THE COMPLEXITY OF A SCHEME OF FUNCTIONAL ELEMENTS
REALIZING THE MULTIPLICATION OF INTEGERS

A. L. TOOM

1. Introduction. The problem to be considered concerns the construction of a scheme R, which
is the simplest possible in some sense or another, from functional elements (for their definition see,
for example, [1]) which if we are given the binary digits of two n-digit integers M and N, 0 <M, N < 27",

calculates all binary digits of their product MN. The complexity of a scheme in R can be character-
ized by two parameters: the number of elements f(Rn) and the depth of the scheme t(Rn), i. e. the

greatest number of elements in the scheme Al’ v Ayr ) such that the state of each of them, except

for the first, depends directly upon the state ot the previous one. The depth contains the performance time
of the scheme if the performance time of each element is 1. It is to be assumed that the Boolean func-

tions assigned to the elements of the scheme are to be taken from a certain finite basis. The choice
of such a basis is arbitrary since all estimates deduced below are given with accuracy up to mulei-

plication by a constant.
Let [ and m be two functions of one and the same variable. The fact that théte exists a constant

¢ such that [ < cm will be denoted in the following manner: [ < . Let Sn be a scheme with respect
to n digits of a number N, 0 <N < 2", which gives the digits of the number N?. Then the equality

MN =Y, (M + N — (M — N)]

determines the manner of the construction of a scheme Rn which gives with respect to the digits of
M, N where 0. <M, N < 2", the digits of their product MN and such that

FR) <T(Sn), t(R)<1t(Sn)

Therefore we will construct a scheme S, giving N2 according to N. The words “‘the scheme with re-
ispect to numbers 4, calculates (or gives) numbers B].” here and in the sequel means that this scheme

realizes the binary digits of numbers Bj according to the binary digits of the numbers 4;.

In paper [2] two constructions of schemes Sil2 and S,zl were deduced giving N? according to N, for

f(Sh) < n2, t(Sh)<lgn,
FSy=<n™  1(SH< Igtn.

which respectively

In the present paper a scheme Sn is constructed for which
f(Sn) < ndte,  £(S;) < ne,
where ¢ is an arbitrary position constant. Precisely, for sufficiently large c¢ (for example, ¢ = 25)
F(Sn) < ncVloen,  £(S,) < V&,

2. Description of the scheme. Let there be a given n binary digits of a number N:
n—32

4
o1 - 0nsy D w2 — N,

=0

where 1 equals 0 or 1. We select two natural numbers g and r such that
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grn<qg(r+1),

i < = = e = = 0.
and in the case n <g r+ D we setw = _ Ootr +1) - 1 0
We represent N in the form . i

— 04
N = Za,Q , where a; = 2 D042 .
=0

=0
Each ¢, is a natural number which contains ¢ digits in binary notation. These digits g O 4 1)g — 1
are digits of the number N ot identically zero. Thus, to each number N we associate 7 +1 numbers:
Qgy * %y a;. We now place in correspondence to each number N a polynomial of degree r:

P(x) = )} auxi,

i=g
Clearly, N = P(2"), N2 - P2(2q).

Our scheme consists of 4 parts L, ,Iv,, which are combined in the following order:

n?

N — I, — 11, — 1, — [V, - N~
Part [n with respect to numbers ag, ..., ,, which can be assumed given, calculates the value of

P(x) for all integers x in the interval - r < x < r; we donote these 2r +1 .numbers by m_, cee, m. il e

m, =P.(i)for -r<i<r.
{

Pare I, squares all m;, obtaining by this the values of the polynomial P“(x) at those points — 7,

SR

m =P for —r<{i<r.

Part IIl_, if we know the values of the polynomial P?(x) of degree 2r at 2r +1 points, computes
its coefficients by the known formulas. ,

Part IVn’ if we know the coefficients of P2 (x), computes its value for x = 29.

Thus the number N2 = P2(29) is obtained.

The method of construction of the schemc is inductive in the sense that parts Il and Il include

schemes 5, for some k < n, in particular their component parts.

3. Estimate of the complexity of-a scheme. This estimate utilizes results (for proofs of which, see
[3]) stated here in the form of Lemmas 1 and 2.

Lemma 1. There exists a scheme Ta, p With respect to a—digii numbers Ays « .+ Ay, which evaluates
the sum S?=1A£2k(‘),, where all k(i) are integers, such that

F(To,0) <ab, t(Tas)<lga+lgb.

Lemma 2. There exists a scheme Ua, p with respect to two numbers A and B, having a and b

digits respectively, which gives their product AB, such that
J We,p) <ab, £ (Uge) <l1ga +1gb.

Let us describe in detail the computation which each part of the scheme carries out and estimate

- the complexity of these parts. For simplifying the estimation we will assume beforehand that for k£ <7
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estimate (1) is correct and q1/5 > > lglgg.

Part I a) multiplies < 2 pumbers with —< ¢ digits by numbers with < r lg r digits; b) calculates
~< r sums with respect to < r composed of < g digits in each; hence fa) < qr4, t(In) < 1g q

Part I squares < r numbers with < ¢ digits; hence f(Il ) < r* f(Sq), L) < £(S,).

Part III solves a system of linear equations with constant — 7 lg r-digit coefficients, where the
free numbers mf have << ¢ digits, and the solutions are integers. In other words this part: a) cal-
culates < rlinear combinations from —< g-digit numbers ml2 with — 2 1g r-digit coefficients; b)
divides (without a remainder) these linear combinations by the determinant of the system; since it is a
constaat, this division can be reduced to multiplication of these < ¢-digit linear combinations by a
number (approximately the inverse of the determinant) with the same number of digits—< g¢: hence
fan ) < g +r (S, ¢ ) < Ig g +i(5).

Part IV in the polynomial of x of degree r with < g-digit coefficients substitutes x = 29; hence

fAV) <gqr, £ (1Vy) < 1g g
Now we will estimate the complexity of the scheme S . Clearly,
FSa) =FIa) +7F L) +F11L,) +f (IV,),
£ (5,) <t (L) +E(L,) 2 (11, 47 (IV,).

Thus we arrive at the formulas

FSa) < r-f S + ar,
FSH<1(S) + lgg,

where g7 < n.

Setting 1 = ¢4 129, we obtain for a sufficiently large constant c

f (Sra) ‘< ﬂ(JVm’
t (Sn) "<CVE§’1‘,

Moscow State University Received 16/ JAN/ 63

BIBLIOGRAPHY

[1] o. B. Lupanov, Probl. Kibernet. 7 (1962), 61.
{2] A. Karabuca and Ju. Ofman, Dokl. Akad. Nauk SSSR 145 (1962), 293.
[3] Ju. Ofmaan, Dokl. Akad. Nauk SSSR 145 (1962), 48.

Translated by:
N. Friedman

716




Joxaagm Axagemum mayrk CCCP
1963. Tom 150, Ne 3

MATEMATHKA

A. JI. TOOM

0 CJIO)KHOCTH CXEMbI U3 ®YHKLHOHAJIbHBIX 3JIEMEHTOB,
PEAJIM3UPYIOLLEX YMHO)XEHHME LEJIBIX YUCEJI

(IIpedcmasnero axademuxom I1. C. Hosurxosoim 30 1 1963)

1. Beepenue. PaccmatpuBaercsl 3ajiaua 0 MOCTPOEHHH BO3MOXKHO Gosee
MPOCTOA B TOM MJIM HHOM CMBICJ€ CXeMbl R, U3 (QyHKIHOHATbHBIX 3JE€MEHTOB
onpefieJieHne cM., HanpuMep, B (1)), KoTopast 110 JBOUYHBIM pa3psiiaM ABYX IIeJIbIX
n-paspagublx yncen M u N, 0 <M, N < 2%, Buiuucisier Bce IBOHUHbIE Pa3psijibl
ux npousBefienust MN. CioXHOCTb cXeMbl R, MOXHO 0XapaKTepH30BaTh ABYMsI
napameTpaMu: 4ucjoM 37aemeHTOB [ (R,) u rmy6uHoll cxemsl ¢ (R,), T. e. Hau-
60/bIIMM KOJHYECTBOM 3J1eMEHTOB B cxeme Ay, . . ., Ay (R,) TaKHX, YTO COCTOS-
HHe KaxXJ0ro U3 HUX, KpOMe IIepBOro, HelloCPeACTBEHHO 3aBHCHT OT COCTOSIHHUS
npeapipymero. CopepXaTenbHo INy6uHA — 5TO BpeMsi pabOTHl CXeMbl, eclH
BpeMsi paboThl Kaxzaoro asneMenta 1. Cuyraercsi, uto GysaeBcKue GyHKIHH, TPU-
MHChIBaeMble 3/1eMeHTaMH CXeMbl, 6epyTcsi M3 HeKOTOporo KoHeyHoro Oasuca.
Bribop Takoro 6asuca npou3BoJieH, TaK KaK BCe OLEHKH, IPUBOAHMblE HUXKE, |
JaHbl C TOYHOCTBIO 0 YMHOXKEHHUSI Ha KOHCTaHTY.

Ilycrb | u m — fABe GYHKUMH OT OAHHX U TeX ¥Ke IepeMeHHbX. ToT akT, uTo
CYIIeCTBYeT TaKash KOHCTAHTA C, YTo [ < cm Mbl Oy/ieM 3alUCHIBATh CJIEAY IOLUM
o6pasom: [ < m. Ilycts S, — cxema no n paspsigam umcaa N, 0 <N < 2",
Jatomasi paspsiapl uncina N2 Torga paBeHCTBO

MN =Y, [(M +N)2 — (M — N)?]

yKashiBaeT crnoco0 MOCTpOeHHs cXeMbl R,, jAawouiedl no paspsfam M, N, rae
0K M, N < 2" paspsiabl ux npousBenenusi MN u Tako#, 4To

[ (Re) <F(Sn):  t(Rn) <1t (Sh)-

TMoaToMy Mbl 6yzem CTPOHTb cxeMy S, fawomyio N2 no N. CioBa «cxema 1o 4uc-
Jiam A; BeuucasieT (WK Jaer) yucaa By 3lech U B JajbHelIIeM 03HAYaloT, YTO
3Ta cXeMa 110 ABOHYHBIM paspsijiaM uuces A; peanusyer JBOHYHBIE Pa3psifibl YH-
cedl Bl"

B pa6ore (%) npuBefens ABe KOHCTPYKIuH cxeM Sh u S5, Adromue N2 o N,
JJ11 KOTOPHIX COOTBETCTBEHHO '

[ Sn<n?, t (Sn)<lgn,

FSHy<n™®, tSH<lgin.
B HacTosime#i paGoTe cTpouTcs cXeMa S,, AJ1s KOTOPO#
f(Sn) < ntte,  £(S,) <ns, (1)
rie € — IPOU3BOJbHAsI NMOJIOKHUTe/IbHAasE KOHCTaHTa. TouHee, MpH AOCTaTOYHO
GosbilioM ¢ (Hanpumep, ¢ = 2°)
[(Sn) < nVTen,  1(Sy) < cVPoan”
2.0nucanue cxeMb. IlycTb faHbl 7 IBOHYHEIX paspsloB 9HC/IA N:

n—2

A
OOy - - - Ongy N 02 =N,
=0
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rie o; pasuo O miu 1. BriGepem Ba HaTypanbHLIX YMCIA ¢ H r TaK, YTOOL
grn<q(r+1),

H B cayvae n < g (r + 1) NONOXHM 0, = @pyy = . . . = Qg (r41) =1 = O-
IIpencraBum N B BuIe

r q—1
11
N = 2(@2 9 rge a; = 2 co,-,,+,2j.
i=0 i=0
Kaxpoe a; — HaTypasibHOE UHCIO, COfiepIKaLIee B JBOHUHON 3aTIUCH ¢ Pa3PSL0B.
OTH PaspANH Oy - - + W1y g-1 — Pa3Psiibl UMcia N WM TOXIECTBEHHbIE HYJIH.
HMrak, Kaxnomy uuciay N Mbl comocTaBuiu r + 1 uucen: @, . . . @, IlocTaBum
Terepb Kaxk/JAoMy 4HcAy N B COOTBETCTBHE MHOTOUJIEH CTENeHH r:
r
P (JC) = Z afxf.
=0

OueBunno, N = P (29, N2 = P2 (29).
Hama cxema coctout u3 4 vacreit 1,, 1I,, I11,, IV,, nopsiaok coeiunenus
KOTODHIX TaKOB: :
NI, 11, =11, -1V, > N2

Yactb I, nouncaama, . . . a,, KOTOpble MOXKHO CUMTaTb JAHHBIMH, BEIYUCJISET
3HaueHusi P (x) IpH Bcex LeJBIX X B HPOMEXYTKE — 7 < X < r; 0003HaYUM 3TH
2r 4 1 4ucen yepes m_,...m,, T. e.

m;=P@i) npu—r<CigLr.

Yacte 11, Bo3BORMT Bee m; B KBajpaT, Monydasi pH 3TOM 3HaYeHHS MHOTO-
uieHa P? (x) B Tex e TOUKaXx — 7, . . ., I

m=P?(i) mpu—r<ir.

Yacts 1)1, 3nas sHauenns Muorousena P? (x) ctenenu 2r B 2r -4 1 Toukax,
10 H3BECTHBIM (POPMYJIaM BBIUHUCISIET €r0 Ko3(hhHIHEHTH.

Yactb 1V, 3uas Koapduunentsl P? (x), BLUHC/SET €r0 3HAUeHHE TNPH
x =29

Wrak, unciio N2 = P? (29 noayueno.

MeTton mocTpoeHusi cxeMbl MHAYKTHBEH B TOM cMeicie, yto yactd 11, u 111,
BKJIIOYAIOT CXeMbl S, TIPH HEKOTOPEIX % < 7 B KauecTBe CBOMX COCTaBHBIX dac-
Teil.

3.0meHKa CJOXHOCTH CXeMBb. JTa OLeHKAa HCIOJb3yeT pe-
3y/bTaTHl (I0Ka3aTeJbCTBO KOTOPHIX CM. (%)), chOpMyJIHPOBAHHbIE 3/leCh B BUAE
Jemm 1 u 2. :

JlemMma 1. Cywecmeyem cxema Ty p» no a-paspadtein yuciam Ay, . . ., Ap,

b
soucasouas cymmy D\ A; 289, 20e ece k (i) yevie, maxas, umo

F(Ta ) <ab, t(Ta ) <lga +I1gb.

Jlemma 2. Cywecmsyem cxema Uy, p, no 0sym uucsam A u B, umerouwum a
u b paspados cooneemcmeenno, Oarouyasn ux npoussedenue AB, maxas, umo

f(Uq, b) < ab, t (Ugp) < lga +1gb.

Onuiuem noapoGHO BbIYUCIEHHS, KOTOpbie MPOM3BOAUT KaxKias 4acTb CXe-
MBI, H OLLEHHM CJIOXKHOCTH 3THX yacTed. [lisl ynpouleHUA oleHoK Oyjem CYuTaTh
sapaHee, uTo npu & < n ouenka (1) Bepna u ¢s > r > 1g 1g ¢. -
4 JAH. 1. 150, Ne 3 497



Yactb I,: a) ymHOXaer < r? uncesn ¢ < ¢ paspsjamu Ha uucna ¢ < rlgr
pa3psjiamy; 6) Beiuucasier < r CyMM 1o < r cjaraeMbx ¢ < ¢ pa3psjaMu

B Kaxjom; orciofia f (I,) < gri, ¢ (In) < lgg.
Yacte 1I, Bo3BomuT B KBajapaT < r yucen ¢ —< ¢ pa3psiiaMH; OTCiOfa

L) < r-f(Sy), t (1) <t (S,). u

Yacrs 111, pemraer cucteMy JHHEHHBIX ypaBHeHHH C MOCTOAHHBIMU < r 1g r-
pa3psAAHbIMH Kod(duleATaMy, pHueM CBOGOLHbIE YJeHBl M2 HMEIoT < ¢ pas-
psilioB, a pelleHHst — LeJble yucaa. MHbiMu ciioBaMu, OHa: a) BbUMCAfAET <7
JUHeHHbIX KOMOHHAUMH oT < g-paspsiHbIX yucea m? ¢ < r? Ig r-paspsaiHbIMu

Koadhdunentamu; 6) AenuT (Halesno0) 3TH JHHeliHble KOMOHHALUY Ha ONpeaesu-
TeJIb CHCTEMbI; TaK KaK OH MOCTOSIHEH, TO 3TO JeJeHHe MOXHO CBeTH K YMHOXKe-
HHIO 3THX < ¢-pa3psiHBIX JHHEAHbIX KOMOWHauMH Ha 4ucjao (MpHOJIHKEHHO
ofpaTHOe OMNpeNeUTeNI0) C TAKHUM IKe UHCIOM paspsfioB < ¢; oOTCiola

fIln) < gr® +r-[(Sg), ¢ () <1g g 4-1(S).

Yactp IV, B MHOrouses OT x cTelleHH r ¢ < ¢-pPa3psiAHBIMH Ko3(ddHIIHeH-
Tamu nojcTaBiasier x = 27; oTciofa

fAVe) <gr, t(IVy) <Igg.
Tenepb OLEHHM CJOXKHOCTb cXeMbl S,. OueBuLHO,
[ Sn) =FTn) +F Ly + f ALl +f (IVy),
t(Sn) <ty + ¢ () ¢ (I11,) + 2 (IVy).
Taxkum o6pa3oM, NpUXoAuM K dopmynam
[ (Sa) < r-f(Sg) + gr,
t(Sn) <t (Sy + 12y,

roe gr < n
HOJIO)KI/IB r = Cll 9, TIoJiy4aeM NpH JOCTaTOYHO 60J1bLIOM TOCTOSTHHOM C
f (Sn) '< nCVlg_E’
t(Sy) < cVign,
MoOCKOBCKHIT FOCYJaDCTBEHHBII YHHBEPCHTET [ocrynuno
uM. M. B. JlomoHnocoBa 16 I 1963
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