LOGIC, ARITHMETIC, AND AUTOMATA(Y)

By ALONZO CHURCH

This paper is a summary of recent work in the application of mathematical
logic to finite automata, and especially of mathematical logic beyond
propositional calculus.

To begin with a sketch of the history of the matter, let us recall that appli-
cation of the ‘“‘algebra of logic”, i.e., elementary Boolean algebra, to the
analysis of switching circuits was first suggested by Ehrenfest [A]. Nothing
came of Ehrenfest’s remark for many years, and it seems to have remained
wholly unknown outside of Russia. Yanovskaya [G] says that details of the
suggested application were worked out by Shestakoff in 1934-35. However,
Shestakoff’s candidate’s dissertation, embodying the material, was presented
to the University of Moscow in 1938, and the earliest publications by Shesta-
koff are [D] and [E] in 1941. Meanwhile the same idea had occurred inde-
pendently to Nakasima and Hanzawa [B] and Shannon [C]. For some time
the development of the idea proceeded independently in Russia, in Japan,
and in the United States, the three lines of development having had at first
no influence on one another.

This use of Boolean algebra is now widely familiar, and therefore requires
no elaboration here. It is usually taken to be a Boolean algebra of cardinal
number 2 that is used, although the character of the application would
more naturally suggest propositional calculus. Use of the Boolean algebra
and of propositional calculus are equivalent in a way that is well known.
The choice of Boolean algebra is advantageous if algebraic methods and
results are to be employed. But otherwise there is a certain artificiality in
allowing only equations and inequalities to be asserted. And for further
application of mathematical logic, the choice of propositional calculus
provides a better basis.

Mathematical logic beyond propositional calculus is first applied to autom-
ata theory in the paper of McCulloch and Pitts [16], in which the context
is biological. The authors are concerned with analyzing the behavior of a
net of neurons and with the question of the existence of, and of finding,
a neural net having some specified behavior. But their hypotheses about the
behavior and the interaction of neurons are such that these questions be-
come entirely similar to corresponding questions about electronic digital
computing circuits. The relevance of the ideas of McCulloch and Pitts to the
theory of digital computing circuits was noticed by John von Neumann,
and it was evidently this that led him to suggest application of mathematical
logic to the latter.

The only published reference to von Neumann’s contribution to the matter
is Hartree [13], where not only McCulloch and Pitts but also unpublished
suggestions of both von Neumann and A. M. Turing are referred to. I am
indebted to H. H. Goldstine for calling my attention to the privately cir-
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culated paper, von Neumann [18], in which there is some detailed discussion
of the relationship between the McCulloch—Pitts neural nets and digital
computing networks, but without use of mathematical logic.

The logical system employed by McCulloch and Pitts is first-order arith-
metic. Both ordinary and bounded quantifiers are used, but not definition
by recursion.

Hartree uses a singulary free-variable functional (or ““predicate”) calculus,
having singulary predicates and numerical variables, but neither quantifiers
nor recursions. There is a ‘““‘delay operator” in the sense that not only a
variable ¢ but also t+1, £ +2, etc., may appear as argument of a predicate.

The use of (in effect) such a singulary free-variable functional calculus
also developed independently in Japan. The earliest paper that I have seen
is Gotd [12]. But it is possible that some of the earlier papers to which
Gotb refers may constitute at least a partial exception to the statement
made above, that the first application of mathematical logic beyond propo-
sitional calculus was by McCulloch and Pitts.

The use of recursions in the treatment of circuits is found in Berkeley
[1], and more explicitly in Burks and Wright [5]. The idea that a particular
circuit or finite automaton can be completely characterized by giving a set
of recursion equations—or in this context, since the functions ‘“‘defined”
by the recursions are propositional functions, we shall speak rather of recur-
sion equivalences—appears first in the paper of Burks and Wright, but
these authors do not have a recursion schema to which admissible recursions
must conform.

The application of restricted recursive arithmetic to automata was in-
troduced in Church [6] and [7]. This system may be described as obtained
from singulary free-variable functional calculus by adding a rule of proof by
mathematical induction and a rule of definition by recursion, as given below.
It is therefore a specialized form of the recursive arithmetic of Skolem [19].

An abstract definition of finite automaton appears in Kleene [14], a paper
of restricted circulation, and in Kleene [15], which is the published form of
the same paper. The ‘“logical nets” of Burks and Wright [5] may also be
regarded as providing such a definition. But Kleene’s definition is more
satisfactory, and we shall here use it in the following slightly modified and
generalized form.

A finite automaton consists of a finite number of elements, each of which
is capable of a finite number, <n, of different states. Time is measured in
discrete instants, t=0,1,2, ..., beginning at an nitial instant and extending
indefinitely. The elements are distinguished as input elements, intermediate
elements, and output elements. The states of the input elements, at any in-
stant, constitute the input state, at that instant; the states of the output
elements, at any instant, similarly constitute the output state; and the states
of the intermediate and output elements constitute the internal state. Except
the input elements, whose states are imposed from outside, the state of
any element at a given instant is completely determined, in some non-
circular way, by (1) the states of certain other elements at the given instant,
and (2) the states of certain elements, itself and others, at instants which
precede the given instant by at least 1 and by not more than a certain
fixed maximum span h+1.

(More fully, the foregoing statement is a definition of “discrete synchro-
nous deterministic finite automaton with outputs.” But the longer phrase
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is for the sake of distinction from a number of other notions with which we
are not here concerned, and let us therefore say simply ‘‘finite automaton’
or “‘automaton’.)

Though there is a certain loss of structure in doing so, it is quite usual
to take n=2, A=0. In this lecture we shall take » =2, in order to identify
the two states of an element with the two truth-values, 7' and F. But we
preserve a general value of A, = —1.

It is also possible to abstract from the elements of the automaton and to
consider only certain numbers called input states, output states, and in-
ternal states, and the way in which the successive output states and internal
states are determined by the input states. Namely there are to be a finite
number each, >1, of input states, output states, and internal states; the
output state at any instant is to be uniquely determined by the internal
state at the same instant; and the internal state at any instant is to be
uniquely determined by (1) the input state at that instant and (2) the input
states and the internal states at instants preceding the given instant by
not more than £ +1. In this case we have a finite transition system.

In either case, automaton or transition system, the sequence of input
states from £=0 to ¢=t, is called an tnput sequence, and the sequence of
output states from {=0 to t=1, is called an output sequence. The function
which, for an input sequence from t=0 to t=t,, as argument, has as value
the output state at t=1, is the behavior function. The null sequence is also
to be counted as an input sequence, but one for which there is no corre-
sponding output state and hence no value of the behavior function.

Two automata, or two transition systems, are said to be equivalent if
they have the same behavior function. Evidently, two automata are equiv-
alent if and only if their transition systems are equivalent. In particular,
two automata with the same transition system are equivalent—but they
do not necessarily have the same structure, in an obvious sense of that word.

A class of input sequences is an event.

An event is represented by an automaton if the set of values of the be-
havior function for input sequences that belong to the event is disjoint
from the set of values of the behavior function for other input sequences.

The foregoing (together with the definition of regularity of an event, to
be given below) are the essentials of the terminology of automata theory
which we shall need. It should be added that the terminology in the field
is not in a very settled state, and our terminology here is somewhat eclectic.
We have followed Biichi [2] in adopting a terminology that maintains the
distinction between automaton and transition system.

We turn now to statement of the primitive basis of restricted recursive
arithmetic. And for expository convenience we adopt a formulation which
cmphasizes brevity of statement rather than economy of primitives.

The primitive symbols of restricted recursive arithmetic are as fol-
lows:

i. Numerical variables ¢,z,y, 2, ... (having the natural numbers as their
range).

ii. The symbol O for the number zero.

iii. The accent ' as a notation for successor (of a natural number).

iv. Singulary primitive predicates %,,i5,1%g,.... (The primitive predicates,
and other singulary predicates introduced by recursion, are to be under-
stood as denoting propositional functions of natural numbers.)
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v. Parentheses ( ) as notation for application of a singulary propositional
function to its argument.

vi. The letters T' and F to denote the truth-values, truth and falsehood
respectively.

vii. Connectives of propositional calculus (any sufficient set), and brackets
[ ] for use in connection with them.

Then a term consists of the symbol 0, or the symbol 0 followed by any
number of accents, or a numerical variable, or a numerical variable followed
by any number of accents.

An elementary formula consists, either of one of the letters 7' or F, or of a
singulary predicate followed by a term between parentheses.

Further well-formed formulas are constructed from the elementary for-
mulas by means of connectives of propositional calculus. (We may sometimes
abbreviate “well-formed formula” as “wff”’; or we may say simply ‘‘for-
mula” if well-formedness is clear from the context.)

The primitive rules of restricted recursive arithmetic are the five follow-
ing:

1. To assert any formula that is tautologous according to laws of proposi-&
tional calculus.

2. From A>B (as major premiss) and A (as minor premiss) to infer B.

3. From any asserted formula to infer the result of substituting any term
for any numerical variable throughout.

4. From S(t)> S(¢') (as major premiss) and S(0) (as minor premiss) to
infer S(t).

5. A rule of “definition’ (or better, introduction) by recursion, allowing
us at any stage to introduce new predicates in accordance with the schema
of wider restricted recursion as given below.

Rules 2, 3, and 4 are, in order, the rule of modus ponens, the rule of substitu-
tion, and the rule of mathematical induction.

In Rule 4, S(t) is not necessarily an elementary formula, but is any asser-
tible wif; S(#') is the result of substituting ¢’ for ¢ throughout S(t); and S(0)
is the result of substituting 0 for ¢ throughout S(t).

The schema of “wider restricted recursion” referred to in Rule 5 is as
follows:

ri(i) = Pi}[sl (0):32(0)a -"’Sk(O)’sl(l)’Sz(l)’ "':sk(l): e '--581(7.),82(7-): -'-:sk(j)]
Tyt +h+1)= Q,8,(8), 85(t), .o s 8(t), 8, (E + 1), 85t + 1), o0, 8t + 1), ery ooy (E+H A+
1),8,(6+A+1),...,8,( +h+1),r,(),r5(2), ..., Tn(8), Ty (£ +1),
ry(t+1),.., 0, +1), ..oy, 2y (EHR), Tyt +R), ..., T,(E +5)]

Here i=1,2,...,n and §=0,1,..., b, so that the schema consists of (A+1)n
equivalences altogether. The new predicates introduced by the recursion
are r,,T,,...,T,, which may be any » new letters not previously used; and
81,85, ...,8, are given predicates, which may be either primitive predicates
or predicates which were introduced in previous recursions. For convenience
in indicating the form of the equivalences, ¢ +1 has been written in place of
what should properly be written as #', t+2 in place of ¢”, and so on; thus,
e.g., t+h indicates a letter £ with & accents after it. Similarly, 1 has been
written in place of 0’, 2 in place of 0”, j in place of a 0 with j accents after it.
Then finally the device has been adopted of indicating the elementary
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parts of a wif, other than the elementary parts 7' and F, by writing them in
brackets. Thus, e.g.,

P12[51(0)’52(0), ...,Sk(O),Sl(].),Sz(].), "'ssk(1)751(2)582(2)1 "',sk(2)]

indicates a wif P,, that is built up by means of connectives of propositional
calculus from some or all of the elementary formulas s,(0),8,4(0),...,8,(0),
8,(07),85(0"), ...,8,(0),8,(0"),8,(0"), ...,5,(0"), T, F.

Now in order to represent the action of a given automaton by means of
restricted recursive arithmetic, we may use a different predicate to corre-
spond to each element of the automaton—primitive predicates i,,1,,... for
the input elements, and other letters as convenient for the remaining
elements. Normally we shall use 0,,0,,... for the output elements.

If p is the predicate that corresponds in this way to the element e of the
automaton, then p(t) is to denote the state of e at time £. Thus p(0) denotes
T or F according as the state of the element e at time 0 is 7' or F, p(1)
denotes T or F according as the state of the element e at time 1 is 7" or F,
and so on. And p(f) may therefore be understood as asserting that the
element e is in state 7' (“is operated,” or the like) at time ¢.

The action of the automaton is then expressed by writing a set of recur-
sion equivalences in the form of one or more wider restricted recursions,
constituting definitions by recursion of the intermediate and output predi-
cates (i.e., the predicates that correspond to intermediate and output
elements), in terms of the input predicates i,,%,,...,%,. Given a particular
automaton, and the specific rule by which the state of each element at
any instant is determined from the states of that element at preceding
instants and the states of other elements at the same and preceding instants,
the corresponding set of recursion equivalences that characterizes the autom-
aton is then uniquely determined. And conversely, given a set of recursion
equivalences of the kind just described, there is then a unique corresponding
automaton.

The one-to-oneness of the correspondence between automata and sets of
recursion equivalences has been secured by adopting a restricted form of
recursion schema. This does not mean any restriction upon the kinds of ele-
ments that are available—instead there is an assumption that elements of
arbitrary kind are available, within the general definition of automaton as
given above, and if we wish a limitation to elements of special kind (e.g.
to “and” elements, ‘“or’’ elements, ‘“not” elements, and one-unit delay
elements), it is necessary to impose further restrictions on the recursion
schema. But the restrictions which are involved in the schema of wider
restricted recursion, as compared to the recursion schema which would be
natural if we did not have the application to automata in mind, are dictated
rather by two general principles of causality which may be stated briefly
as follows: (I) No direct causal action of the future upon the present. (II)
No direct causal action of the remote past upon the present. The question,
how far back into the past is to be regarded as the immediate rather than
the remote past, has an answer in the span A +1, which serves as a measure
of this.

Two sets of recursion equivalences of the kind here in question are called
equivalent if the corresponding automata are equivalent. Evidently this
notion may have a direct definition, in terms of the recursion equivalences
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themselves rather than the corresponding automata, provided that some
subset of the predicates, not including any of the input predicates ,,%,, ..., %,
is designated as output predicates. Hence we may state:

THE SIMPLIFICATION PROBLEM. Given a set of recursion equivalences of
the kind here in question, to find one equivalent to it, which has a specified
form, corresponding to a limitation to elements of special kind from which
the automaton is to be constructed, and which is simplest in some suitable
sense of simplicity.

The definition of simplicity adopted will evidently depend on the kinds
of elements which are regarded as available to construct the automaton,
and perhaps on some weighting of them. Thus there is properly not one
problem but many. But little has been done with the simplification prob-
lem for automata, except in the case of combinational circuits, i.e., autom-
ata for which the span % +1 is 0, where only propositional calculus is requi-
red for the treatment.

In the case of transition systems it is natural to characterize simplicity
as minimizing the number of internal states. This has often been followed.
But it is clear that such minimization of the number of internal states will
be at most a necessary condition of simplicity of a corresponding automaton,
and the relevance to the simplification problem for automata is therefore
uncertain.

Both the decision problem and the synthesis problem for automata involve
a condition which the automaton is required to satisfy, and which we shall
call the synthesis requirement. The synthesis requirement must be stated in
some formalized language L, and we shall in this context suppose that L
is either restricted recursive arithmetic itself or an extension of restricted
recursive arithmetic obtained by adjoining additional notations—such as,
e.g., the binary predicate =, the sign + of addition, the quantifiers—together
with rules for them. Then we may state the two problems as follows:

TaE SyNTHESIS PROBLEM. Given as synthesis requirement a wif of L,
containing the input predicates ¢,,1,, ...,%, and the output predicates o,0,,...,
0,, to find definitions by recursion of o,,0,,...,0,, and any number of inter-
mediate predicates, from 4,,%,,...,%,, in the form of one or more wider
restricted recursions, such that the synthesis requirement is satisfied in-
dependently of what particular propositional functions are denoted by
11,89, ...,%. Or if the given synthesis requirement is impossible in the sense
that there is no automaton, and no set of recursion equivalences that
satisfies it, this fact is to be ascertained.

TaE DErcisioN ProBLEM. Given as synthesis requirement a wif of L, as
before, and given a proposed solution of the synthesis problem in the form
of a set of recursion equivalences (by wider restricted recursion), to deter-
mine whether the synthesis requirement is in fact a consequence of the
recursion equivalences.

Both the synthesis problem and the decision problem may be divided into
cases, according to the form of the synthesis requirement, or the language
L in which it is expressed. Solution of any case of the synthesis problem
implies, a fortiori, solution of the corresponding case of the decision problem,
because a decision problem may always be turned into a synthesis problem
by including the given recursion equivalences as a part of the synthesis
requirement.

Existing results in regard to the synthesis problem and the decision
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problem are summarized in the following table. But it should be emphasized
that the indicated synthesis algorithms and decision algorithms are by no
means always of practicable length.

Synthesis requirement

expressed in restricted Synthesis Decision
recursive arithmetic problem problem

Case 1 with one numerical Solved in [7] Solved in [11]
variable only

Case 2 with any number of Solved in [7] Solvable by the meth-
numerical variables od of [11]

(lase 3 plus quantifiers Partial solution in [7] Solved in [7]

Cnse 4 plus=and < Incomplete sketch of Solution is a conse-

solution in [7], prop- quence of [23].
erly an open problem

Case 5 gl;s +, =, and quan- Proved unsolvable [4] Open
ifiers

Case 1 of the decision problem was solved by Joyce Friedman [11], the
varliest result. The problem of determining the equivalence of two automata
which are both given by means of recursion equivalences in the form of
wider restricted recursions can be formulated as a subcase of Case 1 of the
decision problem, and is therefore covered by Miss Friedman’s solution. Her
method is also immediately applicable to solution of Case 2 of the decision
problem, as pointed out by McNaughton in his review.

Case 1 of the synthesis problem was first solved by me. A modification
of the synthesis algorithm, by which it is substantially shortened, was then
suggested by J. B. Wright, and this is incorporated in the solution as given
in [7]. A subcase of this case of the synthesis problem was also solved inde-
pendently by Wang [22], without recognizing the relationship to recursive
arithmetic.

The unsolvability of Case 5 of the synthesis problem is, of course, in the
usual sense, that there is no uniform effective procedure which can be given
once for all and by which alone every instance of this case can be solved.

A variety of cases of the synthesis problem and of the decision problem,
intermediate between Case 2 and Case 5, immediately suggest themselves
a8 being still open. We may, for example, adjoin the sign of addition, +, to
restricted recursive arithmetic. Or we may adjoin the sign + and the binary
predicate = to restricted recursive arithmetic; or, as would be equivalent
to this, we may adjoin the ternary predicate X, as sign of the ternary rela-
tion of addition. Other possibilities are restricted recursive arithmetic plus +
and quantifiers; or plus = and quantifiers; or plus < and quantifiers. Or, as
suggested by Biichi [2], we may consider adjoining singulary predicate-
variables and quantifiers for them.

If to restricted recursive arithmetic we adjoin a sign of addition and a sign
of multiplication and the sign = (of equality) and quantifiers, we obtain a
formalized language which includes first-order arithmetic as a part. It
follows that the decision problem (Entscheidungsproblem), and hence a
fortiori the synthesis problem, is then unsolvable—cf. [4].
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Turning now to matters less closely related to recursive arithmetic, we
introduce the definition of “‘regularity of an event’ in the sense of Kleene,
employing for this purpose the ‘“‘regular-expression language” of McNaugh-
ton and Yamada [17]. We follow the original notation of McNaughton and
Yamada, except that we change their ~to a —, out of reluctance to confuse
notations of propositional calculus and of class calculus.

We suppose that there are m+1 input states, of an automaton under
consideration, and let them be represented by the numbers 0,1,...,m. We
use (k) as a notation for the unit class of the input sequence which consists
of the single input state k. Or, when convenient, and especially if m < 9, the
parentheses enclosing the numeral ¥ may be omitted as an abbreviation.

The notations U, N, —, and A are employed with their usual set-theo-
retic meanings, i.e., for union of classes, intersection of classes, complement,
and null class respectively. The notation ¢ is employed for the unit class of
the null sequence.

If a and b are events, then a-b (abbreviated when convenient as ab) is
the event whose members are every sequence that is composed of the con-
catenation of a sequence belonging to a followed by a sequence belonging
to b.

If a is an event, then the event a* is the smallest class of sequences which
contains (as members) the null sequence and all sequences belonging to a
and is closed under concatenation.

The regular expressions are: (k), for any suitable numeral ; and A; and
¢; and any expression built up out of these by means of U, n, —, -, and *
(with, of course, suitable use of brackets).

The regular expressions are intended as names of events, in a way that
is implicit in the foregoing explanation. And we may then define an event as
being regular if, under some choice of m, there is a regular expression which
denotes it. We have the important result:

KLEENE’s THEOREM. An event can be represented by a finite automaton if
and only if it is regular.

This was first proved by Kleene in [14] and [15], under a definition of
regularity equivalent to the one we have just given.

Since the behavior function of an automaton with one binary (i.e., two-
state) output is uniquely characterized by giving the event for which the
output is 7', McNaughton and Yamada propose their regular-expression
language for practical use in specifying the behavior of such an automaton,
and recommend the redundancy of its notation—as compared, e.g., to the
more economical regular-expression languages of [15] and [8]—as facilitating
this. For example, if we assume two input states, 0 and 1, the expression

—[(0 U 1)*000(0 U 1)*] U (0 U 1)*111 —[(0 U 1)*000(0 U 1)*]

specifies an automaton as having output 7' at time ¢ if and only if either
there have never been three consecutive 0’s in the input sequence up to
and including the time ¢ (this accounts for the part of the expression up to
the end of the first square bracket) or (this accounts for the next symbol, U,
in the expression) there have been three consecutive 1’s in the input sequence
since the last three consecutive 0’s (this accounts for the remainder of the
expression).
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Kleene proposed the problem of a characterization of regular events
directly in terms of their expression in a formalized language of ordinary
kind, such as one of the usual formulations of first- or second-order arith-
metic. This problem has since been solved by Trachtenbrot [20], and in a
different way by Biichi [2] and Elgot [10].

These results of Biichi and Elgot are closely related to one another, and the
substance of them was originally announced in the joint abstract [3].
Specifically, representability of an event by a finite automaton is equivalent
to expressibility in any one of the three following formalized languages:

(1) Weak second-order arithmetic (Biichi). The primitive symbols are:
numerical variables; singulary predicate-variables; the notation ( ) for appli-
cation of a propositional function to its argument; the symbol O for the
number 0; the accent ’ as a notation for successor; 7', F, and connectives of
the propositional calculus; quantifiers on numerical variables; quantifiers
on singulary predicate-variables. Terms are the same as in restricted recur-
sive arithmetic. An elementary formula is 7" or F or a singulary predicate-
variable followed by a term between ( ). Other wifs (closed and open senten-
ces) are built up from the elementary formulas by means of connectives of
the propositional calculus and both kinds of quantifiers.

(2) Singulary second-order arithmetic with = and < (Elgot). Differs from
(1) by omission of 0 and inclusion of the two binary predicates = and <.

(3) First-order arithmetic with +, the binary predicate =, and a singulary
predicate meaning ‘‘is @ power of 2’ (Biichi).

In (1) and (2) the predicate-variables are to be understood as having
finite sets of natural numbers as their values. And in the application to
automata, in order to represent an input sequence, each free predicate-
variable of a formula is made to correspond to a finite initial sequence of
states of one input element by way of some suitable coding. The simplest
convention, following Elgot, is just to take the value of each predicate-
variable to be the finite set of instants at which the state of the correspond-
ing input element is 7', and then to consider the shortest input sequence
which is thus represented. This results in a restriction to a proper subclass
of all input sequences, the admissible input sequences, but it may be seen
that the restriction is not very essential. Biichi uses (in effect) a method of
coding that avoids this restriction to admissible input sequences.

In the case of (3), instead of using predicate-variables, each finite set of
natural numbers is represented by a natural number, the finite sum 2,
where the summation is over all natural numbers ¢ that belong to the set.

That (1) and (2) are equivalent, and that both have a redundant list of
primitives, is as a matter of fact quite obvious. Definitions given by Elgot
show that we may without loss omit the primitive symbol O from (1), or the
primitive symbols =and < from (2).

The two notes by Trachtenbrot, [20] and [21], were unknown to me at the
time this lecture was delivered, and were called to my attention by several
members of the audience. The dates attached to the earlier note [20] place
it as approximately simultaneous with [11] and the privately circulated first
edition of [7], hence earlier than the abstract [3], later than [4] and the ab-
stract of [11]—all of which it overlaps to some extent, though more in
point of view and method than in specific content.

In [20] Trachtenbrot characterizes the behavior of an automaton with
one binary output by means of the following formalized language:

6 — 622036 Proceedings
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(4) Singulary second-order functional calculus with bounded quantifiers.
The primitive symbols are: numerical variables; singulary predicate variab-
les; the notation () for application of a propositional function to its argu-
ment; connectives of the propositional calculus; quantifiers on singulary
predicate-variables; and bounded quantifiers on numerical variables. The
elementary formulas consist of a singulary predicate-variable followed by
a numerical variable between ( ), and other wifs are built up from the ele-
mentary formulas by means of connectives of the propositional calculus and
quantifiers.

Trachtenbrot introduces four kinds of bounded quantifiers: (a)a<p, (32)a<b,
(a)a<p, and (Ja).<v, where a and b are any two distinct numerical variables.
We shall say in each case that the variable a is bounded by the variable b.
Evidently any one of these four kinds of bounded quantifiers would
suffice, as the three others would be definable from it. The ordinary, un-
bounded quantifiers on numerical variables are not used.

In (4) the predicate-variables are to be understood as having arbitrary
singulary propositional functions (or arbitrary sets) of natural numbers as
their values. And in the application to automata, each free predicate-
variable of a formula corresponds to one input element in the same fashion
that was explained above for the predicates %,,%,, ... used in restricted recur-
sive arithmetic. A ¢-formula is a wif of (4) in which the only free numerical
variable is the particular variable ¢ and in which—to state it briefly—every
bound numerical variable is bounded, either by ¢, or by a variable that is
bounded by ¢, or by a variable that is bounded by a variable that is bounded
by ¢, or etc. Then we have:

TrACHTENBROT’s THEOREM. The behavior of any finite automaton with
one binary output o(f) can be characterized by an equivalence of the form
o(t) = S(t), where S(t) is a ¢-formula whose free predicate-variables correspond
to the inputs of the automaton. And conversely every equivalence of this
form characterizes the behavior of some finite automaton with one binary
output.

As a characterization of the behavior of finite automata with one binary
output, Trachtenbrot’s theorem is evidently more direct than the results of
Kleene, Biichi, and Elgot. As a characterization of events representable by
a finite automaton (i.e., of regular events) it is less direct. But it can be
made to yield such a characterization by taking each free predicate-variable
f in S(t) to stand for a finite initial sequence of input states of length ¢+1,
namely the sequence £(0), £(1),...,£(). (This amounts to taking the formalized
language in such a way that the free predicate-variables have a different
range of values from the bound predicate-variables, a device which Trach-
tenbrot himself does not adopt explicitly in either [20] or [21].)

In order to obtain a language for practical use in specifying the behavior
of automata, it may be desirable to modify Trachtenbrot’s language (4)
by adding the redundant primitive symbols =, <, 0, and ’, and then to
replace the class of ¢-formulas by the more quickly recognizable class of
formulas in which the only free numerical variable is ¢ and all bound numeri-
cal variables are bounded by ¢. The resulting language seems to offer less
immediate facility than the regular-expression language of McNaughton
and Yamada, but it may be more suitable for use in cases in which some
further application of mathematical logic is to be made.
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Biichi, Elgot, and Trachtenbrot are all interested, not only in applications
of logic to automata theory, but also in the reverse application by which
the consideration of automata is made to yield results that belong to the
field of mathematical logic. And the main result announced in [21] falls
under the latter head. But [21] also announces, in effect, still another
characterization of regularity of events by means of expressibility in an
appropriate formalized language. Namely in Biichi’s characterization, weak
second-order arithmetic may be replaced by another formalized language,
which has the same primitive symbols and the same class of wifs as weak
second-order arithmetic, but in which the values of the bound predicate-
variables are taken to be arbitrary sets of natural numbers, while the
values of the free predicate-variables are taken to be finite sets of natural
numbers.

Finally we return to the synthesis problem, to cite some cases which
belong in the present context rather than in that of restricted recursive
arithmetic.

Case a. Synthesis requirement given by a regular expression, denoting
an event which an automaton with one binary output is required to repre-
sent. Problem solved originally by Kleene [14], [15]. Revised treatments by
Copi, Elgot, and Wright [8]; McNaughton and Yamada [17]. Elgot [10]
solves a somewhat generalized form of this synthesis problem.

Case b. Synthesis requirement given by a #-formula that expresses the
(one binary) output in terms of the inputs. Solution briefly sketched by
Trachtenbrot [20]. '

Case c. Synthesis requirement given by a wif of the form (3s;) (Is,)...
(3s,) (t)M, belonging to a language which is like weak second-order arith-
metic except that the predicate-variables are reinterpreted asranging over
all singulary propositional functions (all sets) of natural numbers. Here
81,8y, ...,8, are predicate-variables, t is an individual variable, and the
quantifier-free matrix M contains no individual variables except t. The
free predicate-variables are interpreted, some as corresponding to inputs
and some as corresponding to outputs, so that the synthesis requirement
expressed is a condition relating the inputs and the outputs. Solved by
Elgot [10].

It is clear that, as regards the form of the synthesis requirement, Case ¢
would fit into the table that was given above in connection with restricted
recursive arithmetic. But Elgot’s method is different, not making use of
restricted recursive arithmetic (and in fact leading in the first instance to a
transition system rather than an automaton).

Case d. Synthesis requirement given by an open sentence of first-order
arithmetic with ’, +, and =, and with free singulary predicate-variables,
interpreted as outputs, and as ranging over the ultimately periodic propo-
sitional functions of natural numbers. Decision problem solved, but synthe-
sis problem unsolvable. See Elgot [10].

Case e. Synthesis requirement given by am arbitrary wif of the same for-
malized language that is described under Case c. The decision problem is
solved by Biichi [23]. The general synthesis problem for this case is still
open (as of December 1962), though unpublished results stronger than that
of Case c are cited in a letter from Biichi. Evidently Case e would fit into
the table that was given above, as intermediate between Cases 3—4 and
Case 5.
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MAPKOBCKUE
ITPOLOECCHI U 3AJAYN AHAJIU3A

E. 5. IBIHKUH

Cpssu Me;RNy MapKOBCKUME mponeccaMn u pudepeHnuaibHEME ypaBHe-
HUfIME UBBECTHH yKe RaBHO. Eme B Havale TPHUALATHX TOA0OB OHH OHLIN
obbexToM Tiryborux mccaegoBanuit Hommoroposa, Ilerposcroro, Xunanna.
3a mocaenHue rogs GEIIM 00HAPY:HEHH HOBHE 3aMeYATeNbHHE CBASH MERAY
MapKOBCKMMH IPOLECCAMM U KJIACCHIECKAM AHAJIM30M. DTH CBASH ILIORO-
TBOPHHL He TOJBKO JUIi TeODUN BepOATHOCTel#, HO M AuA anaiamsa. CoBpe-
MeHHAsi Teopud MapKOBCKUX IIPOLECCOB CTAHOBUTCA Bce Gosee m Gosee He
TOJBKO PAs/eIOM TEOPHH BEPOSATHOCTE!, HO M BasKHON 06JACTHIO aHAIWBA,
OKa3HBaOMmell BIUAHNE HA PasBUTHE TAKHX KIAcCHIeCKHX oOiacrell Kak
TeOpUsA DILIMIOTHIECKNX ¥ mapaGonmdecknx AupdepeHNMAILHEX ypaBHe-
HUif, TEOpUA HOTEHIMAJIA U T. II.

O mupoxoM mHTepece K DTOif 006/1aCTH CBHAETENHLCTBYET MECTO, KOTOpOE
YAelleHO efi B IPOTrpaMMe HAINETO CHEB3AA, TAK e, KAK U B IpOrpaMme Ipef-
HAYIOEr0 MeIYHAPOXHOTO chesfa B OfuHOypre. CHrpaBmue BHAAOIIYIOCH
POJb B HOBeiilleM Pa3BUTHU TEOPHH MAPKOBCKHX IPOIECCOB HCCIETOBAHUA
Qennepa OHIN OCBENMIEHH ABTOPOM B JaCOBOM MOKJIAfe HA ONUHOYPrCHOM
KOHTpecce. BaskHie HAaUpaBieHNA B TEOPMM MAPKOBCKUX IIPOIECCOB CBA-
saHu ¢ umeHamu llto m XaHTa, KOTOpHE BHCTYHAIOT ¢ 0G30PHEIMH JOKIA-
AaMu Ha HAIeM Chesfe.

dro obxergaer Moo 3afavy. fl He OyMy HHTATHCA OXBATUTH BCE ACIEKTH
COBPEMEHHOTO PasBUTHA TEOPHM MapKOBCKUX IIPOLECCOB (3ajada, Hepaspe-
mEMasi B PAaMKAxX 9YacOBOTO MOKIAfa), & COCPefoTOYy BHUMAHWe Ha He-
CKOJIPKAX HANpPAaBIEHUAX, CBA3aHHHX ¢ Moel#t coGerBeHHOI paboroif m pa-
60TOl IpYIIE MOJOAKX COBETCKMX MATEMATHKOB, HAXOJAMUXCA CO MHOH B
IIOCTOSTHHOM HAYYHOM KOHTAKTe.

Peur Gymer upaTH O NOHATHH XapPAKTEPHCTHYECKOTO ONEPATOpPa MAapKOB-
CKOr0 Ipomecca, MOBBOJAIIIEM AaTh BEPOATHOCTHYIO (OPMYJIHMPOBKY M
BEPOATHOCTHOE peIleHne pARa 8a1ad Teopuu AuddepeHNUANILHHX ypaBHe-
Huit. 3Ha4WTENbHOE MECTO OyHeT YyAeldeHO NOHATHIO AffUTHBHOrO QyHK-
IWOHAJA OT MAapKOBCKOTO IIpoIlecca M PpAa3IdIHHM IpeoOpasoBAHMAM
MapKOBCKAX IIPOIECCOB, CBABAHHKIM C AQNNATHBHHIME (YHKOIUOHAIAMH.
Byner noxasano, 9T0 ¢ DOMOIIBI0 TAKUX PE0OPABOBAHMI MOMHO IONYIUTH
HEKOTOpOe IIPefCTaBJIeHMe O CTPOeHMM HambGoiaee OOIIET0 CTPOro MapKOB-
CKOr0 IIpOIecca C HENPEPHBHHMHI TPAEKTOPUAMA HA TOMOJIOTWIECKOM
muOroo6pasun E. Mu BBefieM onpefesieHHHE KIACCH (yHROuil, KOTOpDHE
€CTeCTBEHHO HA8BaTh TApPMOHWIECKUMHM ¥ CYIeprapMOHHIeCKMME (YHK-
IUAMY, CBASAHHHIMU C MApPKOBCKMM IIPOIECCOM, X OCTAHOBUMCA HA HEKO-
TOPHX 8aJa9aX, BOSHUKAIOMMUX B CBABKM C M3ydeHMEM MHOKECTBA BCEX He-
OTPULATENHHHX FAPMOHMIECKAX (PYHKIMIA.
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§ 1. CoBpemeHHOE ompezneseHHe MapKOBCKOTO Ipolecca

1.1. B 1828 ropy amramiickuii Goraemk BpoyH samerui, 94T0 MeJKme 9a-
CTHIH, IIOTPYteHHHEEe B KUAKOCTb, XaOTHYECKU ABUMKYTCH, OecIpecTaHHO
MeHAA HaIpaBleHWEe ABMKEHWA. B mepBnx paboTax, NOCBAMEHHHX MaTe-
MATUYECKOMY ONMCAHMIO 9STOTO SBIEHWA, W3ydajach TAK HasHBaeMasd
nepexonuaa ¢yurnus P(t, z,I"), BHpasxaomas BepPOATHOCTH TOTO, YTO 9a-
¢TUI, BRIIEANIAsA U3 TOYKK Z, YepPe3 BpeMs ¢ momagaer B MHOzkeCTBO I

Bonee pasBuTas Teopus MMeeT CBOMM O0BEKTOM TPAEKTOPHIO IBI:KEHUSA
z,. CaydaiiHef XapaKTep HBUKEHHA BHPAKAETCA MATEeMaTHIECKH Ipex-
1I0JIOKEHUEM, 9T0 Z;=2(w), THE  NPUHAMJIEKAT HEKOTOPOMY MHOKECTBY
Q, Ha ®oTOpOM BajaH HaGOp BepOATHOCTHHX Mep P, (sT0 MHO;tecTBO Ha-
SKIBAETCH IIPOCTPAHCTBOM 3JIeMEHTAPHHX coOnTHi). MHOMKecTBa 4, AIA KO-
TOPHIX OIpefeleHs 3HadeHUs P (4), HasHBAaWOTCA COOHTHAMM, U SHAUEHUE
P.(A) mcronxoBHBaeTCA KAaK BEPOATHOCTh COOHTHAA A B IpEANnOIOKeHUH,
YTO NBUKEHNE Ha4YWHAeTcs M3 Touku 2. IlepexomHas QyHKROuA ompepe-
nsaercs gopmyaoit P(t,z,I")=P,{x, € I'}.

1.2. Mu nmpuxopuM TakmM 06pasoM K COBPEMEHHOMY OIpefedeHHI0 Map-
KOBCKOTO IIpomecca Kak ImapH (z,, P.), rae z;=z,(w) — OyHKIOuA, 3afaHHAST
npu £ 20 u @ € Q, n P, — HaGop BepOATHOCTHHX Mep B mpocrpaHcrse (2.
®asogoe npocmparcmeo, B KOTOPOM OpPUHUMAET BHAYeHUA (PYHRUUA 2,
fIBIIAETCA B CiIyJae GPOYHOBCKOTO JBUMEHWS HEKOTOPO# 00Jacreio Tpex-
MEepHOT0 eBKJIUOBA IpocTpaHcTBa. Boobme :ke 3TO IPOMSBOJIBHOE MHO-
#ectBO K, B KOTOpOM BHieJleHA HEKOTOpasA CHCTEMa (MBMEPHMMEIX IIOA-
MHO:kecTBY. OCHOBHOE yCJIOBME, CBfsHBalomee QyHKOWIO z;, ¥ MepH P,, —
9T0 MApKOBCKUII NIPUHIWI HE3aBUCHMOCTH OyAyImero OT IPOILIOr0 IpH
MBBECTHOM HACTOAIMEM. TOYHee, IPM WMBBECTHOM BHAYEHUHM &, IPOTHO3
JlalbHelmero ABMKEHNA YaCTHIH He BaBHCHT OT XapaKTepa ABM:KEHHA N0
momenTa ¢ (1).

PasoGbeM BCIo TpaeKTOpHMIO IPONEcca HA ABE YACTH: 0 MOMEHTA T IePBOTO
NOCTIKEeHUA HEKOTOporo MHos;xecrBa I m mociae sroro MomerTa. IIpenmodto-
KMM, 9TO HaM M3BeCTHO Z,. CymecTBeHHO Iy BHAHWE ABMKEHUA KO MOMEHTA
T IJA OPOTHO3a ABMKEHNA mociae MoMeHTa 7? Duswdeckas MHTYUIUA Tpe-
Oyer orpunaTenbHOro oreera. OXHAKO TawOW OTBET BOBCe HE BHITEKAET U3
OIpefieleHNsA MAapPKOBCKOTO IIPOIECCa, B KOTOPOM YJacTByeT (UKCHpOBaH-
HuIE MOMeHT I, a He ciryJaitHuli MOMeHT 7. MapKOBCKUe IIPOIECCHI, AJIA KO-
TODHX YCJIOBHe He3aBHCHMOCTH OyAymero OT OPOILIOr0 IPH W3BECTHOM
HACTOAMEM BHIIOJIHAETCA He TOIBKO ANA IMOCTOSHHOTO, HO W JJIA OIpefe-
JIHHOTO KJIACcCa CIYYalHEIX MOMEHTOB T, HAB8HIBAIOTCHA CMP020 MAPKOSCKUMU
npoyeccamu (2).

() Crporas (OpMyIMpOBKA ONMPAETCA HA MOHATHE YCIOBHOI BEPOATHOCTH
u Ttpebyer, uTo6H puaA ai060ro maMepmMoro MHokecTBa I' m dw06mx &,k >0
P {xs,y, € I'lx,,8 <t} =P(h,2;,I") 0p¥ HOYTH BCEX .

(2) Wsyyenue CTPOro MapKOBCKHUX IIPOIIECCOB KaK CaMOCTOATEIBHOTO Kiacca
MapHKOBCKMX IIponeccoB Onimo HauaTo B 1955-1956 romax B pabGorax JIsIHKMHA
[6], [6], [8], Aurkuua n IOmrkeBuya [18] u Pas [38]. B paGore [18] BepBHIe JaHO
obmee ompepeJeHNe CTPOr0 MAapKOBCKIX IIPOIECCOB, CTPOATCA IPHMEPH Map-
KOBCHEX IIDOIIECCOB, He ABJAIONIMXCA CTPOI0 MAaPKOBCKMMIH, ¥ BHIBOXATCA yCJIO0-
BHA, TOCTAaTOYHHIE JJIA TOTO, YTOOH MAapKOBCKHUil IPOIECC ABIAJICA CTPOTO Map-
KOBCKHEM.



38 E. B. {HHKAH

1. 3. Mo cux mop MH cYuTadw, 9TO0 %, OmpenexeHo Ausa Beex £=0. OgHaxo,
MHOTZE eCTeCTBEHHHE KOHCTPYKIMM IPUBOAAT K IIPOLECCAM, JJIA KOTOPHX
z,(w) ompeneneno aumb B Hexotropom mHTepBaxe (0,{(w)). CoBpemennas
TeOpMA MAPKOBCKMX IPOLECCOB OXBATHIBAeT M Takme OOpHIBAaOmMeCA IIPO-
I[ECCHI.

Omnpefenenre MapKOBCKOTO Iponecca He Tpebyer, 9To6H B )as0BOM IIpo-
crpaHcTBe OmIa safaHa kaxasa-HuOyAs TomosoruAa. OpHako B pasBHTOIR
TEOpNM MUPOKO MCIIOIBBYIOTCHA YCIOBHUA TOIOJOTMIECKOr0 XapaKTepa M Ty
HIM WHYI0 TOmOJOrmi0 B ()a30BOM IPOCTPAHCTBE IPUXOAUTCA BBOJMTE.
Cpenu pasiawdHHX TOMOJOTHA 0c000e MECTO B3aHUMAeT TAaK HAa3kHBaeMas
€CTeCTBEHHAA TONOJOTHMA, B KOTOPO OTKDHTHE MHOKECTBA BHIIEIAIOTCA
CIENYIOIMYM YCIOBHEM: TPAEKTOPHS, HAYMHAIOMAACA B IPOM3BOJIBHOM TOIKe
TAKOTO MHOKECTBA, C BEPOATHOCTHIO €AWHHMIA He BHXOMAT M3 STOTO MHO-
JKECTBA B TeYeHUHU I0JO:kuUTEIbHOro BpemeHum (cm. Jy6 [2], Xamr [28],
JAumrue [10]). [asa mupoKoro kiacca IPOIECCOB JOKAasaHO, UTO H3MepH-
Masi QyHKUZA f(x) ABIAETCA HENPEPHBHON B €CTECTBEHHOM TOIOJOTHM TOTAA
7 TOJBKO TOT]a, KOTa OHA HEIpepHBHA CIIPaBa BAOJb IIOYTH BCEX TPAEKTO-
puii nponecca (1).

§ 2. Omepatops! capura ¢yHKIMHA. XapaKTepUCTH-
YecKre ¥ UH(QUHUTE3UMAJIbHBIE ONePaTOPhI

2. 1. Obmas cxema, CBASHBAIOIAA MapKOBCKNE IIPOIECCH C AHAJIM3O0M,
OCHOBaHA HA NOHATUM cABUra QyHKIUN, 3a4aHHO} B (a30BOM IPOCTPAHCTBE
E. PaccmoTpuM Kakyo-HHOYAL HEOTPHLATENbHYI H3MepHUMYI0 (QYHHKIUIO
7(w). IIyers f(x) — usmepumas ¢ysrmusa B npocrpadcrse E. Torma f(x,)
ABasAerca ¢yExuumeit B npocrpancrse (). HTerpax sroit yHKIUM 1O Mepe
P, (ecv OH MMeeT CMHICJI) ¥ eCTh 3HAYEHWE CABUHYTOH QyHKIUN B TOUKE Z.
B Bune gopmyan sTO 3anMCHBAETCA TaK

T-zf(x) =M:f(x1) (®-

PacemorpuM BHEMaTenbHee ciydaii, korga 7=t¢ He saBucur 0T w. Coor-
BETCTBYIOIMUII OIEpaTOp CABHIA BHPAMAETCA Yepesd IePexofHyo (QyHKImO
1o dopmyae

T:f(x)= LP(L x, dy) {(y).-

Ws maproBckoro npunuuna surexaer, uro 1,7 ,=T, ,(s,t =0), 1. e. onepa-
ropu T'; o6pasyior noayrpynmy. Oneparop

ty0 t
JanpHeiimne yKasaHNA OTHOCHTEJNBHO JHMTEPAaTypPH IO CTPOr0 MApKOBCKUM
npoueccaM MO;HO HaitTu B [11].
(*) OToT pesynbrar mpuHammekuT I'mpcanHoBy [23], ommpaBmemycs Ha He-
koropsie nxeu Iyo6a [2].
(2) Yepesa M,& oGosHavaercsa mHTerpaa ¢ysknum & no Mepe P;, pacmpo-
CTpaHeHHEHI# Ha Bcio o6iacTs onpenenenusa QyHKOHU &(w).
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11a3HBAETCA UHGUHUMEIUMANLHBLM ONEPATIOPOM MAPKOBCKOTO Iponecca. ITpu
0YeHb IMMPOKMX IIPefIONIOeHUAX WHQUHNTESMMAJIbHHII OIepaTop oIpe-
JlelIfeT OMHOBHAYHO IepexoAHylo yHKnMI0 mponecca (M. [7], [17]).

Jpyroii BamHOi XapaKTePUCTHKOI Ipolecca ABISETCA XapPAKTEPHCTH-
YeCKmii omeparop, KOTOPHIA onpepensercs Gopmyoit

o Tomi(@) — f)
Ute) =lim =3 20y

Jdnece U — oxpecrnocers Toukn 2, T(U) — MomeHT mepsoro Buxopa us U,
1peflebHKA Iepexop npousBoauTed, korga U craruBaerca k . (IIpexmoma-
raercd, 9T0 B )a30BOM IPOCTPAHCTBE 3alaHA HEKOTOPAs TOIOJOTHA.)

Me:xny xapaKTepHCTHYeCKMM U MHQUHUTE3MMAJLHHIM OIIEPATOPOM Map-
KOBCKOT'O IIpOIlecca CYIIECTBYeT TeCHaA CBABb. IMEeHHO, ecilm B HEKOTOpOI
TONOJOTUM TPAEKTOPMM IIPOIECCA HENPEepHBHH CIpaBa, & OINEPATOPH
caura T'; OCTABIAIOT MHBAPUAHTHHIM MHOKECTBO BCeX OTDAHUYEHHEIX He-
UPEPHBHHX (yHKIWII, To XapaxTepucrrIeckuii oneparop U sBaseres pac-
nmpeHueM NHQUHUTESMMAIbHOTO oneparopa 4 (1).

s dopmyas, onpenensomesi oneparop A, BupHo, uro ecan Af(x) ompe-
jleleH0 1 QyHKOuA f AocTMraeT B TOYKe Z HEOTPHUIATEJbHOI0 MAKCHMYMA,
10 Af(x) <0. Or0 CBOKCTBO YACTO HABKIBAIOT NPUHYUNOM MAKCUMYMA.

Haunnas ¢ sroro mMecra ME COCpEOTOYNM BCe BHUMAHHME HA IIPOLECCAX,
TPaeKTOPHUU KOTOPHX HeNpepHBHH. [[JId TAKMX IpOIeCCOB B MOMEHT IIep-
BOr0 BHIXOAA u3 MHOskecrBa U dacruma momapaer Ha rpanuny U. ITostomy
sHagenue Yf(x) ompenensiercsa mo sHaveHMAM QYHKUMU [ B CKOIbL YLOZHO
magoii oxpecrHocru Touku z. Oueparop U ABIAETCH A0KAAbHBILM TUHEHHEIM
0IIepaTopOM.

§ 3. duddysnonnsie npoueccel. BepositHocTHOE
pemeHre muddepeHIatbHbIX YpaBHEHHIA

3. 1. Crporo MapKOBCKuMil IpOIlecC ¢ HEIPEePHBHEIMY TPAEKTOPUAMM YCJIO-
BUMCH HABHBATH Judysuonnvim npoyeccom, ecuu U f(x) ompenmeneHo pus
kampoit ¢yHrnum f, ABasKAH HempepHBHO AupdepeHnUpyeMoii B OKpecT-
nocrun Togku z. (IIpemmomaraercs, 4ro B ¢asoBoM IpocTpaHCTBe BBefeHa
CTPYKTypa TJIagxoro MaorooGpasuda.) Jlokasmsaercs, 9ro miad auddysmon-
HOTO IIpoIiecca XapaKTepUCTHIECKUiX OIepaTop COBIIAfaeT HA JBamALl He-
1IpepPHBHO AuQ{epeHIUpYeMEX PYHKOUAX ¢ HEKOTOPHM Aud@epeHInas-
IILIM OIIePATOPOM BTOPOTO MOPARAKA

o° 0" f(=x)

TLCE
) a2, > (@) /@)

Lf(x)= z“u(

W3 npuanuna MakcumyMa BHTEKaer, 9T0 ¢(z) >0 M BHIIOIHAETCA 0CIAOIEH-
H0e YCIOBME DIIMOTHIHOCTH: Xa,(x)A;A;=0 naa mobHX BemecTBEHHHX
A A9 ... Oneparop L nasmBaerca npousgodswuxr Ougdepenyuasvruim

(*) IlomATHEe XapaKTepPHCTHYECKOTO OIEPATOpPA M CBfA3h MEMAY XapaKTepH-
(TUYECKAMHM ¥ WH(PUHUTESMMAJbHHMHI oleparopaMm ObliM BIepBHE H3Y4YeHH
B pa6orax [5], [8].
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onepamopox pudpdysmorroro upomecca. (OH ABIAETCA CyHEHHEM Xapak-
TePUCTHIECKOro omeparopa.) Benmdumuu ay;, b; m ¢ HasHBawOTCA, COOTBET-
CTBeHHO, Koa(unmenramu auddysmu, xospdunuenramm cHoca U Koadpdu-
nueHTOM oGpniBa (ecim mporece He o6puBaercs, To c(x) =0).

3. 2. Bamno Hayunrbea cTpouTh AuQQY3MOHHEE IPOMECCH, OTIPABIAACH
or nupdepernmansHux oneparopoB L. IupdysmonHmii mpomecc B eBHIH-
ROBOM IPOCTPAHCTBe, OTBedalomuit omeparopy Jlammaca A, G mocTpoeH
eme B 1923 rogy Bmrepom. Mu GyfeM HaBHBAThL €T0 6UHEPOSCKUM NPOYEC-
con. HoHeTpyknuio Bumepa MOKHO pacOpOCTPAHUTE HA JI000H SyInnTH-
geckmit omeparop L, AsmA KOTOpPOTO yRaeTcsA MOCTPOMTH (PyHAAMEHTAJIbHOE
pemenue napaboamaeckoro AudepeHnuaas-HOT0 yPAaBHEHUA

B cayyae eBKIMAOBA IIPOCTPAHCTBA MJA 3TOr0 ROCTATOYHO, YTOOH KoddPdPu-
IueHTH omeparopa L GHIM orpaHUMYeHH U YHXOBIETBOPAIN ycioBmio I'exbmepa
¥ 4yToOH CYIIeCTBOBAJNA IIOJIOKMTEJbHAA HIUKHAA TPAHMIA [AIA COOCTBEHHHX
3Ha4YeHM# MATPUIH KOdPPUIMEHTOB NIPM CTAPIINX IPOM3BOAHHX (1).

Bonee mpocroit, BepOATHOCTHEIA MeTOX IIOCTPOEHHA HEOODPHBAIOIUXCH
nud@ysmoHHHX mponeccoB Ouut mpemuoxer Mo [30], [31].

Iycrs (x;, P;) — OmHOMEDHEIX BMHepOBCKME mpomece ¥ (z;,P;) — muddy-
3HOHHEHIH Ipoljecc ¢ MPON3BORAMUM AuPPepeHINAILHEM 0IepaTopoM

1 d d
L==¢"(x)— + —.
2° () P m(z) iz

Hro mokasad, uro 06a mpomecca MOKHO Peasn30BaTh HA OJHOM ¥ TOM :Ke IpO-
CTPAHCTBE DJIEMEHTAPHHX COOHTHH £ Tak, uro6n P, =P, u TpaeKTopuMH Z; A
x; OBLIM CBABAHHI COOTHOLIEHHEM

t t
§,=5.,+f m,) du + f o(xy) dx, 1)
1]

0

(cpaBa CTOMT TaK HA3HBAEMbI CTOXAaCTH4eCKMH MHTerpal, obmee ompepele-
HEe KoToporo 6nu1o maHo Iro). dopmyay (1) MoMHO paccMaTpWBaTh KaK MHTE-
rpaibHOe ypaBHEHHE, NO3BOJIAIONIEE BHPA3UTH ¥, Uepes ¥;. AHAIOTHYHOE yPaB-
HeHMe IMIIEeTCA ¥ [JIA MHOTOMEpPHHIX IIPOIeCcCOB.

Vpasrernue (1) mo:xHO 3anucars B fuddepeHnaabHoit Gopme

diry = m(z,) dt + o(xy,) day.

TlocnenHee COOTHOIEHNE NPEACTABIAET COGON CTOXACTHIECKHMH aHAIOT OGHKHO-
BEHHOr0 AuPPepeHnanbHOr0 ypaBHeHUS H 00iafaeT MHOTHMHE CBOMCTBAMH
TAKUX YPaBHEHWi: er0 MOMKHO DeIlaTh METOHOM IIOCIEf0BATEIbLHEIX IpUGiH-
KEHMA WNIM MeTOJOM JIOMAHHHX Oiliepa, ero MCCiIef0BaHMe HUCKOIBKO He

() Cm. ITorosxembckui [36], [37].
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YCIOKHSAETCH C yBeJIHW4YeHNeM 4YMCia UBMEpeHmA mpocTpaHcTBa. Eme onumm 3a-
MeYaTeNbHHEM NPEeMMYIIeCTBOM MeToxa VTo ABIAETCA ero HeuyBCTBUTEIBHOCTH
K BHPOMEHUIO NCXOTHOro KuddepeHnuaabHOro oneparTopa.

3. 3. PaccMOTpMM HECKOJBKO THINYHHX 3ajad Teopm: mudepenmuais-
HHX ypaBHEHUi, CBABAHHHX ¢ omepaTopom L:

A. (3apmasa [Qupnxae.) Lf(x)=0 paa z€G,f(x)=¢(r) nna z€G.
B. Lf(x)= —g(x) nua z€G,f(x)=0 nua z€G.
O uwy(x)

B. ot

=Luyz) nua t>0,2€G;uy(x) =v(r) naa r€G; u(x) =0 nmaa
Z€EG.

3necs G 03HaUaeT HEKOTOPYIO 00JACTh B eBKIMIOBOM IPOCTpPAaHCTBE, G —
ee TPAHANY, @,g, ¥ — W3BeCTHHE QyHKINN, f 1 %, — HeusBeCTHHE QYHKIHH,
KOTOpEIE Haf0 HalTH.

3amennB B PopmynumpoBrax samad A, B, B omeparop L Ha xapakrepu-
crmaeckmii oneparop U, Mu momyumm HoBHe 3agaun A', B’, B'. Ilockoasky
A= L, To Besaroe pemenve Kaxko#-HuGynn us sagad A, B, B asuaserca B To
He BpeMsA pemeHueM cooTBercrByromeif sagaun A', B’, B'. EcrecrseHHo Ha-
3BaTh pemeHus samad A’, B’, B’ o6obwennumu pewenusmu safaz A, B, B.

B npunnuna makcumyMma fus oneparopa I BHTEKaeT, 9T0 IpU IMUPOKUX
npepmososkennnx sagaun A’, B’, B’ umeror He Goisee OfHOrO pemieHAs.
Ecnm a10 pemenne nBamgn HenpepuBHO AuddepeHnupyeMo, TO OHA ABIA-
eTcs pemeHneM cooTBeTcTBylomett sagaun A, B, B. Takum o6pasom, B sTOM
caydae o6o0menHoe pemenme safadx A, B, B sBaserca «wimaccmaeckuM
permeHzeM».

3ameqarensHO, 9T0 pemenne 3afad A', B’, B’ Bcerna Brpaskaercs ABHEMU
BeposaTHOCTHEIME dopmyrnamu. VimMerHO, 0603Ha9as depes § MOMEHT IEPBOTO
BEIXO07ia o0macta G, umeem:

paa A f(x) =M, p(x5)
nus B': f(z) = M, [} gla) dt

’ lupu w€A
maa B': uyx) = M v(x) Xp<: (ZA(CO) ={0 ngn cwoeA)

Ot POPMYJH HO3BOJAIOT UCCIESOBATH pPeEIIEHWE C KadeCTBEHHOH CTO-
POHH, B 9YaCTHOCTH, WMCCJIEJ0BATH €r0 BaBHCHMOCTh OT HAYaJbHHX H Ipa-
HUYHHX JJAHHHX U IPaBHX dacTeil (cM., Hampumep, XaceMunckuit [24]-[27],
Qpetimana [21], [22]). Kpome TOro oHM MOryT CIy:RETh OCHOBOH HJA BH-
gucaennit no meroxy Morre-Hapao.

Ananornysnie QOPMYJIB MOMKHO HaTh M RuA Oojee CIOKHHX ypaBHEHMI.
Hanpumep, 0606menHOe pemenue fuddepeHINATLHOTO YPABHEHIA

Lf-Vi=-g

OpM HYJEeBHX IPAHNYHHX YCIOBHAX BHpaskaerca opmyioi
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8 ¢
f(z) =M, f exp(— f V(xu)du)g(wt)dt.
0

0

3.4. B sagave B Mu paccmarpmBanm mpocreiimee, HyJeBOe TPAaHUYHOE
yeaosure s napaGoaudeckoro fuddepeEnuaIbHOr0 ypaBHeHud ou,/ot =Lu,.
sBecTHO, 9TO AJIA 9TOr0 ypaBHEHHMS MOKHO CTABUTH U JPYyrHe IDaHUIHEE
yCI0BHs, HAPAMED, MOKHO 1OTPeGOBaTh, 4T0OK obpamasnack B HYJIb HOp-
MaabHAfg OPOUBBORHAA Ou/0n. PasiudHEIM TIDaHUYHHM YCIOBHAM COOT-
BETCTBYIOT Pa3iIWYHHE THUIIK DOBEJEHNA [BMKYIIEHCA JaCTHIH HA TPAHUIE
oGnacru. Hampumep, HyIeBHM IpaHWIHHIM YCIOBUAM COOTBETCTBYET MC-
9eCHOBEHUE B MOMEHT IIEPBOTO NOCTMKEHUA T'PAHUILL; YCIOBUIO 0u;/on =0
COOTBETCTBYET OTpaieHNe IO HAPABICHNI0 HOPMAJIN.

3afaya omnpefeleHAA BCeX BO3MOMKHHX TPaHMYHHX ycaoBuit mus puddy-
BMOHHHIX IIponeccoB OHJIa M3ydeHa B ofHOMepHOM caydae Peanepom [19], [20]
¥ B MHOTOMepHOM ciydae Benrtunemem [47], [48].

3afavy MOKHO yTOYHUTH ciaexylommuM obpasom. Ilycte G — obmacts ¢ raag-
Kot rpaHune#t G u L — puddepeHnmanbHuit onepaTop B G, Koa(duimeHTH
KOTOPOTO NPOAOIKAIOTCA HempephBHO Ha G U G'. Tpebyerca onmmcaTb Bce fud-
¢ysuoHHHE IponeccH B 3aMKHYTo# obmacr G U G’, AaA KOTOPHX IIPOHM3BO-
pamuit puddepeHNMANBHHINE ONEpaTOPp BO BCEX BHYTPEHHMX TOYKAX COBHA-
paer ¢ L. Iloka eme He GHIO OIpefieeHO, YTO BHAYUT, YTO IIPOIECC ABIAETCA
audPysMOEHHM B IrpaHMYHONM Touke x. Tak e, KaK U JJA BHyTPeHHe# TOYKM
9TO NOHATHE OIpEleNAeTCA 4Yepe3 Xapakrepucruueckuit omeparop. Tpebyercs,
uro6u sHauenue Yf(x) Griro ompeneneno aubo (a) AiAA BCeX MIARKUX QYHKIHUIA,
au6o (6) uA BCexX ruIafgkuX QYyHKNUil, NONUYNHEHHHX OXHOMY JHMHEHXHOMY ycao-
BUMIO (IOA raagKuMu QYHKOMAMI IOHMMAIOTCA 3[eCh QYHKIMM, ABaKIH He-
mpepHBHO AuddepeHIUpyeMbe B HEKOTOPO OKPECTHOCTH TOYKH Z).

Benrnens moxasai (1), 9To B caydae (a) Ha MIIagKUX QYHKIHMAX

Af(x) = —9f+?':% +L'f,

rre L’ — puddepeHnnaabHE onmeparop Broporo mopApgka Ha G(2); B cayuae
(6) nuHeltHOE ycioBMe, 3ajaomee 00JI1aCTh ONPeReleHNA MMeeT BUN

%
0= —qf+ya-%+L’f.

Ecan ¢pynxnusa 9f nenpepnBHA, TO B IepBO# M3 HANMCAHHHX QOPMYI MOMKHO
samenuTs Y Ha L, 1 06e GOpMYyIH 3aMUCHBAIOTCA B BHJE

—aLf—qf+yz—i; + L’f=0.

() PesyasTatHl BeHTHEnA mManaranTcs B nepepaGoTaHHOM BHZE.

(2) Mu cunTaeM, 9YTO TPaeKTOPHHM npoliecca HenpephBHL. Penaep u Benrnens
JIODYCKAJIX BOSMOKHOCTH DPaspHBOB Ha rpanune. IlosToMy y HHX HOABIATCH
ROIOJHATEIbHEE NHTETPATbHEE UJIeHH.
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Utak, paa Toro, urobH 3aaTh I'DAHWYHOE YCJIOBUE, HANO ONpPENENHTH HA Ipa-
Hune QyHKOUU 0,9,y ¥ AuddepennuanbHuit omeparop L’. Ilpm L’ =0 moxy-
YaeM I'DaHMYHHE YCIOBMsA, XODOIIO M3BECTHHE B Teopuu AuPPepeHIuaTbHEIX
ypaBHeHuil. TeopeMHl CymecTBOBaHWA M eNWHCTBEHHOCTH HJA o0mero ciydas
pasbupaauce Benrnenem u Yeno [44]. OgHako, moJy4eHHEIe B 9TOM HAIpasie-
HOW pPe3yJbTATH ellle HUKAK HeJb3A CYATATh OKOHYATEIbHHIMH.

C BaraagHO#i TOYKM 3peHMA COOPMYIMPOBAHHHIA BHIE pe3yJbTAaT O3HA-
4aeT, 4YTO ENMHCTBEHHO BO3MOMKHBIMH THUNAMH IOBefeHNA muddyHIupyomei
9acTHIH Ha IpaHuIe 06JacTU ABIAIOTCH OCTAHOBKA, MCYE3HOBEHHE, OTPAMEHME,
andpdysusa mo rpaHmNe W X pasauyHbele KomOuHanuu. CI0BO «KOMOMHAI[UA»
03HAYaeT MPOCTO JHHeH{Hyl0 KOMOMHAIMIO COOTBETCTBYIOMMX TI'PAHMYHHEIX
YCIIOBMIt, HO BePOATHOCTHHI CMEICI TAKOr0 KOMOMHUDOBAHMA COBCEM HE IPOCT.

HasxpoMy THOY TPaHNYHHIX YCIOBHE COOTBETCTBYET OIpENeNeHHHH IpO-
nece, mpoucxofAmuil Ha rpanune. OH ompefesneH Ha CIyIaifHOM MHOKECTBE
MOMEHTOB, B KOTODHE YacTHI[Aa HAXONUTCA Ha rpaumne. llsydenme rpa-
HIYHHX OPOIECCOB MOKHO II03TOMY PACCMATPUBATL KAK OAHY W8 3ajad,
eme He IIOCTPOEHHOI 00Iieil Teopun MapKOBCKUX IIPOIECCOB CO CIyJaitHOM
obnacreio omnpepeneHus. IloctpoeHwe Takodi TeopuUM IIPENCTABISETCS
BechbMa HHTepecHOoi mpoOiuemoii. (VIHTepecHHE cOOOpazkeHUA IO STOMY IIO-
BOXy OHIIN BEHICKasaHH B OJHOM U3 fokIanoB Hoimoroposa Ha ceKmum Teo-
PHI BepoATHOCTe#l M MaTeMaTWIeCKOH CTATHCTHKH MOCKOBCKOrO MaTeMa-
THIECKOTO 00ImecTBa.)

§ 4. AnqnutuBHbIE QYHKIIHMOHAIIBI

4.1. 3a mocienHMe IO ORHAM M3 Ba:KHEUIINX OpPYAUH MCCIENOBAHAA U
OpUMEeHEeHUH MApPHKOBCKUAX IPOIECCOB CTAHOBATCA AAMUTUBHHE (YHKI[HO-
HAQJIH OT 3THX IPOIECCOB.

AnnutuBHHE (QYHKIUOHAJI OT MAapKOBCKOTO Ipomecca (x,P,) mpep-
craBasAeT co0oit (PyHKIUIO, COMOCTABIAIMYIO KA:KAOMY HMHTEPBAIY Bpe-
MeHH [s,f] caydaliHyl0 BeaWIMHY i B3aBUCAI(YI0 JHMIOL OT TEYEHHA IIPO-
necca 3a Bpems [s,£] (). IIpu arom Tpebyercs, arobu @f +h =gy mua mo-
OuxX 8 <t<wu. Mu OyfeM paccMaTpUBaTh TOJBKO aAUTHBHEE QYHKIIMOHAIEH,
YHOBJIETBOPAIMUE CIEAYIOMEMY YCJIOBHIO ONHOPORHOCTH: IpH 3aMeHe
TPAEKTOPHY I, HA T, 3HAICHNUE (] BaMEHACTCA HA @iy (2).

ITpumepom apauTHBHOTO YHKIMOHANA ABIAETCS

t
@t =f V() du,

8

rie V(z) — rakada-HuGynp msMepuMasa QyHKNUA B (as0BOM IPOCTPAHCTBE.
Ecau ¢pynrnua V HeoTpuuartenbHa, TO QYHKIMOHAN ¢} OPHHAMAET TOJIBKO
HeOTpHUIaTelIbHEE 3HaUeHNA. Takue (YHKIMOHAJH IPEACTABIAIOT 0COOHIH
uHTepec miaA nmpumeHeHmit. B 1958 r. BoakoHckmit [45] (cMm. Tamke [46])
OIMCAJ BCE HENpPEPHBHEE HEOTPUIATENbHEE afiUTHBHEE (YHKIUOHAIH OT

() Tounee, pyHKIUA (pf(w) U3MepHMa OTHOCUTENbHO 0-aire0phl, MOPOKAEH-
HOMt pyHEnMAME z,(w) npu u € [s,t].

(2) Tormese, ecan SJ}_J'ILH HEKOTODHX w; U wy U3 2 mh >0 z,(w,;) =2;.,(w,) npm
BCeX £, TO @t(w;) =@tin(wy) MpH BCEX 8 <.
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OIHOMEPHOTO BHHEpPOBCKOro mponecca. Oxasaiock, 9T0 9TH (YHKIEOHAJILI
HAXORATCA BO B3AWMHO OXHOBHAYHOM COOTBETCTBMI C MepaMm Ha HPAMOIA,
OPUHAMAIOIUIMA KOHEYHHE SHAYeHNS Ha Ka:KJAOM KOHEYHOM OTpesKe. ITO
COOTBETCTBHE HENPEPHBHO, €CIN PAacCMaTpUBATh MIA Mep caalyio Cxopu-
MOCTh, & AIA (YyHKOMOHAIOB CXOAUMOCTL 10 BepoATHOcTH. DyHRIUMOHAI,
COOTBETCTBYIOINUI Mepe 4, BAIMCHBAETCA B BHJIe

11
d
@i =f ﬁ(xu) du. @)

8

ITpn arom du/dx osHaUaeT MIOTHOCTL MEPH 4 OTHOCHTeNbHO Mepw JleGera.
Ecam raxoit mioTHOCTH He CYINECTBYET, TO SaIHMCh HOCHT CHMBOJIMIECKHH
XapaKTep ¥ pacmuppOBHBAETCH IOCPEACTBOM €CTECTBEHHOT'O IPefeldbHOTO
Tlepexopa.

JnAa MHOTOMEpHOTO BHHEDOBCKOTO Ipomecca Bajada Omua pemeHa B
1960 r. Benrnenem [49] m Maxkuuom u Tanara [33]. Tax e, kax u B ogHO-
MEpHOM CJIydae, MMeeT MeCTO OJHOBHAYHOE COOTBETCTBME ME:KAY HeOTpH-
IATeNbHHMI AAAUTABHEME (YHKINOHANIAME ¥ HEKOTODHM KIACCOM MEp B
¢asoBoM mpocrpancrBe. OfHAKO, STOT KIACC MepP ONUCHBAETCA CIOMKHEE.
(O comep:xuT, B 9aCTHOCTH, BCe MepH], 00Jajiaiomue OrpaHWIEHHOM IIOT-
HOCTBIO OTHOCHTeNBbHO MepH JleGera, a Takse BCe MEDH C OrPAaHMYEHHEM
HBIOTOHOBHIM IoTeHnuanaoM.) HempepHBHOCTE COOTBETCTBUA MeMKAY MepaMu
¥ PyHENUOHATaMu OOJBINE He MMeET MeCTa, OHAKO MHTETPAINy, CTOAMEMY
B IpaBoif sacty QopMyas (2) Bce ke MOMKHO IPHAATH CMEICI C IIOMOIIBIO
60JIee OCTOPOIKHOTO IPEAETLHOTO IIePeX0a.

He ncraiogeno, 9To T€OpEMy O HEIPEPEIBHOCTH COOTBETCTBUS MEKIY Me-
paMu m QYHRUMOHAIAMEA MOKHO CIACTH, €CIM IIPH ONpefeleHHH Ccaaboit
CXOJIMOCTZ Mep paccMaTpuBaTh He OGHYHYIO TOIOJIOTHMIO €BKJIMO0BA IIPO-
CTPAHCTBA, & €CTECTBEHHYIO TOIIOJIOTHMIO, CBABAHHYI0 C BHHEPOBCKHM IIpO-
meccoM. BEIO GH MHTEepeCHO BHIACHATH, BEPHO JX BTO IIPENIOJIOKEeHHe.

4.2. IIpuMepoOM HEIPEPHBHOI0 ANNUTHBHOro (yHKIMOHAIA, NPHHUMAIOIETO
3HAYEHNA PA3HHX 3HAKOB, MOKET CILYHKUTH

‘Pf = flzs) — f(=s) 5 (3)

Tie f — npousBoJabHAA HenmpephBHaA QyHENuA. [uHKKMHE [13] nmokasaxd, 9To He-
TIpepHBHBIE ANAUTHBHEE QYHKIMOHAIH OT BMHEPOBCKOI'O IIPOIECCA MOKHO IIO-
JIy4UTh C NIOMOIIBI0O CTOXACTHYECKNX MHTETPAJoB 1o opMye

t
tpf = f b(,)da,. (4)

Onupasck Ha Hexorophie upen Cropoxopma [42] Bentueas [50], [51] mokasad,
YTO BCAKMI HeNpepHBHHIl afIUTUBHHI (QYHKIHOHAT OT OFHOMEDHOTO BHMHE-
POBCKOT'0 IIpOIlecca IPEACTAaBIAeTCA B BHUAe CyMMH (YHKIMOHAIOB BHAA (3)
(4). ABaJIOTMYHEI pPe3yJbTAT NOJIY4YeH UM M AIfA MHOTOMEDHOIO ClIydas, HO ero
$OpMyIMPOBKA HECKOJBKO CIIOMKHEE.
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§ 5. CyneprapMoHu4eckue ¥ rapMOHUYECKUe PyHKIMI

5. 1. CyneprapMOHNYeCKue ¥ rapMOHWYeCKNe QYHKONHU MIPAIOT BaKHYIO
POJIb B KIACCUIECKOM AHAJIUBE.

OnEO W8 BOBMOMKHHX OIpefedeHuit cymeprapMoHW4ecKoit GyHKIUE Tpe-
Gyer, uTo0H (yHKNMA OHIA HeNpepHBHA CBEPXY U YTOOH CpefHee ee BHA-
9eHne mo 10601t cpepe He IPEBOCXOAMIO ee BHAUCHHUA B IeHTpe CPEepH.

ITyers 7 — MOMEHT IIepBOTO BHIXOAA TPAeKTOPUI BUHEPOBCKOTO IIPOIECca
us cpepn S ¢ menrpoMm B Touke x. O9eBHAHO, TOYKA %, PABHOMEPHO pac-
npepesera mo cdepe S, u nosToMy cpeanee sHadeHue PpyHknuy f o S paBHO
T.f(x)=M,f(x,). Taxum o6pasoM, 0CHOBHOe HEPABEHCTBO JJIA CyIeprapMo-
HudecKnx (QyHKROuH MoxkHO sanucath B Bume 7'.f(x)<f(x). [{orasmBaercs,
9T0 BTO HEPAaBEHCTBO COXPAHMET CHIY, ecau cdepa ¢ IGHTPOM B & BaMe-
HAETCS IPOMSBOJBHON KOMIAKTHON OKDECTHOCTBIO TOUKH z. J[OKasHBaercs
TaKKe, 9TO CyIeprapMOHHYecKMe (YHKIUU HENPEPHBHH B €CTECTBEHHOI
TOIIOJIOTMM ¥ OUPAHUYEHH CHUBY Ha KamkIOM Kommakrte. Boaee Toro, oka-
BHIBAETCA, YTO IepeduCIeHHEe Tpe0OBaHUA (HENPEPHBHOCTh B €CTECTBEH-
HOH TOTOJIOTHH, OTPAHMYEHHOCTh CHUSY HA KAa:KAOM KOMIIAKTe M Hepa-
BeHCTBO T'.f(x) <f(x) msA Kaskmo¥# KOMIAKTHOM OKPECTHOCTH TOYKM ) PABHO-
CHIBHH CyIeprapMoHUIHOCTH GyHEuE f. ME npuxonguM K BEpOATHOCTHOMY
OIIPEefielIEHUI0 CyNeprapMOHNIecKuX QyHKImit.

dT0 ompepeneHUme COXpPaHAeT CMHICJI IIPM B3aMeHe BHHEPOBCKOTO IIPO-
mecca Ha JI000¥ MapKOBCKHII IpOIECC B JOKAJIBPHO KOMIIAKTHOM (asoBoM
mpocTpaHcrBe. TaknM 06pasoM, I KaMA0r0 MAPKOBCKOTO IIPOLECCa MOKHO
BBECTH KIACC CBABAHHHIX C HUM CyImeprapMoHmdecknmx QyHkmuii (1). Hua
IPOIIECCOB C HEIPEPHBHHEIMHI TPAEKTOPUAMU 9TO ONpefeleHNe eCTeCTBEHHO
JIOKQJIMBYETCH, TAK YTO MOKHO TOBOPHUTH 0 YHKIMAX, CyIeprapMOHNIECKAX
B HEKOTOpPOIi o6Gaacra G.

5.2. B KiaccHMYeCKOM aHAJW3e BaMETHOE MECTO BaHUMAaeT 3ajfada O Ipen-
CTaBIIEHNN CyINeprapMOHMYeCKHX (YHKIM B BHUAe IOTeHNUaaoB. HBIOTOHOB
NOTEHINAJ MEPH u B TPEXMEPHOM €BKIUJOBOM IIpOCTpPaHCTBe E mpepmcraBider
coboit pynrnuio f(x), onpeneademyio Gopmyaoi

d
f(‘”)=f u(dy)
ly-=|

(|ly —=| osHagaer mauMHY BeKTOpa y —z). OTa (YHKIMA HEOTPULATEIbHA U CY-
NeprapMoEMYHA.

HerpynHo foKasaTh, 4TO €CIM @f — ALAATHBHEIN (QYHKOMOHAI OT BHHE-
POBCKOT0 IIPOIIeCCa, OTBEUAIONIMA Mepe u, TO MOTeHIMAI AaeTcsa GopMyJIoi

{(z) = M p%. (5)

EcrecTBerHO mocTaBUThH OOIIyI0 3afauyy O HPEACTABIEHMH HEOTPUIATEIbHEIX
CymeprapMoHNYECKHX (YHKIUH, CBASAHHEIX C IPOMBBOJBHEIM MapKOBCKHM
npomeccoM, B Bufe (5). JlaA mumpoKoro Kiacca IPOILECCOB 3TA 3afaia pelleHa

(') IIpuBenenHOE omIpefelleHNMe IPUHAMIEKUT AokIamuuky [10], [17]. Hak
nokxasaHo B [10] kiacc BceX HEOTPMIATEJBHBIX CylMepraMOHHMYeCKHX (QyHKIumi
COBIAfaeT C KIAaCCOM DKCIECCUBHHIX QyHKIMiA, BBefeHHHX XaHTOM [28].
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B pabGorax Boakronckoro [46], Benrnens [49], Meitepa [35], Illypa [39], [40].
JorasaHO, YTO INpeAcTaBieHHEe (5) BO3BMOKHO A BCEX OrPAHMYEHHHIX He-
OTPMIATEIBHHX CyleprapMoHmdeckux ¢yHkuumit. IlodydeHH KpuUTepMM mpex-
CTaBUMOCTH JIJIA HEOTPAHNYEHHHX (yHKIMMA.

5.3. Oyuriua f HaskBaeTca 2apmoHuYeckol, ecnu ¢yHrmua f m —f
ABJIAIOTCA CyNeprapMoOHMYIecKuMu. I'apMoHMYeckre (YHKIMY ABIAITCA pe-
mennamMa ypasHenus Uf(x)=0, rne A — xaparrtepucrmyeckuit omeparTop
mponecca. (B caydae BuHEpOBCKOro mporecca OHYM SABIAIOTCA pPeMEHUSAMA
ypaBHenusa Jlamaaca Af(z) =0.)

ITyers (2;,P;) — HeoOpHBatomuiicA HEOPEPHBHHII CTPOT0 MapKOBCHUii
mpomecc Ha 7-MEPHOM TOIOJOTHMYECKOM MHOrooOpasuu FE. YciaoBumes ro-
BOpHUTH, 9TO (yHEOUM f, ..., f, TIpencTaBIAT cobOM zapmonuueckue Ko-
opOuname, BONIMBM %, eClIM BTH (YHKIUM ABJIAOTCA TAapMOHHYECKAMH B
HEKOTOpO# okpectHOCTH U TOYKM & W ONIPENENA0T TOIOJOrWIECKOe OTO-
Opamenue U Ha HEeKOTOpPYIO 00JIacTh eBKIMAOBA IpocTpaHcTBa. Ecau kKpome
TOTO BeAKAaA (QyHKOUA, rapMoHmdeckas B U, aBaserca QyHKmuedl Hiacca
C* (1) ot fy, ey fns TO MH GymeM TOBOPUTH, 9TO QYHKUMH fy, ..., [, CYTH rap-
MOHMYeCKUe KOOpAMHATH Kiacca CF.

Herpynano BumeTs, 9T0 ecam BOMMBY Kampol Touku z u3 E MO:HO BBeCTH
rapMOHUWYECKHe KOOPAMHATH Kiacca CF, T0 Ha60p BCEX TAKMX KOOPAHHAT
onpenensier B B crpyrrypy raapkoro muoroo6pasms kmacca CF. Mu mHa-
BOBEM ee ecrmecmeeHHoll 2Aadkoil cmpyxmypoii.

VeaoBuMes ToBOPATh, 9TO0 MApKOBCKUIl IIPOIECC Pe2yuspeH 8 mouke Z,
ecyu BOJIMBYM ¥ MOMKHO BBECTH FapMOHHYECKHe KOOpAMHATH. B oxHOMepHOM
clIyJae 9TO YCJIOBHE PAaBHOCHIBHO TPeOOBAHMIO, YTOOH CYIIECTBOBAJI WHH-
TepBal (@,b)>z co caexyomuM CBONCTBOM: TPAEKTOPHSA, HAIMHAIOMAACH U3
ai060#t ToukM y € (a,b) mOmagaeT ¢ MOJIOKUTEIBHOM BEPOATHOCTHIO B KAMKYIO
73 TOYeK a,b B MOMeHT nepBOro BHXOAa u3 (@,b). IHTynTNBHO ACHO, YTO B
MHOTOMEDHOM CJIIyd9ae YCJIOBME PEryJIAPHOCTHA MMeeT aHAJIOTMIHEIA CMEICI.
Brno 65 mETEpECHO HAWTH COOTBETCTBYIOINYIO TOUHYIO OPMYIUPOBKY.

OgeHs wmHTEpeCHO OHIO GH BHIACHATH, HACKOJIHKO INMPOK KJIACC IPO-
LIeCCOB, AOIYCKAIOMUX €CTECTBEHHYI0 INIAKYI0 CTPYKTYpYy Kiacca CF. dtam
cBOIICTBOM BO BCAKOM ciydae o0aajaioT (opu k=w) Bce peryidapHHE Of-
HOMEpHHE IIPONeECcCH, a Takxe Bce AUPPYSMOHHHE NPOIECCH, AJIA KOTO-
pEx npomsBofamuii muddepeHnEANbHEI OIEPATOP ABIAETCA HIIANTHIE-
CKIM OIIEPATOPOM C aHAJIWTHIECKUMH K0a(ummeHTamu.

IlonaTHe peryaspHOCTM nponecca ¥ IOHATHE €CTECTBEHHOM TIIagKoi
CTPYKTYPH OHUIM BBefleHH HaMu [iA HeoOpHBaommuxcsa nponeccoB. Ecman
IIPOIIeCC MOeT OOPHBATHCA, STH OIpeelIeHNA HeoOOXOAUMO BHUIOM3MEHNTH.
JaA omHOMEPHOTO ciyJas KOPPEKTHOE OIpefelieHne eCTeCTBeHHOM INIanKoi
cTpYKTYpH Aano B [17]. B MHOroMepHOM ciyuae Takoe OIpefielieHUe eIme
JOJAKHO OHITH HalieHO.

(1) Yepes c* (=0, 1, 2, ..., co) 0603HauaeTCA KiIAacCC BCeX k pa3 HEmPEepPHBHO
mupdepennupyemux ynrnuii. Yepes C® 0603HAUAETCA KIACC BCEX BEIIECTBEH-
HHIX QHAJIATHYECKUX QYHKIMIL.
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§ 6. IIpeoOpa3zoBanuss MapKOBCKUX IIPOLECCOB, CBA3aH-
HBbIEe C aJMUTHUBHBIME (YHKIMOHAJIAMH

6. 1. 3nanme agAUTHBHHX (QYHKIMOHAJOB OT MAapKOBCKOTO Ipomecca IO-
8BOJISIET CTPOMTD II0 BTOMY NPOLECCY PAX HOBHIX MAPKOBCKUX IIPOIECCOB.

Mu paccMOTpPMM HECHOJIBKO OIepamuit Hajl MapKOBCKUMH IIPOIECCAMH.
Onua 8 HUX — mocTpoeHue moampornecca (1). OTa onepanuA COCTOHT B TOM,
9T0 TPAeKTOpUA IIPOIecca Z; Qﬁpmnae'rcﬂ B HeroTopHit Moment {. IIpu sa-
RaHHOY TpaeKTOpUM MOMEHT { ocTaeTcs CIydYallHHM, W AJs TOro, ITOGH
OIpefeINTh MOAIPONECC, HAX0 3a/laTh COOTBETCTBYIOIEE YCJIOBHOE pacIpe-
AemeHue BeposATHOcTell. OKaswBaercs, 9TO BCE 3TH YCIOBHHE pacIpefele-
H¥fA CBABAHH C AMAUTUBHHIMM (YHKIONOHAJIAME OT HMCXOAHOTO IpOIecCa.
HNmenno, ecan (pi — aiAuTHBHEY (YHKIUOHAT, HEOTPUIATEJIHHHI W He-
IPEPHIBHEIA OTHOCHTEIBHO ¢, TO MOKHO IIOCTPOUTH HOAUpOINecc, [ KOTO-

POTO YCIOBHAA BEPOATHOCTH cobnTuA [ >1¢ paBHa e,
PaccmoTpum npocreiimmit ciayuait, xorna GyHEOUOHAN @i samaercs gop-
MyJI0i

t
¢=fvmom (6)

(V(x) — HempepmHBHaA HeoTpunareabHas QyHrous.) Jlerko mopcamrarh,

9T0 B 9TOM CJIyuae YCIOBHAA BEPOATHOCTh coOnTHA t<{<t-+dt pasHa
V(x,)dt +o(dt) u, caemoBarenbHO, TPAEKTOPUA, HAXOAAMAACA B HEKOTOPHI
MOMeHT ¢ B TO49Ke Z, OOphIBaeTcsA 8a BpeMs df ¢ BepoATHOCThIO V(x)dt+o(dt)
HEeSaBUCHMO OT XapaKTepa ABmxeHuA A0 MoMeHra f. Ecau o6opBaTh Takum
obpasom puddysuoHHEL mpomecc ¢ NpomsBORAMUM AuddepeHIUaATLHEM
oneparopom L, To moaydnrcs Aupy3uoHHHI IpONECC ¢ IPOMSBOIAIIAM
0IIepaToOpOM

Lf=Lf-V{(.

Qyurnuio V(x) ecTecTBEHHO HA8BATH NJOMHOCMBIO 6EPOAMHOCIMU 006 PLi6a.
J1s mupoKoro Kiacca TPOIECCOB 9TA INIOTHOCTh MOKeT OHITH OIpefesaeHa
AJA KaKIOro TMOANpOIecca, TOIBKO, BOOOME roBOpH, OHA ABiIAeTcA 0000-
meHHO# QyHKIMEH.

IMosicHuM 5TO yTBep:KMeHWE [JIA CiIydas BHHEPOBCKOTO Impomecca. Jlid
TAKOro INpOIecCa KasKAHIf HEOTPHUIATeNbHHI ANMUTHBHHEIN (YHKIMOHAT
xXapakrepusyerca Heroropoit mepoit u. CiefoBaTelabHO, KaAbIA IOAIpPO-
Iecc BUHEPOBCKOTO IPOIlecca TaK#e XapaKTepusyeTcsA HEKOTOPOil Mepoit .
ITpousBopuas du/dxr Mepu u oTHOcuTenbHO Mephl JleGera sBisierca 06006-
menHOM (QyHKUMeH, 1 aTa QyHKUMA IpencTaBiseT coGo# ecrecTBeHHOE 00-
ofIeHre BBeJeHHO} BHIIE INIOTHOCTH BePOATHOCTH OOpeBa. Mepy u M
HasoBeM ybusaioujell mepoli: ecin 1A Heroropoit obmactu G u(G)=0, To
TPaeKTOpPUA mpoliecca ¢ BePOATHOCTEIO 1 He obphiBaerca B obaacru G; Ha-

(*) Cwm. [11], [17].

(2) SroT pesyibTaT JeTKO cilengyeT u3 oOmeill TeopeMH ycraHaBIHBalomeit
aHAJIOTMYHYIO CBASh WHQMHUTESMMAJIbHEIMUA OIEPATOPaMM IPOIECcCa X mORIpO-
necca (cm. [4]).

7— 622036 Proceedings
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npotuB, ecau sHadeHme u(G) BeIUKO, TO YACTHIA MMeeT MAJIO IIAHCOB IIPO-
i obamacts G, He mOoruGHYB.

6.2. PaccmorpmM fajee npeo6pasoBaHMe MapKOBCKOro npomnecca (z,P;),
npu KOTOPOM TPAaeKTOPHHM He MEHAKITCH, a MepH IpeobGpasyioTca mo dopmyie

P (dw) = &(0)P,(dw).
Yro6u mapa (z;,P,;) samaBana MAapKOBCKH#I NpOIECC, OCTATOYHO IIOJIOKHUTDH
_ L
E =e Poo ’
rae @i (0 <8<t <%°) — anIATUBHHI QYHKIMOHATN, YIOBIETBOPAOIIAA YCIOBUIO
_ L]
M,e %=1,

[ BUHEPOBCKOro mporecca QyHKIMOHAIH @, YAOBIETBOPAIOIIAE MOCIETHEMY
YCJIOBMIO, MOKHO CTPOMTH IO HopMyIre

t 1t
q>f=f b(x,)dz, + Ef b(z,)’ du.

(mepBHIt uleH mpencraBiferT co6oil cToxacTWuecKuit MHTerpal, QyHKuuA b(z)
TIPUHEMAET BEKTODHHE 3HAUEHMA W b(x)” O3HAYAET ee CKAJADHEIA KBamparT).
IIpu nmpeoGpasoBaHuu Mep, OTBEHANIIEM 3TOMY PYHKIMOHAIY, U3 BHHEPOBCKOIO
npomecca moxydaerca AUQPY3MOHHHN IPOLECC C NPOM3BOAAIUM AuddepeH-
IMaJbHHM OIepaTopoOM

of
3$i

Li=Af-2by(x)

(by(x) — AexapTOBH KOOPAMHATH BeKTOpa b(z)).

6.3. B KammOM M3 PACCMOTPEHHHIX HAaMU CIy4yaeB IOCTPOEHMEe HOBOIO Map-
KOBCHKOT'O IpOIlecca IMPOMCXOAUT C IOMOINBI0 HEKOTOPOTO agfUTHBHOTO (QYHK-
nuoHana gi. Ilpocras BHIKITagKa TOKABHBAET, YTO MEePeXONHAA (QYHKIHMA mpe-
06pa30BaHHOrO Ipolecca 3afaeTca KamAHil pas OXHON ¥ TOi ke PopMyI0H

P(t,z,T)= e~ % Py(do) .
Ti€ r

B macrosmee BpemAa usBecTeH oGmINpHHI Kiaacc npeoGpasoBaHuif, o6iamaro-
IUX TeM e cBoiicTBOM (cM. [14], [17]). Ilpu KakmoMm m3 >THX mpeobpasoBaHMH
0OpEIBaeTCA TPAEKTOPUA IIpOIlecca M B TO K€ BpeMA OIpeReleHHHM 06pasoM
npeoGpasylorcsa MepH P,. K umciy nauboiee BaKHEHX IPMMEPOB TAaKUX Ipe-
o6pasoBaHMii OTHOCHTCA NMpeoGpasoBaHue, CBA3AHHOE C aAJUTUBHHM (QYHKINO-
HAJIOM

i=—lo o)
4 f@y)’
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vie f — noJomuTenbHas cyneprapMoHumdeckas ¢ymrnus (). Ilpm artom mpe-
wOpas3oBaHNN nepexoxHaa GyHKIUA npeobpasyerca mo gopmyie

y 1
P(t,z,T) = @ fr P(t, z, dy) f(y)-

6. 4. Becbma BaskHOE MeCTO 3aHMMAET B TEOPHM MAPKOBCKUX IIPOIECCOB
cAYuaiinas 3aMena eépemenu, BIEPBHE CHUCTEMAaTHIeCKM wuaydeHHas Boa-
sonckuM [45], [46] (cm. Taxxe ro u Makkua [32]). 9ra omepanusa COCTOUT B
TOM, 9TO BAOJNL KamA0il TpaeKTOpuE Z,(w) BBORUTCA HOBOEe BpeMA T;(w),
;\pPYTHMHE CIOBaMu, BMECTO mponecca (z;, P;) paccMaTpuBaercs napa (%, Py).
(Oynknua 7,(w) RomxHA OHTH, KOHEYHO, HEIPEPHIBHOM M BO3pacraromeit
(pyHEnMeit oT {. Bosuumkaer Bompoc: kKak BHOpPaTh cpefu Takux QyHKIuil Bce
()yHKIWH, [OIA KOTOPHX Iapa (%, P;) ompefenseT MapKOBCKHUI IpoIecc.
()xasEIBaeTCs, AJMA STOTO AOCTATOYHO PACCMOTPETH BCEBO3MOKHEIE ANIM-
TiBHHE (YHKIMOHANH @i(w) OT mpomecca (z;, P), HenpepHBHHE OTHOCH-
TCJIBHO § 1 TIOJIOKUTENbHEE PN JI00HX £>820, 1 mOCTPOUTD 1A Kamnoro
rakoro Qymrmuonana ¢ymkmumo T,(w), obpatayn mua QyErmEE @H(w).
llpocreiimuM mnpmMepoM amAWTMBHOTO (YHKIUMOHANA, YHOBIETBOPAMIETO
nceM HeOOXORUMEIM YCJIOBHAM, fABIAeTcA (yHENuoHa® (6) Impu IOJOMKH-
TeapHOM PyHKIUU V(x). 3HadeHNe 7, HAXOXUTCA W3 COOTHOIIEHUA

Tt
f V(z,)du =t.
0

flero, dro dv;/dt=V(z,)! u, caemoBarenbHO, 3aMEHA BPEMEHU CBOTUTCH
I¢ TOMY, 9TO B KasKIOI TO9Ke ¥ [BIKEHHE YCKOpAeTcA (WU 3aMeIJIAeTCA) ¢
roadpunumenTom V(z).

Boobme npm ciy4aiinoii 3aMeHe BpeMeHZ «KapTa TPaeKTOPHil» Ipomecca
ne mMeHsaercd. IlosroMy He MeHAIOTCA BEPOSTHOCTH, XapaKTePU3YOIAe IIO-
JI07KeHMe JaCTUOH B MOMEHT IIEPBOrO BEIXOfia M3 JI000TO OTKPHTOIO MHO-
mecTBa G (MH HABHBAEM WX IS KPATKOCTHU eeposmHocmamu euzooa). Ecre-
CTBEHHO CIIDOCHTH, BHITEKAET JM U3 COBIAEHNA BEePOATHOCTell BHIXONA
JJIA IBYX MapKOBCKHX IIPOLECCOB, 4TO KaKIHN M3 HAX MO:KeT OHTH IO-
JydeH U8 [pyroro IIOCPEACTBOM CaydJaifHON samMeHH BpeMeHH. B ciyuae,
KOTIa OJ{MH U3 IIPOLEeCCOB — BUHEPOBCKMIA, MOJOUTEIbHLEIA OTBET HA BTOT
sompoc faercd B pabore Marxkuna u Tanaxa [33]. B pabore Baromenrans,
l'erypa m Maxkkmua [1] sTOT pesynbTaT pacmpocTpaHAeTCA Ha MMPOKMit
KJICC IIPOIECCOB.

IIyers Y — xapawrepucrMdecKmii OIEPaTOp HEKOTOPOrO Ipoiecca, 1
[ — xapaxTepmcTHYeCKUil OIEPATOpP HmPOLECCA, MONYICHHOTO IIOCPENCTBOM
caydaiteoii saMens Bpemenu. B ¢opmyane, ompenensiomeit Uf(x) auncaurens
BLHIpazKaeTcs depes f M BepOATHOCTH BHIXO/d, 4 BHAMEHATEIb He BaBUCHUT OT
f. Iloaromy puna Bcex ¢ynrmumit f, BXOJAIUX OJHOBPEMEHHO B obamacTu

oupenenenus U u 9, orromenne Af(x) /Q[f IOPUHIMAeT OJHO M TO 7Ke 3Ha-
uenne. OGosHavas ero gepes V(z), umeeM gopMyay

A f(z) = V(z) A f(2).

(*) 9T0 npeobpaszoBaHUE CTPOUTCH HPH KOMOTHUTEILHOM IPERIIONOKEHUH, YTO
/ npexcraBumo B Bupe (5).
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Ommpasces Ha 8Ty QopMyxay, HETPYAHO JOKasaTh, 4T0 HupdysuoHHEIH mpo-
necc ¢ mpomsBopAmMuM AudPepeHIUATLHEM onepaTopoM L MOMHO HOIy-
9UTHh IIOCPENCTBOM CiydYaiiHOii BameHH BpeMeHu u3 nuddysmonHOro mpo-
necca ¢ IponsBogAmMuEME nudepeHnuaIbHEM 0IepaTopoM L TOr#a ¥ TOIBKO
Torpa, Korga L=V-1L, rune V(z) — HexoTopad mOJIOUTEIbHAA QYHRIUA.
Ilpn sTom samMeHa BpeMeHH MOeT OHITH OCYIIECTBJIEHA C IOMOIIBI0 anfd-
TEBHOrO PyHKUHOHAIA (6).

§ 7. O600OIIEHHOE OPOYHOBCKOE OBIDKECHHE

7.1. VcaoBumcAa HABHBATE 0000ujeHHBIM ODOYHOBCKUM 08UNCEHUEM BCS-
KMiA MapKOBCKMII OPOIECC, KOTOPHIH MOMKHO IOJYYATh W3 BUHEPOBCKOIO
mporecca IOCPEACTBOM Omepanuif o6pasoBaHUA IOAIIpONIEcca M CaydaiiHoi
saMeHH BpeMeHH. JIi000e 4MCIIO TaKMX OIepaIyii MOMKHO BaMEHHThL ONHOM
onepanueil o6pasoBaHMA IOAIpOLecca M OAHOM omepamueil caydaiiHoi sa-
menn BpemeHn. Hak yse ropopmiock, KamIag M3 STUX JBYX OIepanyii
ompepeisAeTcd afAATHBHHM (YHKOMOHAJIOM. OTH (QYHKIMOHAIH HAXONATCHA
BO B3aMIMHO OJHO3HAYHOM COOTBETCTBUH C OIPENEJeHHHIMM KIaCCaMH Mep.
Takxum obpasoMm, Bcaxoe 0600meHHOe OPOYHOBCKOE ABHKEHNE XapaKTepH-
syeTcd HABYMS MepaMu: mepBasg — «yOueaiowas mepa» p BafaeTr, KAKEM
o0pasoM BUHEPOBCKUif MpoIecc 0OPHIBAETCA; BTOPAA — (MePA CKOPOCTMU» ¥
OIpefiesifieT CHyIaliHyI0 8aMeHY BpeMeHH.

Herpynuo Bupers, 9T0 BepOATHOCTA BHXOAA 0600IeHHOTO OPOYHOBCKOrO
ABUIKEHNA MAIKODUPYIOTCA BEPOATHOCTAMHU BHIXOfla BHHEPOBCKOTO IpO-
necca. Har morasan memapno Illyp, mnA BechbMa IIMPOKOro Kiaacca Ipo-
[eCCOB 9TO TPeOOBaHWE He TOJIHKO HEOOXOAMMO, HO M JOCTAaTOYHO JJIA TOrO,
9T00H Iponece ABAANCA 0000mMeHH M GPOYHOBCKUM [IBUAEHUEM.

7. 2. Pacemorpum GpoyHOBCKOe ABM:KeHMe ¢ yOuBaromeit Mepoit u 1 Mepoit
ckopocta v. Eciu cymecTByIoT HellpepHBHEE IPOU3BONHEIE du/dv n dv/dx >0,
TO BTOT Hponecc sABiasercd AUPPYSHOHHEIM M ero IpomsBOfAmMuil pudde-
PeHIuaJIbHE ollepaTop paBeH

LW
dz

B 06mem caygae paBenctsy (7) MOKHO IPHAATH CMEICI, €CJIH IIE€PENMCATDH
€ro B BUJE

dv _ _ d__,u
2 Li(z) = M@) — f(o) Lo

u mornmars dv[dz, Af n dujdx rax o6obmernnre Qyrrnmn (). lorasubaercs,

(*) IIpoussenenve fdu/dr =g onpemeinsercd Kak QYHKIMOHAJN HA QUHUTHEIX
GecxkoHewHO nuddepeHnUpPyeMHX QYHKIUAX, BafABHEI §opmyaoit

9(p) = |pfdu.
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wro ecau Lf ompeneneno atuM paBenctsoM ¥ ¢pyHEONZ f u Lf HenmpepHBHH
1 eCTECTBEHHOH TONOJOTAM, TO [ NPMHANIEHRHAT OOJACTH OIpefeleHMA Xa-
pakrepuctaaeckoro omeparopa U u Uf=Lf. Ornpasasadcs or sTOr0 OmMU-
cauus oneparopa I MoHO omucaTh U MHPMAMTEBNMANBHENA onepaTop 4 ().

Onepatop L MOKHO ONpENeNMThH TAKKe ClemylomuM obpasom. Ilycrs f —
(yHKIOMA TOYKM ¥ y — Mepa CO BHAKOM. YcIoBMMcCA mucark y =¥'f, ecuau
dy/dz = — Af (neBHe ¥ NMpaBhle YACTH NOHUMAIOTCHA KaK 0000meHHNe QYyHKINM).
Jlazee, mycTh 4 — HekxoTopasa Mepa. Byxem mucars y = uf, ecau dy/du =f. Torma

L—g +u]
_vaF B

Jl1a BUHEPOBCKOTO IIpoIecca

7. 3. Us apanuTmdeckux 3apfad, CBABAHHHX ¢ 0000MEHHEM GpPOYHOBCKEM
JIBMKEHWEM, MHl PAacCMOTpMM [Be Bafadu: 1) uMByueHHe TIapMOHUYECKUX
$yHEnuUi; 2) n8yIeHne mepexonHoM GyHKIUM.

JorasmBaerca, 4r0 (QyHKuus f sABuderca rapMoHWMYecKod auA Opoy-
HOBCKOTO ABM:KEHMA ¢ yOuBalomeil Mepo#t u, TOria ¥ TOJIBKO TOTHA, HOTAA
OHA HENPEPHBHA B €CTECTBEHHON TOMOJOTUY M YAOBJIETBOPHAET yPABHEHMIO

A= ®

(npaBas ® JeBaA 4acTH NOHAMAOTCA Kak 0000menHake yuknun). 18 o6meit
TEOpMM TapMOHMYeCKMX (yHKIuil, CBABAHHHX ¢ MAPKOBCKMMMU IIPOIECCAMM,
BHTEKAIOT IPOCTHE YCIOBHA CYINECTBOBAHUA W €WHCTBEHHOCTH pelIeHUS
sapgaun Jlupuxie ans ypaBHeHud (8) 1 ABHHE BepPOATHOCTHEE OPMYJIHI, BEI-
paskatomue aro pemenue. Ilycrs, B 9acTHOCTH, Mepa 4 cOCpefoTOYeHA Ha
HEKOTOpO#l ragxol moBepxHOCTH S M MMEET TaM HelPePHIBHYIO INIOTHOCTH O
Torpa ypaerenue (8) cBogurcs K ypaBHeHumio Jlammaca Bre S m TpeGoBa-
Huio, 9T00H (QYHKIUA f MCOHTHBAaNA IpH Iepexofe deped S CKAYOK HOP-
MaJbHOM IpOUBBOAHOM, paBHEIA fo (2).

OrHOCUTENBHO TepexofHOl (yHKnuUN 0600IMeHEOr0 GPOYHOBCKOTO HBH-
’REHUA HWBBECTHO IIOKA eme HeMHOro. B opmomepHoM caywae P(t,z,I") xak
¢yurnua or I' MMeeT OTHOCHTEIHHO MEPH CKOPOCTH ¥ ILIOTHOCTH P(f, Z,¥),
CUMMETPUYHYIO OTHOCHTENBHO % U ¥. (Jlia mporeccoB ¢ HyaeBoil youBaromei
Mepoi aTo ObLI0 BuepBHe AoKasaHo Benrnexem [52].) Bepro an ananormasoe
yTBep:HAeHHUE [ MHOTOMEPHOIO CJIydasi, OCTAeTCA HEM3BECTHEIM.

(1) B cayuae, xorga yOmBalomas Mepa paBHA HYI0, MHQUHNUTE3MMAJIbHEE
omepaTopsl onucaHs MakkmHOM M Tanaka [33]. O6mmit ciydait paccMOTPEH B
[16], [17].

(2) 9ro morasaro MoI4aHOBEIM.
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§ 8. Kak ycrpoeH oOumii HEpepBIBHEI CTPOIO
MapKOBCKHil miponecc?

8. 1. Onnoit 3 HauGosee AKTYAIBHHX 3afadY TEOPHH MAPKOBCKHUX IIpO-
IECCOB ABIAETCA BHIACHEHWE CTPOeHMA Hambosee OOMMEr0 HEIpPepHIBHOIO
CTPOTO MAapHKOBCKOrO IIPOIleCCA HA TOHNOJOTMIeCKOM MHOroo6pasum E. Ox-
HOMEPHHII ciaydail B HaCTOAIIee BpeMA UCCIe0BaH MOIHOCTEI0. UMerores ne-
KOTOpHE IIOAXOAH ¥ K MHOTOMEPHOMY CJIYdalo.

Haumem ¢ mpomeccoB, 3aJlaHHHIX Ha OTKDHTOM WHTepBaue (ry, r,). [o-
KABHIBAETCH, ITO €CJIM U3 Kam[0d TOYKM MHTEPBAJIA TPAEKTOPUA MOIKET HO-
TACTh C IIOJIORUTEIbHOM BEPOATHOCTHIO B M0G0 APYIYI0 TOYKY, TO IPOLECC
MOKHO IIOJIYIATH HOCPEACTBOM MOHOTOHHOTO HeODPEpHBHOIO IpeoGpaso-
BaHMA $as0BOTO IPOCTPAHCTBA M3 HEKOTOPOro 000GIMEHHOTr0 GPOYHOBCKOTO
ABuMKeHHA. [[pyruMuy CIOBaMM, €r0 MOKHO IOJYIUTh U3 BUHEPOBCKOIO IpO-
mecca, IOCIe[0BATeNbHO BHIIOIHAA TPHM Ollepanuu: o6pasoBaHme MOAIPO-
Ijecca, CIydailHylo 3aMeHY BpeMeHU U mpeoGpasoBanue Kooppuuar. Ecin
mponece HeoOpuBaomuiicd, TO U3 TUX TPeX OIepanuil HyKHH TOJIBKO [Be
TOCIIeHMe.

CxopHELl pesyabTaT MOKHO IOIYIUTh W OTHOCUTEIHHO HEOOPHBAOMANXCH
HEIPEPHBHHX CTPOr0 MAPKOBCKUX IIPOIECCOB HA TOMOJOTMYECKHX MHOTO-
o0pasusax gwo6oro guciaa usmepeHuit. OgHaKO, B 00INEM CiIydae MCXOXHEIM
MareprajioM JJIA OCTPOEHNUHA CIYKHUT He TOJBKO BHHEPOBCKUIA IIpoIece, HO
¥ Lenamii KIAcC mpoueccoB, Ouamskuil K Kiaccy Au(Qy3MOHHHX HPONECCOB
(MBI HasHBaeM aTH Iponecch KBasumuddysumonnumu). K Tomy ke cBenenue
K KBasuAu(@y3nOHHKM IPOIECCaM YAAETCA IPOBECTU TONBKO JIOKAJIBHO W
IIpY HEKOTOPHIX OTPAHMYEHUAX, KOTODHE HYKAIOTCA B AadbHeHmeM aHa-
Jquse.

8. 2. HamomMHNM, 4TO HENpPEPHBHEHIA CTPOr0 MAPKOBCKHHA IIPOLECC HABH-
Baercs AU y3UMOHHEIM, €CIIM eT0 XapaKTepUCTUIECKNil OIepaTop OnpefeaeH
Ha BCeX [Ba;K/K HempepHBHO nuddepeHnupyeMux QyHKrnuax. Yro6u moay-
YUTH OIpefelleHne Keasuduggysuonnozo Iponecca, XOCTATOYHO 33aMEHHUTH
37leCh XapaKTepUCTUIECKNIi OIlepaTop Ha K8aA3UTAPAKMePUCUECKUll omepa-
TOp, KOTOPHIi onpenensiercd ciaeayiomuM obpasom. Ilyers f u F — ¢pysrnun,
8a/IaHHHE B HEKOTOPOHl OKPECTHOCTH TOYKM ¥ M IYCTh JJIA KamKmo#t mocra-
TOYHO MAaJIoit oxpectHocT: U aTOil TOUKH

(U)
To oy f(x) — f(x) =M, fo F(x)ds.

(tr(U) — moment nepsoro Buxopa u3 U.) Torma mm rosopum, uro f mpu-
HaJIesKUT 00JIacCTH OHpefelIeHNA KBAa3MXAPAKTePHCTHIECKOTO OIepaTopa
A B Toure z u Yf(xr)=F(x). Ecin Pyuruua F HenmpepHBHA B TOUKE &, TO
Af(x) rawswe paBHO F(x), TaKk 9TO KBASMXAPAKTEPUCTHICCKUA OIEPATOD
COBIIaflaeT ¢ XapakTepucruieckuM (1).

(*) AHaJoru4HHIM 0GPa30M MOYKHO BUJOM3MEHUTDH OIpefeseHre MHOUHUTE3N-
MaJIBHOTO OTIepaTopa. Y CIOBUMCA MOBOPHUTH, YTO PYHKIUA f mpuHAAIeRAT 0baa-
CTM ONpefieieHNA KBasumEPUHUTe3MMANbHOTO omepatopa A um Af=F, ecin

t
th—f——-f T, Fds, (t>0).
0
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8. 3. PaccmMoTpuM Temeph IPOMBBOJBHEI HeOOPHBAIOMUICA HEIPepHB-
HEt cTporo MapkoBCkmii mponecc (x;P,) Ha MHOrooOpasum E. Ilocrpo-
€HHe, CBOJiAlee Takoif mpomecc K KBasumu@PysHOHHHEIM mpomeccaM, OcC-
HOBAaHO HA NOHATHYN TapMOHWYecKoll (YyHKIME ¥ amAUTEBHOrO HyHKIMO-
nama. OcHoBHas wmpaeA nocrpoeHus mpuHayiemxar Cropoxony [43]. Cropo-
XOJf IIOKA8aJ, YTO KAarKMOi mape rapMOHWYecKHXx QyHKNu# f,g MOmHO co-
IIOCTABUTL HENPEPHBHEIA afMuTHBHEIL (yHKIUOHAN @i(f,g), KOTOPHIA
ompepeaseTca caegyomuM oopasoM (1). PasoObem orpesox [s,f] Ha Menkne
OTpesKM [Uy,Uy,,], COCTABIM IpOM3BefieHNe npupamenuii Qynunuii f(x,) u
g(r,) HAa KammOM M3 MeJKHX OTpeskoB. CyMMa 8THX IPOM3BEeHHH IIpH
max |, —ux|—>0 cxonuTeA B CpefHeM KBagpaTHIeCKOM K @i (f,q).

Ilyers fy, ..., f» — TapMOHMYecKHe KOOpAWHATH BOauau Touku . Ilomo-
HIM

@i =;‘Pf (£, 12)-

Onmpascek Ha Teopemy Pamona-Hukomnma, MomHO mOKa3aTh, 9TO

t

@ifn ;) = f a;s(%y) dtpz .

8

CnemaeM caydaiiHyio 3aMeHY BpeMeHH, OTBEYAOMYI0 (QyHKIuMOHALY @ (2).
Mu moxyanm rBasupnddysuoHHHIT mpomecc ¢ mpousBopAmuM Auddepen-
IMAJIBHEIM OIIepaTopoM

82
317; 6xj'

Zau (2)

Ecnu rosddunuents a;;(¥) HeNpepHBHH, TO HTOT IIPOIECC ABIAETCHA AUQ-
(ysnOHHEIM.

YcunoBue CymecTBOBaHNA TaPMOHMIECKONH CHCTEME KOODAMHAT ABIAETCH,
KaK MHl yie TOBOPMIIM, HEKOTODHM YCIOBMEM peryJIAapHOCTH IIpoIecca.
Tarxum 06pasoM mccienoBaHMe JIOKAJIBHOTO CTPOEHNA JIOGHX peryaapHEX
HeOOPHBAOMUXCA HENPEPHBHEIX CTPOTO MAPKOBCKUX IIPOIIECCOB CBOTUTCHA
K N8YYeHUI0 KBasuANP(y3HOHHEIX IIPOLECCOB.

JloxkaseIBaeTCHd, 4TO KBAa3MXAPAKTEPHCTHYECKHl OIepaTop ABIAETCA paclimpe-
Huem oneparopa 4.

(1) Crporo rosops, peayasTar CKOPOXOXA OTHOCHUTCH K FapMOHMYECKUMPYHK-
LUAM, TOTYAHEHHEIM TOMOIHUTENILHOMY YCIOBUIO: IpH ¢4 0

sup Po{| () ~ f(z)|> e} = ot

Ras a06oro e>0. 3Ty OroBOPKY Haj0 MMeTh B BUAY H B JajbHehiueM.

(2) OyHKUMOHAIE tpf(f,—,f,) U @f ompejelleHH [0 MOMEHTA T HepBOTO BEIXO[A
13 OKPECTHOCTH, B KOTOPOIi OmpefeileHH rapMoHHYecKne KoopauHars. Cirydait-
[as 3aMeHa BPEMEHHM MPOBOLUTCA IIOCJIE TOTO, KAK MCXONHHIMA mpouecc o6opBaH
B MOMEHT T.
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§ 9. HeotpuuaresmbHble rapMOHIUYECKHE (QYHKIHA W
IpenesibHOe IOBEACHUE TPACKTOPH MapKOBCKOTO
mporiecca.

9.1. B 1941 r. Maprur [34] ncciexoBaj MHOKECTBO BCEX HEOTPHIATEINb-
HHIX pemeHuil ypapHeHuA Jlannaca B OpoMaBOJbHOM ob6nacru G eBKIMKOBA
mpocTpaHcTBa. 3HAUeHWe KOHCTPYKnuii MapTmHa IS TeOpMH BepOSITHO-
creii 6nuIo BHAcHeHO B paborax Jy6Oa [3] m Xanra [29]. [ly6 u XanT pac-
CMaTpHBAJIM rapMOHWIeCKHe (YHKINM, CBASAHHHE C JMCKPETHHIMH LeIsMI
Mapxrosa. Cayqaii puddysmorHHX mporneccoB 0w msydeH HefasHO Ilypom
[41].

M=u mauneM co caepyiome#t koHkperHol samaum. Ilyers smammcomp c
BaKpeIIeHHKM HeHTPOM B (PMKCHPOBAaHHEIM 00BHEMOM CIydaifHO HMBMeHsAeT-
ca (moBopaumBaercs u pacraruBaercs). [Ipeamomoskmm, 9TO BTOT IpomEce
ABIAETCA MAPKOBCKUM, HEIIPEPHBHEIM ¥ MHBAPMAHTHLIM OTHOCHTEILHO IPyI-
nu appuHEHX npeoGpasoBaHmii, He MeHAomuX o6bemMa. Uro Gyaer mpomce-
XOAWTD C BILIUIICOMAOM Ipu §—> oo ?

Hoxasusaerca (em. [15]), 9ro ¢ BepoATHOCTEIO 1 riIaBHHeE HAIpaBIeHNA
SJIIMIICOMAA CTPEMATCA K ONpPENENEHHHM INpefiebHEM IIOJNOMEHUAM W
SJIAICOU], CILIIOMUBAETCA; TOUHEE, €CIU 0, =0, >0z — JIMHE €ro moay-
oceif, To ¢ BepoATHOCTHIO 1

10392___)0 10g93_>_1

lo, —>00, )
el log g, log o,

MHo3#€ecTBO BCEX DINIANCOMZOB ¢ BAKPEINICHHKM IEHTPOM U QMKCHPOBAH-
HEIM 00HEMOM IpefcTaBiAeT co00ii HEKOTOpOe TIiajfkoe MHOroobpasme, W
ciryJaiiHoe [[BUKeHHE, KOTOPOe ME PACCMOTpPeNH, ABIseTcA Au(dysuoEHEM
ImpomeccoM Ha 3ToM MHOroo6pasmm. Ilycre BoOOmeE Ha HEKOTODOM INIATHOM
MHOTOOOpasum K saman aupdysmoHHHIA mpomecc ¢ mpomsBofamuM audde-
permuanbEEM omeparopoM L. OxasnBaeTcd, 9TO BOIPOC O IPERENTbHOM
IIOBEJIeHNH TPAeKTOpUY IIpH {—>0° TeCHO CBS3aH C BOIPOCOM O CTPOEHMM
MHOJKECTBA BCEX OTBEYAIOMMX IPOINECCY HEOTPUIATEIbHEX TapMOHMIECKIX
¢yuknuit, T.e. pemenunii ypasHenusa L f=0. O6osHauMM 5TO MHOKECTBO
gepes K u nasoseM ¢yuknuio f € K MUHMMAJIbHOM’, €CIX ee HENb3A Pasio-
JRATh HA CYMMY [JBYX He IPOIOPLUOHAIBHHX APYr APYry ¢ymrmui ms K.

B caygae, xorga L — omeparop Jlammaca B efMHWYHOM IIape, TO MUHH-
MajbHEeE QYHKIUN ONUCHBAIOTCA GopMyoit

1_ 2
folx) = 'x_l—zlls’

rie |o| =1 (uepes |z| oGosmagaerca eBrmmpoBa mumHA Bekropa z). Taxmm
obpasoM, MumHWManbHHE (YHKOUM HAXOAATCA BO B3AUMHO OXHOBHATHOM
COOTBETCTBMH C TOYKAMH TPAHWUIE MCXOXHOro mapa. OKasmBaercs, 9T0 U B
ofmeM ciysae MOMHO HOrpysuTh ()asoBoe IPOCTPAHCTBO E B HEKOTODHIt
KOMIIAKT TaKmM o0pasoM, YTO MWHNMAaJbHEE (YHKOWE OKABHBAIOTCA BO
BBaUMHO OJHOBHAYHOM COOTBETCTBUM C HEKOTOPOH dWacTbio rpaHuns K
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(ara rpanmna HasmBaerca rpaHuneii Mapruaa). [{okasmBaercd, 9T0 BCAKAS
HeOTpUHATeNbHAA TApPMOHMYECKaA (QYHRINA [ BaNmMCHBAEeTCsA B BUAe HHTE-
rpaia

ffe(x)ﬂ(de),

upIdeM Mepa 4 OFNHOSHAYHO ompepensercd mo f. B gacrmocrm, B mpepnmo-
Joxernn, aro L1 =0 (1), ameem

1- f 1) old)-

JokassBaeTcA, 9TO TPAeKTOPHA IpOIECCA BXOAUT C BEPOATHOCTHIO 1 B
OIpefeNeHHYIO0 TOUKY IrpaHnns MapTuHA I BEPOATHOCTH TOTO, 9TO BTA TOUKA
npEHAAIeRuT MEOxKecTBY I, laeTea dopmyoit

f fol®) po(do)-
r

Taxum o6pasoM, f,(r) mpepcrasiasier coGoii IIOTHOCTL BEPOATHOCTH BXOKE-
HUA B TOYKY @ AJIA JACTHUIH, OTIPABIAIIIEHCA U3 TOIKH Z.

CdopMyimpoBaHHEI BHIIE Pe3YIbTAT O IpeAeabHOM noBefenny nuddym-
AUPYIOMero SJLINICOMAA MOJYyIeH MMEHHO TaKWM IyreM. Bribmpas kaxoif-
HuOynb OPTOHOpMEpPOBaHHEI 6asuc B eBHJIMJOBOM IPOCTPAHCTBE, MOMKHO
ONMCHBATH SJINIICOMIH IIOJORUTENILHO ONpeneieHHHMu Marpunamu. Oka-
BEIBAETCS, YTO MUHMMAJbHEE (YHKINM IPENCTABIAIT cO00# mpousBefieHns
cTemeHell YIVIOBHIX MUHOPOB 9TOM Marpumsl. Ecom ME X0TUM IOJY9YHTH
INIOTHOCTh BEPOATHOCTH TOTO, 9TO B Ipefielle IVIABHHE HANPABIEHHUA BJI-
JIMIICOMIA OIPENEeNAITCA OPTOHOPMIPOBAHHEIM GABNCOM €, €y, €5, MEL IOJHKHEL
DOCTPOHTh, OTHPABIAACE OT 0asmca e,,e,,6;, MATPHUIY, COOTBETCTBYIOMYIO
HAYaJIbHOMY IOJOKEHHWIO SJIMICOUAA, ¥ BBATH IPOMSBefieHHE YIJIOBHIX
MUHODPOB 8TOif Marpunsl B cremern —2. (Bce crasanHOe pacmpocrpaHsercs
Ha SIUINIICOMAH B KOMIIEKCHOM eBRINJIOBOM IPOCTPAHCTBE J000T0 dmeaa
nsmepeHEnit (cM. [15]). AHamorw4HEe pPe3yIBTATH MOMKHO IOJIYYUTH W [JIA
JPYTHX CHMMETPUYeCKIX IIPOCTPAHCTB OTPUNATENbHOM KPUBHASHEL

MEo:xecTBO MUHMMAJIBHEX HEOTPHIATENHHHX PeIleHUH JIIMOTHIECKOTO
mupdepernnanbaoro ypasHeHuda Lf=0 eme Max0 HCCIeTOBaHO M BJeCh
uMeeTcA MHOTO MHTEePeCHHX HepemeHHHX 8afad. M cpopMmyaupyem pse
TaKMe Bafadd.

IlepBas sagava: mpu Kakmx yciaoBmAX Ha auddepeHnuaibHsA omepaTop
L Mo0:%HO BBECTH B MHORECTBO MEHVMAJIBLHEX (YHRIUH CTPYKTYPY INIaJKOTO
MHOro0o0pasudA Tak, 9To0H f,(x) ABAANACH raafKol Qynknuelt or o u z?

Bropas sanaga kacaercs cBasell MeRIy JIOKAIBHON reoMeTpueli IOIHOTO
puMaHOBa MHOrooOpasma W CTPOEHHMEM TpaHMNE MapTHHA BTOTO MHOTO-
obpasnsa. (B rauectBe omeparopa L paccMaTpuBaercs aufpdepeEnuabHEIM
oneparop BemsTpamm, ompemendeMult puMaHoBoil MeTpukoit.) Bo Bcex mpm-
Mepax NOJHHX OAHOCBASHEIX MHOroo6pasmii OTpHOAaTelbHON KPUBUBHH,

(*) 910 mpenmoONOKEeHME PABHOCHIBHO TpeGoBaHMIO, YTOGH TPAEKTOPHA HpO-
1ecca BEIXOAWIA, He 00PHBAACH, U3 M060r0 KOMIAKTA.
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I KOTOPHX IIOACYUTAHA Pa3MEPHOCTh MHOHECTBA MUHUMAJIBHEIX liJYHKIlYIﬁ,
9Ta PasMEpHOCTh OTJIAUYaeTCA Ha eNWHUIYy OT PasMEepHOCTH MHOI‘OO6p&3YIH.
Bepno J, 9TO 1 B obmem ciIy4ae OTpUIaTeJbHOCTh KPDMBU3HH U OQHOCBA3-
HOCTB BJIEKYT 3a coboit OInpenesIeHHoe 60OraTCTBO MHOKECTBA MUHUMAJLHEIX

$ysrmmit?
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