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Abstract. We show that the problem of checking careful synchroniz-
ability of partial finite automata and the problem of finding the shortest
carefully synchronizing word are PSPACE-complete. We show that the
problem of checking D1, D2 and D3-directability of nondeterministic fi-
nite automata and the problem of finding the shortest D1, D2 and D3-
directing word are PSPACE-complete. The restrictions of these problems
to 2-letter automata remain PSPACE-complete.
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1 Introduction

A deterministic finite automaton (DFA) is a triple A = (Q, Σ, δ), where Q is
a finite set of states, Σ is a finite alphabet and δ is a totally defined transition
function. Denote by 2Q the set of all subsets of the set Q, and by Σ∗ the free
Σ-generated monoid with the empty word λ. The function δ extends in a natural
way to the action Q × Σ∗ → Q. This extension is also denoted by δ. A DFA
A = (Q, Σ, δ) is called synchronizing if there exists a word w ∈ Σ∗ whose
action resets A , that is, leaves the automaton in one particular state no matter
at which state in Q it started: δ(q, w) = δ(q′, w) for all q, q′ ∈ Q. Any word w
with this property is said to be a reset or synchronizing word for the automaton
A .

A conjecture proposed by Černý in [1] states that every synchronizing au-
tomaton with n states can be synchronized by a word of length at most
(n − 1)2. There have been many attempts to prove it, but they all have failed
so far. The conjecture has been proved only for some special cases of automata.
The best known upper bound is (n3 − n)/6 (see [2]). The corresponding lower
bound has been proved by Černý [1]. Surveys of results concerning synchronizing
words can be found in [4].

It is natural to consider the computational complexity of various problems
arising from the study of automata synchronization. The main natural questions
are as follows: given an automaton is it synchronizing or not, and what is the
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length of the shortest synchronizing word for a given automaton? In [3], Eppstein
presented an algorithm which checks whether a given DFA A = (Q, Σ, δ) is
synchronizing. This algorithm runs in O(|Σ| · |Q|2) + |Q|3 time. Moreover, for a
synchronizing automaton this algorithm finds some synchronizing word although
not necessarily the shortest. In [3], it is proved that the following problem is
NP-complete. Given a DFA A and an integer L, is there a word of length ≤ L
resetting the automaton A ? This problem remains NP-complete even if the
input automaton has a 2-letter alphabet.

The notion of a synchronizing word can be generalized to the case of DFA
with a partial transition function (PFA) and to nondeterministic finite automata
(NFA). A partial finite automaton (PFA) is a triple A = (Q, Σ, δ), where Q is a
finite set of states, Σ is a finite alphabet and δ is a partial function from Q×Σ
to Q (the function δ can be undefined on some pairs from the set Q × Σ). The
function δ can be naturally extended to 2Q × Σ∗ as follows. We put δ(q, λ) = q
for every q ∈ Q. Let q ∈ Q, a ∈ Σ, w ∈ Σ∗. If both states p = δ(q, w) and δ(p, a)
are defined, then we put δ(q, wa) = δ(p, a). If S ⊆ Q, w ∈ Σ∗ and the values
δ(q, w) are defined for all states q ∈ S, then we put δ(S, w) = {δ(q, w)|q ∈ S}.

A PFA A = (Q, Σ, δ)is called carefully synchronizing, if there is a word
w ∈ Σ∗ such that the value δ(Q, w) is defined and |δ(Q, w)| = 1. We say that
such a word w is a carefully synchronizing word (c.s.w.) for the automaton A .
Clearly DFA is a partial case of PFA and in this case any c.s.w. is also syn-
chronizing. Therefore careful synchronization of PFA is a natural generalization
of the synchronization of DFA. The notion of careful synchronization was in-
troduced in [6]. This paper is devoted to a generalization of the Černý problem
to the case of PFA. Let c(n) be the maximal length of the shortest c.s.w. for
carefully synchronizing PFA A with n states. It follows from [6] and [7] that

Ω(3n/3) ≤ c(n) ≤ O(n2 · 4n/3).

A nondeterministic finite automaton (NFA) is a triple A = (Q, Σ, δ) such that
Q is a finite set of states, Σ is a finite alphabet, and δ is a function from Q×Σ
to 2Q. The function δ can be naturally extended to the set 2Q ×Σ∗. Let S ⊆ Q,
a ∈ Σ, then we put δ(S, a) =

⋃

q∈S

δ(q, a). We also put δ(S, λ) = S. Let S ⊆ Q,

w ∈ Σ∗, w = ua and the set δ(S, u) is defined, then we put
δ(S, w) = δ(δ(S, u), a). Note, that PFA is a partial case of NFA, but the def-
initions of the functions δ : 2Q × Σ∗ → 2Q for PFA and NFA are sufficiently
different, because these function have different co-domain.

Let A = (Q, Σ, δ) be an NFA and w ∈ Σ∗. The word w is D1-directing if
δ(q, w) �= ∅ for all q ∈ Q and |δ(Q, w)| = 1. The word w is D2-directing if
δ(q, w) = δ(Q, w) for all q ∈ Q. The word w is D3-directing if

⋂

q∈Q

δ(q, w) �= ∅.
The NFA A is called D1, D2 or D3-directing if there is a D1, D2 or D3-directing
word for it. The D1 and D3-directability is a generalization of careful synchro-
nization in the case when an NFA is a PFA and the D1, D2 and D3-directability
is a generalization of the synchronization in the case that an NFA is a DFA. The
D1, D2 and D3-directing words were studied in [5,7]. Let d1(n), d2(n) and d3(n)
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be the maximal lengths of the shortest D1, D2 or D3-directing words for NFA
with n states respectively. The following lower and upper bounds of the length
of the shortest directing words were obtained:

2n − n − 1 ≤ d1(n), d2(n) ≤ O(2n), Ω(3n/3) ≤ d3(n) ≤ O(n2 · 4n/3).

There are two natural questions. How can we check whether a given PFA (NFA)
is carefully synchronizing (D1, D2, D3-directable)? How can we find the shortest
carefully synchronizing (D1, D2, D3-directing) word for a given PFA (NFA)?

These problems can be solved using simple algorithms. Let us consider an
algorithm of finding a c.s.w. for a PFA (the problems of finding D1, D2, D3-words
can be solved using similar algorithms). The algorithm uses the power automaton
2A = (2Q, Σ, δ), where 2Q is a set of all subsets of Q, and δ : 2Q × Σ → 2Q

is an extension of the function δ. If there is a path from the set Q to some
one-element set in the graph of the automaton 2A , then there is a c.s.w. for
A . This word can be read along the path in the graph. The path in the graph
of the automaton 2A can be found using breadth-first search. The breadth-first
search finds the shortest c.s.w. Such algorithm uses an exponential time and an
exponential memory in the size of PFA A .

The natural questions are as follow: can we solve the problems described
before using the memory of polynomial size? What is the complexity of checking
careful syncronizability and D1, D2, D3-directability? What is the complexity of
finding carefully synchronizing (D1, D2, D3-directing) words? In this paper we
prove that all these problems are PSPACE-complete. These problems stated for
automata over a k-letter alphabet for k > 1 (for instance for 2-letter alphabet)
are PSPACE-complete too.

Let us consider one more natural subclass of PFA. A PFA A = (Q, Σ, δ) is
called a PFA with a zero if there is a state z ∈ Q such that for any letter a ∈ Σ
it follows δ(z, a) = z. We will show that checking careful syncronizability for
PFA with a zero is PSPACE-complete even for 2-letter PFA.

2 Problems

Let us give formal definitions of the problems we have discussed.

Problem: CARSYN (ZERO CARSYN)
Input: A PFA (a PFA with a zero) A = (Q, Σ, δ).
Question: Is the automaton A carefully synchronizing?

Problem: D1DIR (D2DIR, D3DIR)
Input: A NFA A = (Q, Σ, δ).
Question: Is the automaton A D1-directing (D2-directing, D3-directing)?

Problem: SHORT CARSYN (ZERO CARSYN) WORD
Input: A PFA (a PFA with a zero) A = (Q, Σ, δ).
Task: To check whether the automaton A is carefully syncronizing and to

find the shortest c.s.w. for the automaton A if A is carefully synchronizing.
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Problem: SHORT D1DIR (D2DIR, D3DIR) WORD
Input: A NFA A = (Q, Σ, δ).
Task: To check whether the automaton A is D1-directing (D2-directing,

D3-directing) and to find the shortest D1-directing (D2-directing, D3-directing)
word for automaton A if A is D1-directing (D2-directing, D3-directing).

If the input of some PROBLEM contains only automata over an alphabet of size
≤ k for some fixed k, then we call such a problem k-PROBLEM (for example,
k-CARSYN or k-SHORT D1DIR WORD).

We will prove that all the problems defined above are PSPACE-complete. We
use polynomial-space reducibility of problems. Let the problem A be polynomial-
space reducible to the problem A. We denote this A ≤p B. This means that for
any instance α of the problem A there is an instance β of the problem B such that
the answer on α is true iff the answer on β is true and the size of β is polynomial
in the size of α. The problem B does not have to be a decision problem, but can
also be a search problem (like SHORT CARSYN WORD). To find a solution
of such a problem includes the problem of determining the existence of the
solution. Therefore, the relation A ≤p B is defined for all problems B defined in
this section. The length of fining words can be not polynomial in the size of input
automata. Therefore, then we calculate the computational space complexity of
some search problem we do not take take in account the size of output. The size
of search problem is the size of used memory without output tape. The next
proposition contain some trivial relations among the problems.

Proposition 1. Let PROBLEM ∈ {CARSYN, ZERO CARSYN, D1DIR,
D2DIR, D3DIR}, and let k ≥ 2 be an integer, then

1. ZERO CARSYN ≤p CARSYN, D2DIR
2. k-ZERO CARSYN ≤p k-CARSYN, k-D2DIR
3. SHORT ZERO CARSYN WORD ≤p SHORT CARSYN (D2DIR) WORD;
4. k-SHORT ZERO CARSYN WORD ≤p k-SHORT CARSYN (D2DIR)

WORD.
5. CARSYN ≤p D1DIR, D3DIR;
6. k-CARSYN ≤p k-D1DIR, k-D3DIR;
7. SHORT CARSYN WORD ≤p SHORT D1DIR (D3DIR) WORD;
8. k-SHORT CARSYN WORD ≤p k-SHORT D1DIR (D3DIR) WORD.
9. PROBLEM ≤p SHORT PROBLEM WORD;

10. k-PROBLEM ≤p k-SHORT PROBLEM WORD;
11. k-PROBLEM ≤p k + 1-PROBLEM;
12. k-SHORT PROBLEM WORD ≤p k + 1-SHORT PROBLEM WORD;
13. k-PROBLEM ≤p PROBLEM;
14. k-SHORT PROBLEM WORD ≤p SHORT PROBLEM WORD;

Proof. See Appendix.

Now, let us formulate the main theorem.

Theorem 1. For any integer k ≥ 2



292 P.V. Martyugin

1. The problems CARSYN, SHORT CARSYN WORD, k-CARSYN and k-
SHORT CARSYN WORD are PSPACE-complete;

2. The problems ZERO CARSYN, ZERO SHORT CARSYN WORD, k- ZERO
CARSYN and k-SHORT ZERO CARSYN WORD are PSPACE-complete;

3. The problems D1DIR, SHORT D1DIR WORD, k-D1DIR and k-SHORT
D1DIR WORD are PSPACE-complete;

4. The problems D2DIR, SHORT D2DIR WORD, k-D2DIR and k-SHORT
D2DIR WORD are PSPACE-complete;

5. The problems D3DIR, SHORT D3DIR WORD, k-D3DIR and k-SHORT
D3DIR WORD are PSPACE-complete.

Proof. Our proof will consist of three steps. Firstly we reduce the problem FI-
NITE AUTOMATA INTERSECTION to the problem ZERO CARSYN and
prove that the problem CARSYN is PSPACE-hard (Proposition 2). Secondly
we reduce the problem ZERO CARSYN to the problem 2-ZERO CARSYN with
the help of automata obtained in Proposition 3. This proves that the problem
2-ZERO CARSYN is PSPACE-hard (Proposition 3). Thirdly we show that the
problems SHORT D1, D2 and D3DIR WORD belong to the class PSPACE
(Proposition 4). Then Proposition 1 gives us PSPACE-completeness of all con-
sidered problems.

Now we give some auxiliary definitions and notations. Let w ∈ Σ∗. Denote
by We let |w| denote the length of the word w. Let i, j ∈ {1, . . . , |w|}. We
let w[i] denote the i-th letter of the word w. We let w[i, j] denote the word
w[i]w[i + 1] · · ·w[j]. Let n be a natural number. We denote by Σn the set of all
words of length n over the alphabet Σ.

3 The Problems Are PSPACE-Hard

Let us prove that the problem ZERO CARSYN is PSPACE-hard. We use the clas-
sical PSPACE-complete problem FINITE AUTOMATA INTERSECTION (see
[8]). We consider deterministic finite automata of the form A = (Q, Σ, δ, s, F )
as recognizers, where Q is a set of states, Σ is an alphabet, δ is a totally-defined
transition function, s ∈ Q is an initial state and F ⊆ Q is a set of final states. Let
w be a word Σ∗. The automaton A accepts the word w if and only if δ(s, w) ∈ F .

Problem: FINITE AUTOMATA INTERSECTION
Input: The recognizers A1 = (Q1, Σ, δ1, s1, F1), . . . , Ak = (Qk, Σ, δk, sk, Fk),

for k ≥ 2.
Question: Is there a word w ∈ Σ∗ such that

δ1(s1, w) ∈ F1, . . . , δk(sk, w) ∈ Fk?

Proposition 2. The problem ZERO CARSYN is PSPACE-hard.

Proof. We reduce the problem FINITE AUTOMATA INTERSECTION to the
problem ZERO CARSYN. Let recognizers A1 = (Q1, Σ

′, δ1, s1, F1), . . .
. . . , Ak = (Qk, Σ′, δk, sk, Fk), k ≥ 2 be an input of the problem FINITE AU-
TOMATA INTERSECTION. We construct a PFA B = (Q, Σ, δ) such that there
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is a c.s.w. for the automaton B if an only if the recognizers A1, . . . , Ak have a
common accepting word.

Let B = (Q, Σ, δ) be a PFA with Q = Q1 ∪ . . . ∪ Qk ∪ {beg, end}, Σ =
Σ′∪{x, y} and the following transition function. Let c ∈ Σ′ and q ∈ Qi for some
i ∈ {1, . . . , k}. We put

δ(q, c) = δi(q, c), δ(q, x) = si, δ(q, y) =
{

end, q ∈ Fi

undefined, otherwise

δ(end, x) = δ(end, y) = δ(end, c) = end.

δ(beg, x) = s1, δ(beg, y), δ(beg, c) are undefined.

The automaton B is represented by Figure 2 which can be found in Appendix.
The state end is a zero in the PFA B.

Let w ∈ Σ′∗ be a a word accepted by all the recognizers A1, . . . , Ak. Let us
prove that the word xwy is a c.s.w. for the PFA B. Indeed, δ(Q, x) is defined
and δ(Q, x) = {s1, . . . , sk, end}. We have δ1(s1, w) ∈ F1, . . . , δk(sk, w) ∈ Fk.
Therefore the function δ(•, w) is defined on the set {s1, . . . , sk} and
δ({s1, . . . , sk}, w) ⊆ F1 ∪ · · · ∪ Fk. Hence the letter y is defined on the set
δ(Q, xw) = δ({s1, . . . , sk} ∪ {end}, w) and δ(Q, xwy) = {end}. Thus the word
xwy is a c.s.w. for the PFA B.

Lemma 1. Each shortest c.s.w. u ∈ Σ∗ for the automaton B is of the form
u = xwy for some w ∈ Σ′∗.

Proof. See Appendix.

Let u ∈ Σ∗ be some shortest c.s.w. for the automaton B. By Lemma 1 we get
u = xwy for some w ∈ Σ′∗. The letter y is defined on the set δ(Q, xw). Therefore
δ(Q, xw) ⊆ F1∪· · ·∪Fk∪{end}. This means that δ1(s1, w) ∈ F1, . . . , δk(sk, w) ∈
Fk and the word w is a common accepting word for the recognizers A1, . . . , Ak.

We have reduced the problem FINITE AUTOMATA INTERSECTION to
the problem ZERO CARSYN. The size of the PFA B is polynomial in the
sum of the sizes of automata A1, . . . , Ak. Thus the problem ZERO CARSYN is
PSPACE-hard. The proposition is proved.

A PFA B is called simple if it can be constructed from some recognizers using
the procedure from the proof of Proposition 2. Note that the problem ZERO
CARSYN is PSPACE-hard not only for the class of arbitrary PFA with a zero
but for the class of simple PFA. We denote such problem by SIMPLE CARSYN.
It will be used in the proof of the next proposition. Proposition 3 states the
PSPACE-hardness for the problem ZERO CARSYN for two-letter automata.

Proposition 3. The problem 2-ZERO CARSYN is PSPACE-hard.

Proof. We reduce the problem SIMPLE CARSYN to the problem 2-ZERO
CARSYN. Let a PFA B be an input of the problem SIMPLE CARSYN. This
means that B = (Q, Σ, δ), Q = {q1, . . . , qn}, Σ = {c1, . . . , cm, x, y} and there
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is a state end ∈ Q such that every shortest c.s.w. u for PFA B is equal to
xwy for some w ∈ {c1, . . . , cm}∗, δ(Q, xwy) = end and the action of letters
y, c1, . . . , cm is undefined on the set Q. We also suppose end = qn. We construct
a PFA C = (P, {a, b}, γ) with a zero state z such that there is a c.s.w. for the
automaton C if an only if there is a c.s.w. for the automaton B.

Let C = (P, {a, b}, γ) be a PFA, P = {pi,k|i ∈ {1, ..., n − 1}, k ∈ {0, ..., m +
1}} ∪ {z}. Denote c0 = y, cm+1 = x. We also denote pn,1 = . . . = pn,m+1 = z
Let i ∈ {1, ..., n}, k ∈ {0, ..., m + 1}. Define the function γ.

for j ≤ m, γ(pi,k, a) = pi,k+1, γ(pi,m+1, a) = pi,m+1,

γ(pi,k, b) =
{

pt,0,
undefined,

if δ(qi, ck) = qt

if δ(qi, ck) is undefined.

The state z = pn,1 = . . . = pn,m+1 is a zero state in the automaton C .
Figure 1 represents an example of reduction according to the proofs of Propo-

sitions 2 and3.Atfirst, the set of recognizers {A1, A2} reduces to the corresponding

s1 F1

s2 F2

c2

c2 c2

c1

c1, c2

c1

c1

⇒
x = c3, y = c0

q2 q3

q4 q5

beg

end

c2, c3

c2, c3 c2

c0, c1

c2, c3

c1

c1, c2, c3

c1

c1, c3

c3 c0

c0

⇓ c0 = b,c1 = ab

c2 = a2b, c3 = a3b

p1,0 p2,0 p3,0 p4,0 p5,0 z

p1,1 p2,1 p3,1 p4,1 p5,1

p1,2 p2,2 p3,2 p4,2 p5,2

p1,3 p2,3 p3,3 p4,3 p5,3

a a a a a
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a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

b

b

b

b
b

b
b

b b b

b

b b b

b

Fig. 1. The example of automata A1, A2, B and C
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PFA B using the proof of Proposition 2. Then the PFA B reduces to the corre-
sponding PFA C .

Let i ∈ {1, . . . , n}. We call the set Qi = {pi,0, . . . , pi,m+1} the i-th column of
the set P . Let k ∈ {0, . . . , m + 1}. We call the set Rk = {p1,k, . . . , pn,k} the k-th
row of the set P . Note, that n-th column is one state z, and on the over hand,
the state z belongs to any row. The following statements are evident corollaries
of the definition of the function γ.

Lemma 2. 1. γ(Qi, a) ⊆ Qi for i ∈ {1, . . . , n};
2. γ(Rk, a) = Rk+1 for k ∈ {0, . . . , m}, γ(Rm+1, a) = Rm+1;
3. γ(P, b) ⊆ R0.

Let us formulate more complicated properties about the function γ.

Lemma 3. Let v ∈ {a, b}∗\{a}∗ and the value γ(P, v) is defined then

1. for any i ∈ {1, . . . , n}, we have |Qi ∩ γ(P, v)| ≤ 1;
2. |γ(P, va)| = |γ(P, v)|;
3. γ(P, vb) ⊆ R0.

Proof. See Appendix

Let us consider a morphism φ : {a, b}∗b → Σ∗, where Σ = {c0, . . . , cm+1} and
the set {a, b}∗b is the set of all words over {a, b} ended by b. By definition put
φ(akb) = ck for k ∈ {0, . . . , m + 1} and φ(akb) = cm+1 for k ≥ m + 2. Every
word from the set {a, b}∗b is a product of words from the set
{akb|k = 0, 1, 2, ...}. Therefore φ can be extended to the set {a, b}∗b. We also
consider φ−1 : Σ∗ → {a, b}∗b. Put φ−1(ck) = akb. Of course, the morphism φ−1

is not a inverse relation to the function φ, but φ−1 is a convenient notation. The
morphism φ−1 also can be extended to Σ∗. Note that for any word u ∈ Σ∗ we
have φ(φ−1(u)) = u. We are going to prove that the word u is a c.s.w. for PFA
B if and only if the word φ−1(u) is a c.s.w. for PFA C .

Let v ∈ {a, b}∗b and the value γ(P, v) is defined. By Lemma 2 we get γ(P, b) ⊆
R0. Therefore γ(P, v) ⊆ R0. We define the value I(v) = {i|pi,0 ∈ γ(P, v)}. Let
u ∈ Σ∗ and the value δ(Q, u) is defined. Denote J(u) = {i|qi ∈ δ(Q, u)}.
Lemma 4. If v ∈ {a, b}∗b and the value γ(P, v) is defined, then I(v) = J(φ(v)).
If u ∈ Σ∗ and the value δ(Q, u) is defined, then J(u) = I(φ−1(u)).

Proof. Let v ∈ {a, b}∗b, then v = ah1bah1b . . . ahrb for some integer
h1, . . . , hr. Let vk = ah1b . . . ahkb for some k ∈ {1, . . . , r}. The value γ(P, v) is
defined. This means that the value γ(P, ah1b) = γ(P, v1) is defined too. It is
possible only in the case of h1 ≥ m + 1, because if h1 < m + 1 then pm,n ∈
γ(P, ah1) and the letter b is undefined on the set γ(P, ah1). Therefore φ(v1) =
φ(ah1b) = cm+1 = x. It can be easily verified that I(v1) = I(ah1b) = J(cm+1).

Let k > 1. Let I(vk−1) = J(φ(vk−1)). We prove that I(vk) = J(φ(vk)). Let i ∈
I(vk−1) = J(φ(vk−1)). This means that pi,0 ∈ γ(P, vk−1) and qi ∈ δ(Q, φ(vk−1)).
The value γ(pi,0, a

kb) is defined. This means that γ(pi,0, a
kb) = pm,0 for some
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m ∈ I(vk). Therefore, from the definition of the function γ we obtain that the
value δ(qi, φ(ahkb)) is defined and δ(qi, φ(ahkb)) = qm. Hence m ∈ J(φ(vk)) and
I(vk) ⊆ J(φ(vk)). The proof of the inclusion I(vk) ⊇ J(φ(vk)) is analogous.
Therefore I(vk) = J(φ(vk)). This means that I(v) = J(φ(v)).

The second statement of the lemma can be proved similarly using an induction
and the definition of the function γ. The lemma is proved.

Let u be some shortest c.s.w. for PFA B. By Lemma 1 we get u = xwy
for some w ∈ Σ′∗. Therefore u = cm+1wc0 = φ(am+1b)wφ(b). Hence for any
k ∈ {1, . . . , |u|} the last letter of the word φ−1(u[1, k]) is b and φ−1(u[1, k]) ∈
{a, b}∗b. By Lemma 4 we obtain J(u[1, k]) = I(φ−1(u[1, k])). In particular
J(u) = I(φ−1(u)). Hence |I(φ−1(u))| = |J(u)| = 1. Therefore the word φ−1(u)
is a c.s.w. for the automaton C.

Let v be some shortest c.s.w. for PFA C . It is easy to see that any word form
the set a∗ is not carefully synchronizing. Therefore v ∈ {a, b}∗\{a}∗. By Lemma
3 we obtain |γ(P, v[1, |v| − 1]a)| = |γ(P, v[1, |v| − 1])|. Therefore v[|v|] = b and
v ∈ {a, b}∗b. Whence I(v) = J(φ(v)). The word v is a c.s.w. for the automaton
C and hence |I(v)| = 1. Therefore |J(φ(v))| = 1. This means that the word φ(v)
is a c.s.w. for the automaton B. The proposition is proved.

4 The Problems Are in PSPACE

Proposition 4. The problems SHORT D1, D2 and D3DIR WORD belong to
the complexity class PSPACE.

Proof. At first, recall the following property.

Lemma 5. There is a constant C such that for D ∈ {D1, D2, D3} and for every
D-directing NFA with n states the length of the shortest D-directing word is less
than C · 2n.

Proof. The statement follows from [7].

Using Lemma 5 and the Savitch’s theorem (which states that PSPACE=
NPSPACE) it can be proved that the problems CARSYN, D1DIR, D2DIR and
D3DIR are belong to PSPACE, because any carefully synchronizing or directing
word can be nondeterministically applied to a given PFA or NFA using O(n) bits
of memory. Similar but more complicated ideas can be used to prove that the
corresponding search problems are also belong to PSPACE. We do not discuss
here such approach because there can be some conceptual problems with a using
of Savitch’s theorem for a search problem and for a model with out taking in
account of the size of output.

Instead of using nondeterministic calculations we introduce here an determin-
istic searching algorithm. Let A = (Q, Σ, δ) be an NFA with Q = {q1, . . . , qn}
and Σ = {a1, . . . , ak}. The automaton A can be stored using O(nk) bits of
memory. We are going to describe an algorithm for searching the shortest D1,
D2 or D3-directing words for the automaton A . Our purpose is to construct
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an algorithm that uses space that is a polynomial in O(nk). We do not take
in account the size of output word. Our algorithm examines different word and
finds the first appropriate one. A simple corollary of Lemma 5 is that the length
of the shortest directing word can be kept using O(n) bits of memory. The same
fact is true for all numbers used in our algorithm.

Our algorithm is a procedure FindWord(D, A ) which takes some
D ∈ {D1, D2, D3} and some NFA A as input parameters and returns one of the
shortest D1, D2 or D3-directing word letter by letter. The procedure FindWord
uses the function GetLetter(L, N) where N and L are integers and N ≤ L.
The parameters D and A are global variables for the function GetLetter. This
function returns either the N -th letter of a D-directing word of length L for the
NFA A or the value no if there is no D-directing word of length L for A . The
function calls GetLetter(L, N1) and GetLetter(L, N2) return different letters of
one word. Let us describe the procedure FindWord(D, A ). If the NFA A is D-
directing then the procedure finds the length of the shortest D-directing word
and writes this word letter by letter.

Procedure FindWord(D, A )
L = 1
While L ≤ C · 2n and GetLetter(L, 1) = no Do

L = L + 1
If (L > C · 2n) Then

Return “There is no D-directing word”
Else

For N = 1 To L Do
Write GetLetter(L, N)

End Procedure

Now we describe the function GetLetter(L, N). Let A = (Q, Σ, δ) and Q =
{q1, . . . , qn}. A position of the NFA A is an array P = (P 1, . . . , Pn) where
P 1, . . . , Pn ⊆ Q. Let Pos(A ) be the set of all positions of the NFA A . The
function δ extends to the function acting from Pos(A ) × Σ to P (A ). Let P ∈
Pos(A ) and a ∈ Σ. We put δ(P, a) = (δ(P 1, a), . . . , δ(Pn, a)). The starting
position of the NFA A is the array S0 = ({q1}, . . . , {qn}). Let w ∈ Σ∗. The
array P = (P 1, . . . , Pn) is a D1-position of A if P 1 = · · · = Pn = {q} for some
q ∈ Q. The array P is a D2-position of A if P 1 = · · · = Pn. The array P is a D3-
position of A if P 1∩· · ·∩Pn �= ∅. The position δ(S0, w) describes the images of all
states of A under the action of w. The following lemma is a trivial consequence
of the definitions of D1, D2, D3-directing words and D1, D2, D3-positions.

Lemma 6. Let D ∈ {D1, D2, D3}. The word w ∈ Σ∗ is D-directing for the
NFA A iff δ(S0, w) is a D-position.

Recall A = (Q, Σ, δ), |Q| = n, |Σ| = k. Let us calculate without proof how much
memory is sufficient to keep some objects and to do some operations which we
need for the algorithm.

Lemma 7. 1. Every subset T ⊆ Q can be kept using n bits of memory.
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2. Every position P ∈ Pos(A ) can be kept using n2 bits of memory.
3. Let P, R ∈ Pos(A ) and we need to check whether there is a letter a ∈ Σ

such that δ(P, a) = R. It can be done using O(n) of memory.
4. For D ∈ {D1, D2, D3} every position P ∈ Pos(A ) can be checked to be a

D-position using O(n) of memory.

Let us describe the function GetLetter(L, N). We denote S[0] = S0.

Function GetLetter(L, N)
m = �log(L)
P [m + 1] = S[0]
Return InPath(m, 2m, L, N)

End Function

The function GetLetter(L, N) uses the recursive function InPath. The function
InPath can return yes, no or some letter a ∈ Σ. Define the relation ≤ on the
set Σ ∪ {yes, no}. Put no < yes < a for any a ∈ Σ. The sense of every returned
letter shall be described later.

Let D ∈ {D1, D2, D3}. By Lemma 5 we have the length of the shortest D-
directing word for the NFA A is less than C · 2n for some constant C. Let
m̄ = �log(C · 2n)+1. Our algorithm uses an additional memory of size at most
m̄ · n2 + O(n2) = O(n3). We keep at most m̄ + 1 positions P [0], . . . , P [m̄] of
the automaton A . The NFA A , the directing type D ∈ {D1, D2, D3} and the
positions P [0], . . . , P [m̄] are global variables for the function InPath.

Function InPath(t, M, L, N)
res = no
For Each P [t] ∈ Pos(A )

If (M �= L) or (M = L and P [t] is a D-position)
If t > 0 Then

res1 = InPath(t − 1, M − 2m−1, N)
res2 = InPath(t − 1, M + 2m−1, N)

If t = 0 Then
r =the number of the last nonzero bit in the number M −1
l =the number of the last nonzero bit in the number M +1
If M − 1 ≥ L Then

res1 = yes
Else

If there is a ∈ Σ such that δ(P [r], a) = P [0] Then
If M = N Then res1 = a
Else res1 = yes

If there is b ∈ Σ such that δ(P [0], b) = P [l] Then
If M = N − 1 Then res2 = b
Else res1 = yes

If res1 > no and res2 > no and res ≤ yes Then
res = max(res, res1, res2)

Return res
End Function
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Due to space limitations we do not give a detailed proof of the algorithm cor-
rectness, but we attempt to describe how the algorithm works in Appendix.

The algorithm GetLetter(L, N) returns the N -th letter of the first found D-
directing word or no if there is no such word. It follows from Lemma 7 that all
operations of the algorithm use polynomial space. It can be calculated that the
algorithm uses O(n3) of additional memory i.e., additional memory of polynomial
size. The proposition is proved.

By Proposition 3 we have that the problem 2-ZERO CURSYN is PSPACE-hard.
From Proposition 4 we have that the problems SHORT D1, D2 and D3DIR
WORD belong to PSPACE. Let k ≥ 2. From Proposition 1 we have that all
problems from the statement of Theorem 1 are PSPACE-complete. Theorem 1
is proved.
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Appendix

The Proof of Proposition 1
1,2,3,4. The class of PFA with a zero is a subclass of the class of all PFA.
Therefore ZERO CARSYN ≤p CARSYN, k-ZERO CARSYN ≤p k-CARSYN
e.t.c. Let A = (Q, Σ, δ) and the state z ∈ Q be a zero in A . For any word w ∈ Σ
we have δ(z, w) = z Therefore, the PFA A can be carefully synchronized only
to the zero state z. We can consider the PFA A as a NFA. If the word w ∈ Σ∗

is D2-directing for the NFA A , then for any state q ∈ Q, we have δ(q, w) =
δ(z, w) = z �= ∅. Hence every D2-directing word is carefully synchronizing for
A . Therefore ZERO CARSYN ≤p D2DIR, k-ZERO CARSYN ≤p k-D2DIR
e.t.c.

5,6,7,8. Note that if some NFA is a PFA then any D1 and D3-directing word is
a carefully synchronizing word. Therefore the problem CARSYN is a partial case
of the problems D1DIR, D3DIR and the problem SHORT CARSYN WORD is
a partial case of the problems SHORT D1 and D3DIR WORD e.t.c.

9,10. Checking the careful synchronizability (careful synchronizability for PFA
with zero, D1, D2 or D3 -directability) is a part of the problem SHORT CARSYN
(ZERO CARSYN, D1DIR, D2DIR, D3DIR) WORD. Therefore the relations are
evident.

11, 12. For any k > 0 it follows that k + 1-PROBLEM is more complicated
then k-PROBLEM. To prove this fact we can add one letter with identical action
to any k-letter PFA (NFA) and obtain a k + 1-letter automaton with the same
properties of the synchronization.

13, 14. k-PROBLEM is a partial case of PROBLEM for any integer k > 0.
Therefore, PROBLEM is more complicated then k-PROBLEM for any fixed k
and k-PROBLEM ≤p PROBLEM. The proposition is proved.

The Proof of Lemma 1
Only the letter y can merge some states from Q1 and Q2. Therefore u[|u|] = y.
The word u is defined on the state beg. On the other hand letters from Σ and
the letter y are undefined on the state beg. Therefore u[1] = x. Hence u = xwy.

The image of the letter y contains only one element. Hence if u[m] = y for
some m > 0, then the word w[1, m] is also a c.s.w. for PFA B and the word w
is not the shortest. On the other hand only the letter y can merge some states
from Q1 and Q2. Therefore the shortest c.s.w. u for automaton B contains only
once the letter y and u[|u|] = y.

We have u[1] = x. Hence for any i ∈ 1...k, we have |δ(Q, u[1]) ∩ Qi| = 1.
All the letters from Σ and the letter x are defined on the set Qi and map
Qi to Qi. Therefore for any m ∈ 1...|u| − 1 we have |δ(Q, u[1, m]) ∩ Qi| = 1.
Hence if u[m] = x then δ(Q, u[1, m]) = {s1, . . . , sk} = δ(Q, u[1]) and the word
u[1]u[m + 1, |u|] is also a c.s.w. This means that there is the only one letter x in
the shortest c.s.w. u and u[1] = x. Thus u = xwy for some w ∈ Σ′∗. The lemma
is proved.
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Fig. 2. Automaton B

The Proof of Lemma 3
1. We have v ∈ {a, b}∗\{a}∗. Therefore a letter b occurs in the word v. Let
v[h1] be the first occurrence of the letter b in the word v. By Lemma 2 obtain
γ(P, b) ⊆ R0. Therefore γ(P, v[1, h1]) ⊆ R0. Therefore
|Qi ∩ γ(P, v[1, h1])| ≤ 1. Let for some j ∈ {1, . . . , |v| − 1} it holds
|Qi ∩ γ(P, v[1, j])| ≤ 1. If v[j + 1] = a then from Lemma 2 we have for any i ∈
{1, . . . , n} γ(Qi, a) ⊆ Qi. Therefore |γ(P, v[1, j]a)∩Qi| ⊆ |γ(P, v[1, j])∩Qi| ≤ 1.
If v[j +1] = b then Qi ∩γ(P, v[j +1]) ⊆ R0. This means |Qi ∩γ(P, v[j +1])| ≤ 1.
Whence |Qi ∩ γ(P, v)| ≤ 1.

2. Let i ∈ {1, . . . , n}. We have |Qi ∩ γ(P, v)| ≤ 1. By Lemma 2 we obtain
γ(Qi, a) ⊆ Qi for i ∈ {1, . . . , n}. The letter a is defined on every state from the
set P . Therefore if |Qi ∩ γ(P, v)| = 1, then |Qi ∩ γ(P, va)| = 1. Therefore

|γ(P, v)| =
n∑

i=1

|γ(P, v) ∩ Qi| =
n∑

i=1

|γ(P, va) ∩ Qi| = |γ(P, va)|.

3. By Lemma 2 we obtain γ(P, b) ⊆ R0. Therefore γ(P, vb) ⊆ γ(P, b) ⊆ R0. The
lemma is proved.

The Description of the Function InPath.
Our goal is to find the set of positions {S[0], . . . , S[L]} such that there is a
word w ∈ Σ∗ such that for i ∈ {1, . . . , L}, we have δ(S[i − 1], w[i]) = S[i] and
S[L] is a D-position. In such case the word w is a D-directing word for the
NFA A . Every position from the set {S[0], . . . , S[L]} will appear as a value of
the one of the variables P [0], . . . , P [m + 1]. The position P [m + 1] is always
equal to S[0]. The position S[2m] appears as a value of the variable P [m]. The
positions S[2m − 2m−1] and S[2m + 2m−1] can appear as a values of P [m − 1].
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The positions S[2m−2m−1−2m−2], S[2m−2m−1 +2m−2], S[2m +2m−1−2m−2]
and S[2m + 2m−1 + 2m−2] can appear as values of P [m − 2] and so on. If there
are exactly t zero bits at the end of the binary record of some number M ∈
{0, . . . , L}, then the position S[M ] can appear as a value of P [t]. The length of the
shortest D-directing word for A is L, therefore all the found sets S[1], . . . , S[L]
are different.

When we call InPath(s, M, L, N) we search a position S[M ]. If M = L then
algorithm searches only D-positions because the last position should be a D-
position. The number M has exactly t zero bits at the end of its binary record.
We look over all the positions from Pos(A ) and put each of them into the
variable P [t]. Let M be even. This means t > 0. Firstly, for any set P [t] (which
can be S[M ]) we want to find a position P [t− 1] which can be S[M − 2m−1]. If
P [t] = S[M ] and P [t− 1] = S[M − 2m−1] then there is a word v of length 2m−1

such that δ(P [t−1], v) = P [t]. Secondly, we want to find a position P [t−1] which
can be S[M + 2m−1]. If P [t] = S[M ] and P [t − 1] = S[M + 2m−1] then there is
a word v of length 2m−1 such that δ(P [t], v) = P [t − 1]. The function InPath
calls itself recursively to find the positions S[M − 2m−1] and S[M + 2m−1]. If
L > M + 2m−1 then the position S[M + 2m−1] shell not be searched, but the
algorithm shell search sets S[M ], . . . , S[L] anyway.

If the sets S[M − 2m−1] and S[M + 2m−1] (or S[L]) are not found then the
function InPath(s, M, L, N) returns no. If the sets are found, then if M +
2m−1 ≥ N > M − 2m−1, then the function InPath(s, M, L, N) returns the
N −M +2m−1-th letter of the first found word v such that δ(S[M −2m−1], v) =
S[M + 2m−1] (or δ(S[M − 2m−1], v) = S[L]), if not N ≤ M − 2m−1 or N >
M + 2m−1 then the function InPath(s, M, L, N) returns yes.

If M is odd, then t = 0. The variables r and l are the numbers of the last
nonzero bit in the numbers M − 1 and M + 1. In this case the position P [r]
is suspected to be the position S[M − 1] and the position P [l] is suspected to
be the position S[M + 1]. The variables P [r] and P [l] already contain some
positions. The algorithm looks over all positions, puts each of them to a variable
P [0] and checks whether there are letters a, b ∈ Σ such that δ(P [r], a) = P [0]
and δ(P [0], a) = P [l]. If the letters are found then P [0] = S[M ] and the function
InPath(s, M, L, N) returns yes, or the letter a if M = N , or the letter b if
M = N − 1.


	Complexity of Problems Concerning Carefully Synchronizing Words for PFA and Directing Words for NFA
	Introduction
	Problems
	The Problems Are PSPACE-Hard
	The Problems Are in PSPACE
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




