhibit the following global
duality betweenthe limit and almostwinning modesof
thetwo players.

Theorem8 Let 3 be a Rabin-chain condition. Ifw we�0} } limit Í 3 1î� , then w wÑ�Ò} } almost
3 1îy , where as usualy is thesetof all states.

Combiningthis resultwith the Duality Theorem(Theo-
rem2), weobtainthefollowing corollary.

Corollary 1 For a Rabin-chain condition 3 , we have
that w wÑ�]} } positive

3 È1[� iff w wÑ�Ò} } limit
3 È1%� .

Intuitively, this corollary statesthat there is somestate
from which a player can win a Rabin-chaingamewith
positiveprobabilityonly if thereis somestatefrom which
it can win with probability arbitrarily close to 1. This
generalizesto two-playerconcurrentRabin-chaingames
apropertythatholdsfor Markov chains,whereit is anim-
mediateconsequenceof the decompositionin closedre-
currentclasses[KSK66].

6 Appendix: Computation of
PredecessorOperators

Finally, we presentalgorithmsto decidewhethera state�
belongsto thesetscomputedby thepredecessoroperators
ARpre andLRpre. Thesealgorithmsrely on K -calculus
expressionsthatareevaluatedovertheset | : 5 � 7 of moves
of player1 at � (ratherthanon K -calculusexpressioneval-
uatedover thesetof statesof thegame).Givena state� ,
for all subsetsof statesÛs��ìJ�¡y wedefinetwo functionsM �q O�� � � � � 
§RTî� � B � � 
 and Ì �é O�� � B � � 
 RTî� � � � � 
 by

M �q 5�r > 7 1
lÒ`$g�| : 5 � 7ÆoW¼;�&g�| > 5 � 7{�W�45 � ��`r���G7fÈ�)ì�Tî�fg&r > u

Ì �é 5�r : 7�1ºlÒ�fg�| > 5 � 7Æo » `.g&r : �]�45 � �=`r����7 � Û�È1%�Cu��

where r : �[| : 5 � 7 and r > �[| > 5 � 7 . Givena sequenceof
triples E , we inductively definethe K -prefix sî5BE�7 andthe
condition t 5HE�7 of E asfollows,for Ûs��ìb��y :sî5e��7 1[�sî5BEu?[waö��=ì��6Û�}=7 1�KPv é �	sî5HE�7sî5BEu?[w # �=ì��6Û�}=7 1[Ýwr é �bsî5BE�7sî5BEu?[wCA{�=ì��6Û�}=7§1xsî5HE�7t 5=waö��=ì��6Û�}=7 1�M �q 5eÌ �é 5�v é 767t 56w # �=ì��6Û�}=7 1�M �q 5eÌ �é 5�r é 767t§5=wCA{�=ì��6Û�}=7§1�M �q 5z�07t 5BEy?[waö��=ì��6Û�}=7 1Zt 5BE�7 Ï M �q 5eÌ �é 5"v é 767t 5HEY?[w # �=ì��6Û�}=7 1Zt 5BE�7 Î M �q 5eÌ �é 5"r é 767G�
We can decidewhethera state � satisfiesa predecessor
predicateasfollows:

� g¬5BEu?[waö��=ì��6Û�}=7 iff

Ì �é = sî5BEu?[waö��=ì��6Û�}67{��t 5HEu?�weö���ì��=Û�}67 > 1�| > 5 � 7
� g¬5BEu?[w # ��ì��=Û�}67 iffsî5HEu?�w # �=ì��6Û�}=7_��t 5BEu?[w # �=ì��6Û�}=7fÈ1��
� g¬wCA{�=ì��6Û�} iff Ì �é = t 5=wCA{�=ì��6Û�}=7 > 1[| > 5 � 79�

In an � -pair Rabin-chaingame,thesealgorithmsrely on
the assumptionthat ì > � �Jì > / for all � ô�� ó�, ô � ,
andthat Û > / L_: �bÛ > � L�: for all � ôb� ó�,hó�� . This
assumption,introducedto simplify therequirednotation,
holdswhenthe K -calculusformula(14) is evaluatedin the
usualiterative fashion. Using (6), (7), (8), and (9), the
above algorithmsalsoenablethecomputationof thepre-
decessoroperatorsApre: , Lpre: , AFpre: , andLFpre: : in
particular, for all � gsy and Ûs�=ì���!%�¡y wehave:

� g Apre: 5aì��6Û�7 iff Ì �é 5aM �q 5z�0767�1�| > 5 � 7� g Lpre: 5aì��6Û�7 iff Ì �é 5qKPv���M �q 5eÌ �é 5�v 7=767�1[| > 5 � 7� g AFpre: 5"!Æ�=ì��6Û�7 iff

Ýwr � = M �z 5e�07 Î M �q 5eÌ �é 5�r(767 > È1[�
� g LFpre: 5"!Æ�=ì��6Û�7 iff

Ýwr �GKPv�� = M �z 5aÌ �é 5"v 767 Î M �q 5aÌ �é 5�r´7=7 > È1[�Q�
Due to spacelimitations, we omit the correctnessproofs
of thealgorithms.
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