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A peer-to-peer (P2P) system is a networked system characterized by the lack of centralized
control, in which all or most communication is symmetric. Also, a P2P system is supposed
to handle frequent arrivals and departures of nodes, and is expected to scale to very large
network sizes. These requirements make the design of P2P systems particularly challenging.
We investigate two central issues pertaining to the design of P2P systems: load balancing
and routing. In the first part of this thesis, we study the problem of load balancing in the
context of Distributed Hash Tables (DHTs). Briefly, a DHT is a giant hash table that is
maintained in a P2P fashion: Keys are mapped to a hash space I — typically the interval
[0, 1), which is partitioned into blocks among the nodes, and each node stores the keys that
are mapped to its block. Based on the position of their blocks in I, the nodes also set
up connections among themselves, forming a routing network, which facilitates efficient key
location. Typically, in a DHT it is desirable that the nodes’ blocks are roughly of equal
size, since this usually implies a balanced distribution of the load of storing keys among
nodes, and it also simplifies the design of the routing network. We propose and analyze
a simple distributed scheme for partitioning I, inspired by the multiple random choices
paradigm. This scheme guarantees that, with high probability, the ratio between the largest
and smallest blocks remains bounded by a small constant. It is also message efficient, and
the arrival or departure of a node perturbs the current partition of I minimally. A unique
feature of this scheme is that it tolerates adversarial arrivals and departures of nodes.

In the second part of the thesis, we investigate the complexity of a natural decentralized
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routing protocol, in a broad family of randomized networks. The network family and routing
protocol in question are inspired by a framework proposed by Kleinberg to model small-world
phenomena in social networks, and they capture many designs that have been proposed for
P2P systems. For this model we establish a general lower bound on the expected message
complexity of routing, in terms of the average node degree. This lower bound almost matches

the corresponding known upper bound.
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Chapter 1

Introduction

In this chapter we set the context for the problems we will study in this thesis. We
begin, in Section [T with an introduction to the peer-to-peer model. In Section [[.2] we
describe Distributed Hash Tables, a common substrate for P2P systems. In Section [L.3] we
talk about small-world models and how they have been used as prototypes for designing P2P
networks. In Section [L4l we give a brief outline of our work. We conclude, in Section [L.3]

with a road-map of the rest of the thesis.

1.1 The peer-to-peer paradigm

One of the most intriguing trends in distributed computing in the past few years has been the
surge in popularity of the peer-to-peer (P2P) paradigm for building Internet applications. A
P2P system is a networked system characterized by the lack of centralized control or a-priori
hierarchical organization, in which all or most communication is symmetric. This system
is supposed to work in a dynamic setting where nodes (i.e., machines) join and leave the
system frequently. It is also expected to scale gracefully as the size of the system grows.
The common model used for implementing P2P systems is that of an overlay network.
The nodes participating in a P2P system are connected via some (often much larger) un-
derlying network, e.g., the Internet. A node u in the P2P system can establish a wvirtual
connection to any other node v (say a TCP connection, if the underlying network is the
Internet) as long as u knows the address of v in the underlying network (v’s IP address).
Each node maintains such connections to a small set of other nodes. The union of these

connections forms the P2P network.
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The P2P paradigm is attractive for several reasons [J]:

e P2P systems provide the opportunity to aggregate and make use of vast untapped
resources across the Internet that would otherwise go unused, such as processing power

for large-scale computations, and enormous storage potential.

e The deployment and maintenance of a P2P system is relatively easy and inexpensive
since no centralized administration or costly specialized hardware are required — as

opposed to centralized systems.

e Designed to operate in dynamic environments, P2P systems have the potential to be

robust to failures or malicious attacks.

Broadly speaking, there are two categories of P2P systems: structured and unstructured.
In unstructured P2P systems the nodes choose their overlay neighbors arbitrarily. Typically,
such systems are easy to build, they support complex queries, and remain functional despite
frequent arrivals and departures of nodes. However, they offer no performance guarantees —
they work on a best-effort basis. Unstructured systems have enjoyed great success, especially
in the form of file-sharing applications, like Napster, Gnutella, Kazaa, eMule, and Bittorrent,
which are used by millions of users.

For applications where imprecise/partial results to queries are acceptable, unstructured
P2P systems are sufficient. For applications that require stronger guarantees on data storage
and retrieval, structured P2P designs have been proposed. In these systems the set of overlay
connections between nodes is dictated by some pre-defined topology. Because of the stronger
guarantees on performance and correctness that these system are expected to deliver, they
are typically harder to engineer. So far, structured systems have not witnessed deployments
of the scale of unstructured P2P file-sharing systems. However, a wide range of applica-
tions have been proposed and deployed, mainly by the research community. These applica-
tions include cooperative data storage and archival (CFS [16], OceanStore [70], PAST [73],
Ivy [61]), censorship-resistant storage (Freenet [I4]), Web caching (Squirrel [33]), group
communication and event notification (Bayeux [85], CAN-Multicast [69], Scribe [74], i3 [76],
CorONA [66], POST [58]), naming and resource discovery (INS/Twine [10], SETS [12],
CoDoNS [67]), content distribution (Coral [25], SplitStream [13]), DB query and indexing
(PIER [32], OverCite [78]). Also the file-sharing applications eMule and Bittorrent have

recently incorporated structured P2P components that they use for indexing.
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1.2 Distributed Hash Tables

Most of the structured P2P systems that have been proposed use a Distributed Hash Table
(DHT) as a substrate. Briefly, a DHT is a giant hash table that is maintained in a P2P
manner by a large and dynamic set of nodes. This hash table is divided into pieces, one for
each node, and every node stores the piece that is assigned to it. Connections that are set
up among nodes allow each node to efficiently locate the node that is responsible for any
given key.

A DHT is a large-scale, decentralized, self-organizing, distributed repository of data
items. The nature of the data items depends on the P2P application that uses the DHT;
e.g., in a file storage application a data item can be a file (or a piece of a file). Each
item is identified by a key, which is assumed to be chosen uniformly at random from some
(sufficiently large) key-space. In practice, the key-space is usually the set {0, 1}™, for some
large m, and the key associated with each item is generated by applying a cryptographic
hash function (such as MD5 or SHA-1) to the item’s name/description. Without loss of
generality we will assume that the key-space is the wunit interval [0,1). Also we will often
assume that this interval wraps around such that point 1 coincides with 0 — thus, forming
the unit ring.

Every node in a DHT is associated with a subset of the key-space, called the node’s block,
such that the blocks of the nodes that are in the system at any given time form a partition
of the key-space. Each node stores the items whose keys lie in its block. For example, the
following simple scheme is used in the Chord DHT [77] to partition its unit ring key-space
into nodes’ blocks. Every node, upon its arrival to the system, is associated with a randomly
selected point in the key-space, called the node’s ID. The block of each node is the arc
consisting of the points that are closer to the node’s ID than to the IDs of the other nodes,
with respect to the clockwise distance along the ring — from the point to the ID. Note that
every time a node arrives or departs from the system, the partition of the key-space changes;
and each item whose key is in the subset of the key-space that gets reassigned to a different

node must be transferred to the node that becomes responsible for that key.

Communication between nodes is facilitated by maintaining overlay connections between
them. Specifically, each node maintains connections to a carefully selected, small set of
nodes, such that the resulting network can support efficient decentralized routing from any
node to the node responsible for any given key. A node chooses the nodes it connects to

based on the positions of its block and of their blocks in the key-space. For example, Chord
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employs a hypercube-like routing network, where each node u has connections to the nodes
that are responsible for the points at clockwise distances 27%, for k = 1,2,..., from u’s ID. It
also uses the following distance-halving routing scheme: A node u greedily forwards requests
for keys that u and its clockwise successor node in the ring are not responsible for to the
furthest neighbor of u whose ID precedes the requested key. Note that the routing network
must be updated when nodes arrives or depart from the system.

It is straightforward how a node can insert, retrieve or update a data item in a DHT.
First it computes the key of the item (the hash-value of its name/description), and then it
hands in the request for this key to the routing network which routes the request to the node
responsible for this key.

DHTs have received considerable attention from the research community. Among the
designs that have been proposed are CAN [68], Chord [77], Tapestry [31], Pastry [72],
Viceroy [48], Kademlia [56], Symphony [52], Koorde [34], DH [62], d2b [22], and many more.
Also a number of DHT implementations are available (Chord[77], Bamboo[71], P-Grid [).

The design of a DHT can be divided into thee components [51]: the key-space partitioning

scheme, the routing network, and the data management protocol.

[. Key-space partitioning scheme: This is the protocol that describes how the key-
space is partitioned among the nodes. Specifically, it describes how a new node is
assigned its own block (pieces of which previously belonged to old nodes), and how
the block of a departing node is redistributed among (some of) the remaining nodes.
A good key-space partitioning scheme should be decentralized; it should have low
message complexity; each arrival and departure should incur minimal perturbation
to the current partition of the key-space; and it should ensure that all blocks are
roughly of the same size. The last requirement is motivated by load balancing, and
we quantify it in terms of the ratio p between the largest and smallest block sizes the
scheme achieves. Specifically, we require that p should be small, ideally close to 1. As
we will see in Chapter 2] under some reasonable assumptions, p is an accurate estimate
of the ratio of maximum over minimum number of items stored per node. So, small p
yields a balanced distribution of the storage load among the nodes. We will talk about

key-space partitioning schemes in more detail in Chapter 2l

IT. Routing network: This component specifies how each node chooses the set of nodes
it connects to, and how these connections are updated in the face of arrivals and

departures of other nodes. It also describes a decentralized routing protocol for the
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resulting network that facilitates routing from any node to the node responsible for
any given key.

The dynamism and scale of P2P systems stipulate that each node in a DHT should
maintain only a small number of connections to other nodes. On the other hand, these
connections should facilitate short routing paths between arbitrary nodes. Typical
designs achieve logarithmic (in the network size) path lengths, using a logarithmic
number of connections per node. A common strategy in the design of routing networks
for DHTs is to first identify a static graph family that is known to possess good prop-
erties, e.g., one of the classical interconnection networks (the hypercube, the butterfly,
and the de Bruijn graph) [43], or a probabilistic variation of them; and then describe a
dynamic network that “approximates” the topology of this static graph family in the
face of arrivals/departures, and large variations in the number of nodes. The dynamic
network maintains desired properties of the static graph family including low degree,
and efficient routing protocol. Several designs have been proposed that approximate
specific static families of graphs. We review some of these designs in Chapter [7l In
addition, techniques have been suggested for approximating arbitrary static families
of graphs [49, 2, 50}, [63]. Note that the task of approximating a static graph family is
significantly simplified if the key-space partitioning scheme achieves p that is bounded
by a small constant [50]. This is an additional motivation (besides load balancing) for
designing partitioning schemes that guarantee small p.

Short routing paths (in the overlay network) do not necessarily mean paths of low
latency. Thus, it is also desired that the latency of every routing path be close to the
latency of routing between the same pair of nodes in the underlying network (e.g., the
ping-time, when the underlying network is the Internet). Routing paths of low latency
can be achieved by taking into account the latency between nodes when a node chooses
the nodes it sets up connections to, and also when it chooses the next hop to forward
a message to in routing. (E.g., see [64] [72], 31, 50].)

Network maintenance is straightforward assuming that any two operations (arrivals
or departures of nodes) do not overlap in time, or they affect non-overlapping sets of
nodes. Updating the overlay network after each arrival or departure requires then a
number of message that is proportional to the degree of the nodes. However, mainte-
nance in the face of frequent (concurrent) arrivals and departures, and possibly failures

is a more involved task. For work on this problem see [77, 45| 311, [44] [71].
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[TI. Data management protocol: This component is responsible for the availability of
data items in the face of failures, and for the alleviation of hot spots (i.e., the overloading
of nodes responsible for keys that are requested extremely often). Various replication

and caching protocols have been suggested for this purpose (e.g., see [68, 31} 17 63]).

1.3 Small-world models and P2P networks

Randomized network constructions that model the Small- World Phenomenon — the premise
that any two people in a society are connected with short chains of acquaintances, have
attracted a lot of research interest recently. The quantitative study of the phenomenon
started with Milgram’s experiments in the 1960’s [57], where people were asked to send
letters to unfamiliar targets only through acquaintances. Watts and Strogatz [81] observed
that the Small-World Phenomenon is common in many large-scale real-world networks. They
also suggested modeling the phenomenon using a simple random graph model: Individuals
are the nodes in a ring lattice; each node is connected to its k nearest ring neighbors, for
some small constant £ — the node’s “local contacts,” and to a small number of nodes chosen
uniformly at random from the set of nodes — the node’s “long-range contacts.” This model
captures two crucial properties of social networks: high clustering, and low diameter — the
model has high clustering because of the local contact links, and it has low diameter (like
uniform random graphs) because of the long-range contact links.

Kleinberg initiated the study of an algorithmic perspective of the Small-World Phe-
nomenon [39]: small-world experiments showed not only that short paths exist in social
networks, but that individuals can find such paths based on local information. He proposed
a simple and elegant framework to model this ability of small-world networks to support
efficient decentralized search. In his model, which extends the model of Watts and Strogatz,
individuals are the nodes in a d-dimensional lattice. As in Watts and Strogatz’s model, each
node has links to its lattice neighbors (local contacts) and to a small number of random,
independently selected, long-range contacts. Now, however, each long-range contact of a
node wu is chosen from a non-uniform distribution: a node at lattice distance s from wu is
selected with probability proportional to 1/s%, for some constant parameter « of the model.
Kleinberg showed that efficient decentralized search is possible only for o = d. In particular,
when o = d, a simple greedy search algorithm works: each node forwards a request to its
(local or long-range) contact that is closest to the destination node, with respect to the

lattice distance.
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Besides modeling a common property of social networks, Kleinberg’s work implicitly
suggested a new design principle for large-scale networked systems that support efficient
decentralized routing. A natural application for this design principle has been the design of
P2P systems. There are many examples of structured P2P systems [6], [52] 29] [84], where,
as in Kleinberg’s model: nodes are embedded in a d-dimensional lattice (with d = 1 in most
cases); each node has links to its lattice neighbors, and to a small number of long-range
contacts selected independently for each node, from a distribution that favors closer nodes
over distant ones (in the lattice); and the routing protocol used is the greedy one, with
respect to the lattice distance. This combination of network topology and routing protocol
is particularly attractive for P2P systems, mainly for its simplicity and the nice properties

of greedy routing. We discuss this model and its properties in greater detail in Chapter [7l

1.4 Owur contribution

We study two issues that are central to the design of P2P systems: load balancing, and

routing. Specifically, we focus on the following two problems.

Load balancing in DHT's

In the first part of this thesis, we propose and analyze a simple and efficient key-space
partitioning scheme that guarantees, with high probability that p remains bounded by a
small constant. A unique feature of this scheme is that it can tolerate adversarial arrivals

and departures of nodes. A preliminary version of this work appeared in [27].

The complexity of greedy routing in uniformly-augmented rings

In the second part of this thesis, we study the message complexity of a natural greedy routing
protocol, in a broad class of ring-based random networks, called uniformly-augmented rings.
This model is inspired by Kleinberg’s model for small worlds, and captures many P2P designs
that have been proposed. For this model we establish a lower bound on its routing complexity,
which almost matches the corresponding known upper bound. A preliminary version of this

work was published in [28].

!By “with high probability” (whp) we mean “with probability 1 — O(n~¢) for some constant ¢ > 0, for a
system of size n.”
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1.5 Road-map of the thesis

The rest of this thesis is organized as follows. In Chapter [2, we study the problem of load
balancing in DHT'S, and present a novel key-space partitioning scheme. ChaptersBH6l contain
an analysis of the load balancing properties of this scheme. In Chapter [, we investigate the
complexity of greedy routing in the class of uniformly-augmented rings, and we present a new
lower bound. A proof of this bound is described in Chapter [§. We conclude, in Chapter 9]
with a brief summary of our results, and an outline of some open research problems that are

closely related to them.



Chapter 2

Balanced key-space partitioning in
DHT's

In this chapter and the next four, we propose and analyze a simple key-space partitioning
scheme for DHTs. This scheme is inspired by the multiple random choices paradigm [8], 59].
It achieves, with high probability, a ratio of at most 4 between the loads of the most and
least burdened nodes, in the face of both arrivals and departures of nodes. Each arrival and
departure incurs an O(log2 n) message cost, where n is the number of nodes, and causes the
relocation of keys between at most two nodes (for arrivals) or three nodes (for departures).
A unique feature of this scheme is that it provides the above performance guarantees even

when the sequence of arrivals and departures is controlled by an adversary.

2.1 Introduction

One of the main components of a DHT is its key-space partitioning scheme, which determines
how the key-space is divided among the nodes in the system. More precisely, it describes
a protocol for repartitioning the key-space, which is executed every time a new node joins
the system or an old one departs from it. So, when a new node arrives it is assigned its
own block, pieces of which previously belonged to old nodes, and when an old node departs
its block is redistributed among some of the remaining nodes. Besides transferring pieces of
the key-space to the arriving node or from the departing node, the arrival or departure of a
node may involve transferring pieces of the key-space between (a few) other nodes, as well.

Typically, a key-space partitioning scheme specifies that the arriving (or departing) node
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u, which is assumed to be oblivious of the other nodes’ blocks initially, learns the blocks of
a small sample of other nodes, and then it decides how these blocks should be updated to
accommodate the arrival (or departure) of u. In general, u can find out about the block of

another node in one of two ways:

e Local probe: u retrieves the block of one of its neighbors in the overlay network, or the
block of some neighbor of a node that v had previously discovered; for this operation,

a constant overhead is required in terms of routing messages in the overlay network.

e Random probe: u retrieves the block containing a point selected (uniformly) at random
from the key-space, by routing a request to the corresponding node through the overlay

network; the incurred overhead is that of routing in the overlay network.

We will quantify the performance of a key-space partitioning scheme using the following

three measures:

o Message cost: the number of routing messages in the overlay network required to
determine how the partitioning of the key-space should be updated to accommodate
the arrival or departure of a node. (We do not count the messages needed to transfer
the actual items that are reassigned to different nodes, or the messages used to update

the overlay connections.)

o Perturbation: the number of nodes whose blocks are modified per arrival (departure),

in addition to the arriving (departing) node.

o Imbalance p: the ratio between the largest and smallest block sizes in the system.

The scalability requirement of DHT designs dictates that the message cost of a key-space
partitioning scheme should be low; i.e., at most poly-logarithmic in the system size. The
perturbation measure is indicative of the amount of changes that result from the arrival or
departure of a node. Note that when the block of a node u is modified, say from b to i/, the
items with keys in b — b/, which are currently stored in u, need to be transferred to other
nodes, and the items with keys in o' — b stored in other nodes must be transferred to w.
Also, overlay connections to and from u may need to be modified. It is, hence, desirable
that the perturbation be small, ideally equal to 1. The imbalance p measures how balanced
the storage load is. Notice that in the (typical) setting where the number of items stored
in the system is significantly larger than the number of nodes, p is very close to the ratio of
maximum over minimum number of items stored per node — recall that the items’ keys are

selected independently and uniformly at random over the key-space. It is therefore desirable
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that p remains small, ideally bounded by a constant close to 1. An additional advantage
of having p bounded by a small constant is that it typically simplifies the overlay network
construction — it makes it easier to approximate static network topologies [62] [50]. Also,
it simplifies a number of useful operations such as obtaining an accurate estimate of the

network size, and choosing a node uniformly at random [38].

In the analysis of key-space partitioning schemes it is typical to assume that arrivals
and departures of nodes take place sequentially. Note, however, that, since in most of these
schemes the outcome of an arrival or departure depends only on a very small, randomly
selected fraction of the system, it is very likely that two concurrent operations involve disjoint
sets of nodes, and, thus, they appear as if they occurred sequentially. Hence, usually similar

results apply up to some degree of concurrency, as well.

In general, the performance of a key-space partitioning scheme depends on how the
sequence of arrivals and departures that takes place is decided. We distinguish two different

models.

* Random arrivals/departures: the order in which arrivals and departures occur is de-
termined before the first of these operations takes place. The actual node that departs
when a departure takes place is decided later, when the departure is about to occur;
the node to depart is selected uniformly at random among the nodes in the system at

that time.

* Adversarial arrivals/departures: the order in which arrivals and departures take place,
and the actual node that departs when a departure occurs are determined by an adap-
tive adversary; the adversary decides the next operation to take place based on the

complete history of the system up to that point.

Using standard terminology of online algorithms, in the first model the order in which
arrivals and departures take place is determined by an oblivious adversary, while in the
second model the order of arrivals and departures, and the nodes that depart are determined
by an adaptive online adversary. Some of the key-space partitioning scheme that have been
proposed were analyzed assuming that no nodes ever depart from the system. Note that
under this restriction, the two models we described above are equivalent.

In the rest of this chapter, we first survey key-space partitioning schemes that have been
proposed in the literature, in Section Then, in Section 2.3l we describe a novel key-
space partitioning scheme, discuss its properties, and compare it to existing schemes. We

conclude, in Section 2.4l with a road-map of the analysis of this scheme, which is described
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in Chapters [BH6l

2.2 Existing key-space partitioning schemes

2.2.1 Early schemes

Most of the DHT structures that have been proposed so far employ one of two key-space par-
titioning schemes, suggested in early DHT designs. We will refer to them as the consistent-

hashing paradigm, and the random-tree paradigm. We describe each of these schemes below.

Consistent-hashing paradigm

This scheme was first used in Chord [77], and it was inspired by the consistent-hashing
technique [35]. The key-space used in this scheme is a ring, and every node is responsible for
the keys in some arc of this ring. Specifically, every node upon its arrival is associated with
a random ID, drawn independently and uniformly from the key-space. The block each node
is responsible for is the arc consisting of the points that are closer to the ID of that node
than to the ID of any other node in the system, with respect to the clockwise distance along
the ring, from the point to the ID. (Other distance functions, such as the absolute distance
along the ring, have also been considered.) Whenever a new node arrives to the system or
an old one departs, the partition of the key-space is updated accordingly.

This scheme is very efficient in terms of message cost, since it requires a single random
probe per arrival, while departures do not require any probes — the clockwise successor node
of the departing node assumes responsibility of its blocks. Also, the incurred perturbation is
minimum, i.e., the block of just one other node is modified per arrival or departure. However,
this scheme does not achieve p bounded by a constant. Specifically, if arrivals and departures
are random then the ratio of largest to average block sizes in an n-node system is ©(logn),
with high probability (whp) [48]; and the ratio of average to smallest block sizes is Q(n/Inn),
whp (see [38]).

If every physical node acts as k = (logn) independent wvirtual nodes, each associated
with a distinct arc, then p is bounded by a constant, whp, in the face of random arrivals and
departures [35] [77]. However, this approach inflates the message cost and the perturbation
by a factor of k. The number of overlay connections a node should maintain is also increased

by that factor.
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A useful property of the consistent-hashing paradigm is that the current key-space parti-
tion depends only on the set of IDs currently in the system; specifically, it does not depend
on the history of nodes’ arrivals and departures that have taken place. On the other hand,
the random-tree paradigm we describe next does not have this property. Consequently, the
analysis of the consistent-hashing paradigm is simpler. We discuss this issue in more detail
at the end of Section [2.3]

Random-tree paradigm

This is the key-space partitioning scheme proposed in CAN [68]. The key-space used is a d-
dimensional hyper-rectangle, for some d > 1, and the block of each node is a d-dimensional
hyper-rectangular subspace. Arrivals and departures of nodes are handled as follows. A
newly-arrived node performs a random probe; the block retrieved is split in half along one
of the dimensions; and the new node assumes responsibility for one half, while the other
half remains with the node previously responsible for the whole block. Note that the split is
done by assuming a certain ordering of the dimensions in deciding along which dimension the
block is to be split, so that blocks can be re-merged when nodes depart (as we describe next).
To describe how departures are handled we will need the following two definitions. The two
blocks that result by splitting a block in half are called sibling blocks; and the blocks that
result from a block by one or more splits are called the descendants of that block. When
a node departs from the system, it hands over its block b to the node responsible for the
sibling &’ of b, if ¥’ is not currently split in smaller blocks. Otherwise, two existing sibling
blocks a,a’ that are descendants of b’ are identified. (There is always at least one such pair
of blocks.) a and o’ are then merged and the resulting block is assigned exclusively to one
of the two nodes previously responsible for them, while the other node becomes responsible
for b.

The above scheme can be conveniently described as a process executed on a binary tree.
Think of the blocks in the current partition of the key-space as the leaves of a full binary
tree. Each internal vertex of this tree represents a block that no longer exists — it was split
at some previous time; its children correspond to the two sibling blocks into which it was
split. We call this tree the partition tree. The procedure for handling the arrival of a new
node in the system can then be described as: pick a leaf at random such that a leaf that is
at depth / is chosen with probability 27¢ (i.e., proportional to the size of the corresponding
block), and attach two children to it. Likewise, the procedure for handling the departure of
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a node simply removes the leaf that corresponds to the departing node and its sibling vertex
v, if v is also a leaf; if v is not a leaf, it removes, instead, two sibling leaves that are in the
subtree rooted at v.

Note that the difference between the maximum and minimum depths of leaves in the
partition tree is log p. So, the notion of balance of a key-space partition readily translates
into the balance of the corresponding partition trees. Another useful observation is that the
depth of a leaf in a balanced partition tree is a very accurate estimate of logn; in particular
it approximates logn within a log p additive term.

It is not difficult to show that if no nodes ever depart from the system, the scheme
achieves the same ratio of largest to average block sizes as the consistent-hashing paradigm,
and better ratio of average to smallest block sizes. (The latter is Q(logn/loglogn), whp.)
The message cost and perturbation per arrival are the same as in the consistent-hashing
paradigm. For departures, the message cost is O(log p), and the perturbation is at most 2.
(For the message cost of departures, we assume that each node u maintains connections to
all the nodes whose blocks are adjacent to u’s in the key-space. So, the departing node can

identify the pair of sibling blocks that should be merged using at most log p+ 1 local probes.)

2.2.2 Schemes that achieve bounded p

Neither of the key-space partitioning schemes we described in the previous section achieves
imbalance bounded by a constant (unless we employ the costly technique where each node
acts as O(logn) virtual nodes.) A number of schemes were subsequently proposed specifically
to address this issue. Four of them [2 4] 50} 37] are variations of the random-tree paradigm,
and one [30] is a variant of the consistent-hashing paradigm. Two of these schemes [50, [36]
provably maintain bounded p in the face of both (random) arrivals and departures. The
other three either describe a procedure for handling departures but they do not analyze it,

or they do not handle departures at all. We briefly describe these schemes below.

Variations of the random-tree paradigm

All the variations of the random-tree paradigm follow roughly the same approach. The
arrival of a node is handled by sampling a set A of ©(logn) blocks, and then picking a
largest block in A and splitting this block between the new node and its previous owner, as
in the random-tree paradigm. (Recall that logn can be estimated within a logp additive

term, from the size of the block of a node.) The departure of a node is accommodated by
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again sampling a set D of ©(logn) blocks, picking a smallest block in D, switching blocks
between the owner of the block picked and the departing node, and then executing the
procedure for departures of the original random-tree paradigm. The variations proposed are
differentiated mainly by the way the sets A and D are chosen.

Inspired by the multiple random choices paradigm [8, 59], Abraham et al. [2] analyzed
the scheme for handling only arrivals, where the sample set A consists of the blocks retrieved
by k > 2 independent random probes. (Recall that in the original random-tree paradigm
k = 1.) They showed that after a sequence of n arrivals (starting from an empty system),
p = O(2%elosn/log k) "whp: hence, for k = Q(logn), p = O(1). If k = O(logn) the message
cost is O(Rlogn), where R is the message complexity of routing in the overlay network. The
same protocol (for k = ©(logn)) was independently studied by Naor and Wieder [62].

Adler et al. [4] studied the variation where A consists of a block b retrieved using a
random probe, and of the blocks of the overlay neighbors of b’s owner (retrieved using local
probes); and D consists of the block of the departing node and the blocks of its overlay
neighbors. Clearly, this scheme cannot achieve balanced partitions for arbitrary overlay
networks. However, Adler et al. showed that it guarantees bounded p when combined with a
hypercube-like overlay network of a logarithmic node degree that they described. Specifically,
they proved that, whp, p is bounded after a sequence of n arrivals (starting from an empty
system). Experimental evaluation suggests that the scheme works well in the face of random
departures of nodes, as well, but no analytical results are known in this case. The message
cost is R+ O(logn) for arrivals, and ©(logn) for departures, where R = ©(logn).

Manku [50] studied two variations of the random-tree paradigm: one that handles arrivals
only, and a more involved version of it, which also supports departures. In the first scheme,
A is chosen as follows. We perform a random probe; let b be the block retrieved. A then
consists of the blocks that are leaves of a subtree T" of the partition tree such that 7T contains
b and has size ©(logn). The blocks in A — {b} are retrieved using local probes. This scheme
has similar performance and provides analogous guarantees as the scheme proposed by Adler
et al. [4].

In the more involved variation of the random-tree paradigm that Manku described in [50],
A is selected as before, and, similarly, D consists of the leaves in a subtree of size ©(logn) that
contains the block of the departing node. The scheme also assigns to each node a random ID.
A node’s ID is initially the point selected by the random probe that is performed upon the
node’s arrival, but it may change subsequently — the node may switch its ID with another

node’s. When a node departs, its current ID disappears from the system. These IDs affect
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the choice of which among the blocks in A is split during an arrival, and which blocks in
D are merged during a departure. Roughly speaking, the following invariant is maintained:
each subtree T of size ©(logn) is balanced, and the IDs associated with its leaves belong to
the block that corresponds to the root of T'. This scheme guarantees that, starting from an
empty system, a sequence of random arrivals and departures results in p < 4, whp (in the
final number of nodes in the system). The message cost is R 4+ O(logn) for arrivals, and
O©(logn) for departures.

Kenthapadi and Manku [37] proposed a scheme for handling only arrivals, which combines
the first of the schemes presented in [50] and the scheme in [2] 62]. A is chosen as follows.
We perform k independent random probes, where k is a system parameter, and it may be a
function of the system size. Let by, ..., b, be the blocks retrieved by these probes. A consists
then of the blocks that are leaves in the subtrees T1,..., T} of the partition tree, where T;
contains b;, and has size @(% logn). Note that when k£ = 1 the scheme is the same as that
in [50], while for £ = ©(logn) it resembles the scheme in [2, 62]. For £k = O(logn), it is
shown that p < 8, whp, and the message cost is ©(kR + logn). A procedure symmetric to

that of handling arrivals was suggested to handle departures but no analysis was provided.

A variation of the consistent-hashing paradigm

Karger and Ruhl [36] proposed the following variation of the consistent-hashing paradigm.
The key-space is the unit ring [0, 1). Each node is associated with ©(logn) randomly selected
IDs — points in [0, 1), only one of which is active at any time. The key-space is partitioned
among nodes as in the consistent-hashing paradigm, based on the nodes’ currently active
IDs. A node chooses its active ID as follows. Consider the following ordering of all points in
[0,1) that have a finite binary representation: 0, 1/2, 1/4, 3/4, 1/8, 3/8,5/8, 7/8, 1/16, ...
(Note that the i-prefix of this sequence divides the unit ring into i arcs of lengths 271°¢? and
2~ Mogil ) After a newly-arrived node has chosen its IDs, it activates the one that results in
assigning to the new node the block containing a point x that appears earliest in the above
ordering. This may cause the node previously responsible for x to change its own active
ID, and so on. Departures are also followed by chained reactions of nodes that change their
active IDs. Karger and Ruhl showed that this scheme always converges to a (unique) stable
key-space partition, and that this partition has p = O(1), whp (assuming random arrivals
and departures). The incurred perturbation, for both arrivals and departures, is O(loglogn)

expected, and O(logn) whp. Finally, the message cost is O(Rlogn) per arrival and O(logn)
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per departure.

Other approaches

Two key-space partitioning schemes that use additional data structures are sketched in [4§]
and [62], namely the Bucket Solution and the Cyclic Scheme, respectively. These schemes
presumably achieve bounded p, but their details and formal analysis are not provided. The
basic idea behind the Bucket Solution is similar to that in the scheme proposed by Manku
in [50]: nodes are organized into buckets of size O(logn), and the nodes inside each bucket
balance the load among them. The Cyclic Scheme is deterministic and it works, roughly,
by ensuring that each block (in the unit ring key-space) has length 2l or 2Menl and
all large blocks are in one contiguous interval — and, thus, the same is true for the small
blocks. A serious limitation of this scheme is that it does not allow for concurrent arrivals

or departures of nodes.

2.3 A new key-space partitioning scheme

The key-space partitioning scheme we propose is a variation of the random-tree paradigm,
and is inspired by the multiple random choices paradigm [8, [59] — similarly to the scheme
suggested in [2, [62]. Below we give a detailed description of this scheme and discuss its

properties.

2.3.1 Description of the scheme

As in the variations of the consistent-hashing paradigm we saw in Section 2.2.2] the scheme
we propose differs from the original random-tree paradigm (described in Section Z2]) in
the way it chooses which block is split when a new node arrives, and which pair of sibling
blocks is merged when an old node departs. Roughly speaking, the arriving or departing
node performs a logarithmic number of independent random probes; the block split in case
of an arrival is the largest among those discovered; while the pair of blocks merged in case
of a departure corresponds to the smallest block discovered.

More precisely, a newly-arrived node u performs the following steps. First it executes
a single random probe. Let § be the depth of the block retrieved — i.e., the depth of the
corresponding leaf in the partition tree. u then curries out Ay (9) — 1 additional independent

random probes, where function A, is a parameter of the scheme such that A\, (k) = O(k).
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Next, u picks a largest block b among those discovered (including the block retrieved in the
initial probe). Finally, as in the original random-tree paradigm, b is split into two halves, and
one half becomes the block of u while the other remains with the node previously responsible
for b.

The departure of a node u is handled as follows. Before u leaves the system it performs
A_(6) independent random probes, where § is the depth of u’s block, and A_ is again a
parameter of the protocol such that A_(k) = ©(k). If any of the blocks discovered by the
random probes is smaller than u’s, then u exchanges blocks with the owner of a smallest
of these blocks. (Otherwise, no exchange of blocks takes place.) Finally, u executes the

procedure that handles the departure of a node in the original random-tree paradigm.

2.3.2 Properties

As in the original random-tree paradigm, the depth of each block in an n-node system is
within logn 4 log p. Hence, the number of random probes the scheme performs per arrival
or departure of a node is O(logn + log p). In particular, when p is bounded by a constant,
O©(logn) random probes are performed. The number of local probes required per departure
is O(log p) — the same as in the random-tree paradigm. Therefore, the message cost of
the scheme is O(R - (logn +log p)) for both arrivals and departures, where R is the message
complexity of routing in the overlay network. In particular, when p is bounded by a constant,
the message cost is O(Rlogn). Also, as in the random-tree paradigm, the perturbation is 1
for arrivals, and at most 2 for departures.

The scheme achieves p bounded by a constant in the face of adversarial arrivals and
departures. We show that if functions A, and A_ are large enough (i.e., A.(k) > ak + b, for
large enough constants a and b) then the following two results hold. We call a partition of
the key-space safe if, roughly speaking, either p € {1,2}, or p = 4 and most blocks are of

intermediate size.

(a) If we start from a safe partition of the key-space then, whp, in ©(n) operations (arrivals
or departures) another safe partition is reached, and all intermediate partitions have
p <4

(b) Starting from any non-safe partition of the key-space, a safe partition is reached after

O(d2%) operations, whp, where d is the maximum depth of blocks initially.

Combining the above two results we also show that (for large enough Ay, A_) the scheme

typically results in “long” intervals where p < 4, interrupted by “much smaller” intervals
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where it may be p > 4.

Our analysis of the load balancing the scheme achieves depends critically on two prop-
erties of the scheme: (1) when a node arrives, a block of depth d is split only after Q(d)
random probes have been preformed; and (2) during each departure at least {2(x) random
probes are performed, where p is the minimum depth of blocks in the system. So, the same
analysis applies even if the first of the blocks sampled during an arrival (and, thus, ¢) is
chosen by the adversary — not by a random probe. Also, in departures, any value for ¢ such

that 0 > p would work; we let § be the depth of the departing node just for simplicity.

Comparison with other schemes

In the scheme we presented, the procedure for handling arrivals is very similar to that
suggested in [2], 62]. The procedure for handling departures, however, is novel, and so is the
analysis of the scheme’s load balancing properties.

A unique feature of our scheme is that it achieves bounded p in the face of adversarial
arrivals/departures — resolving an open problem posed in [82]. As we saw in Section 2.2.2]
only two other schemes provably achieve p bounded by a constant in the face of both arrivals
and departures; namely those proposed in [36] and [50]. However, both of them do so under
the (strict) model of random arrivals/departures.

About the other performance measures, the message cost of our scheme is larger by
a logarithmic factor compared to the scheme in [50], while both schemes incur the same
perturbation. Compared to the scheme in [36], our scheme has similar message cost (the
same cost for arrivals and worse cost by a logarithmic factor for departures), and smaller
perturbation.

The schemes in [36] and [50] possess the nice property that the partition of the key-space
at each time depends only on the IDs of the nodes that are in the system at that time; so,
it does not depend on the actual sequence of nodes’ arrivals and departures that resulted in
these IDS. This Markovian property means that the system can be analyzed as if it were
static, with a fixed set of nodes and resources. Such an analysis is generally much simpler
than a dynamic, history-dependent analysis. Our scheme, on the other hand, does not have
this property, thus, its analysis is more intricate. It is important to stress, however, that
this complexity is an aspect of the analysis, not of the scheme itself. Our scheme is much

simpler than the schemes in [36] and [50].

More precisely, this is true for the scheme in [36]; for the scheme in [50] a slightly weaker invariant holds.
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We conclude with an informal explanation of why the schemes in [36] and [50] cannot
guarantee that p stays bounded by a constant in the face of adversarial arrivals/departures.
As we mentioned above, in both schemes at each time p depends only on the IDs of the nodes
that are in the system at that time. The schemes’ ability to guarantee that p stays bounded
under random arrivals/departured depends critically on the fact that in this model the IDs
that there are in the system at each time are distributed independently and uniformly over
the key-space. (Recall that new IDs are generated independently and uniformly at random;
the order of arrivals and departures is predetermined; and in each departure the ID that is
deleted is selected independently and uniformly at random among the existing IDs.) Under
the adversarial model of arrivals/departures, however, the IDs in the system may not be
distributed independently and uniformly. For example, the adversary may choose to remove
all the IDs that fall in certain parts of the key-space resulting in an arbitrarily skewed

distribution.

2.4 Road-map of the analysis

In the next four chapters we provide an analysis of the key-space partitioning scheme we
presented above.

In Chapter B, we formulate as a random process the evolution of the key-space partition
in a DHT that employs the above scheme; we call this a B-process. We then describe a slight
variation of this process, called S-process, which is easier to analyze and is shown to have
worse load balancing performance that the B-process. This result will allow us to analyze
the S-process, instead, and obtain performance bounds that also apply to the B-process.

In Chapters 4 and B, we study the load balancing properties of the S-process. Specifically,
in Chapter 4] we consider the case where the initial partition of the key-space is safe. We
show that if we start from a safe partition of n blocks (and Ay, A_ are large enough) then,
whp, in ©(n) steps (i.e., arrivals or departures) another safe partition is reached, and all
intermediate partitions have p < 4. In Chapter B we consider the complementary case,
where the starting partition is not safe, and we provide a probabilistic upper bound on the
number of steps required to reach a safe partition. In particular, we show that if A, A_
are large enough then a safe partition is reached after O(d2¢) steps, whp, where d is the
maximum depth of blocks initially.

Finally, in Chapter[6, we use the result of Chapter Blto show that the results of Chapters{l

and Bl which were shown for the S-process, readily apply to the B-process, as well. Also, we
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establish a lower bound on the expected fraction of time in the B-process during which we
have p < 4.



Chapter 3

Analysis of our scheme — Part I:

Switching to a simpler process

In this chapter we formulate as a random process the evolution of the key-space partition
of a DHT that uses the key-space partitioning scheme described in Section 2.3 We then
describe a slight variation of this process, which is easier to analyze, and we show it has
“stochastically worse” performance than the original process, with respect to load balancing.
In the next chapters we analyze this new process, and then use the results of this chapter to
show that certain performance bounds we proved for the new process apply to the original
process, as well.

We begin, in Section B.Il with a description of the model of arrivals and departures
we will assume in the analysis. In Section B.2] we describe binary partitions, the class of
feasible partitions under the scheme we consider, and we introduce some related terminology.
We define some basic operations on binary partitions in Section B.3, and describe a means
to compare the balance of different binary partitions in Section [3.4. In Section 3.5, we
introduce the two random processes we mentioned above. We compare these two processes,

with respect to their load balance, in Section [3.6l

3.1 The model

As is typical in the analysis of key-space partitioning schemes, we only consider the case
where arrivals and departures of nodes occur sequentially. (Recall the relevant discussion

in Section 2.Il) The sequence of arrivals and departures that takes place is assumed to

22
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be controlled by an adaptive online adversary: the adversary decides the next operation
— i.e., whether a new node arrives or an old one departs, and, in the latter case, which
particular node departs — based on the past history of the system so far. The adversary
cannot affect the nodes’ random choices, nor does she know the outcome of those random
choices in advance.

As in the random-tree paradigm, the key-space partitioning scheme we propose works
for any underlying key-space that is a d-dimensional hyper-rectangle (or a d-torus), for
d > 1. For the sake of concreteness of the analysis, however, we will assume (without loss
of generality) that the key-space is one-dimensional (d = 1) and has unit size; i.e., it is the

unit interval I = [0, 1).

3.2 Binary partitions

In this section we look at the partitions of the key-space I = [0,1) that can result by using
the key-space partitioning scheme we proposed in Section 2.3} we call these partitions binary
partitions.

The set of binary segments, denoted T, is the set of intervals that is recursively defined
by

— I €T, and

— if [z,y) € T then [z, *¥) and [, y) are also in T'.

Note that each binary segment b is a subinterval of I, and it has length 27, for some k € IN;
this k is called the depth of b, and is denoted 6(b). I has depth 0, and all the other binary
segments have depth > 1. For every b € T' — {I}, the sibling of b, denoted sbl(b), is the

(unique) binary segment such that
bOsbl(h) =@ and bUsbl(h) € T
For example, if b = [3/8,1/2) then sbl(b) = [1/4,3,8). Note that
O(sbl(b)) = 6(b) and 6(bUsbl(b)) =6(b) — 1

A partition of I into blocks is called a binary partition if all the blocks are binary segments.
For n > 1, we denote by B,, the set of all binary partitions of size n, and define B =, B,,.
It is easy to see that B represents the set of all partitions that can result by using our key-
space partitioning scheme (or, any key-space partitioning scheme that follows the random-

tree paradigm). In most of our analysis we deal with a special class of binary partitions,
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called sorted binary partitions. A binary partition is sorted if its blocks are sorted (from
left to right) in non-decreasing depth (or, equivalently, in non-increasing length); i.e., for any
two blocks b = [z,y) and ¥/ = [2/,y), if x < 2’ then §(b) < §(V'). For any B € B, there is
a unique sorted binary partition that has the same number of blocks of each depth as B;
we denote it by srt(B). Similarly to B, and B, we let S,, be the set of all sorted binary
partitions of size n, and S =, S,.

Next, we introduce some notation for quantities associated with B € B. The total
number of blocks of depth k, for k& > 0, is denoted s;(B), and the sum of their lengths
is denoted 4(B); so, lx(B) = 27%s,(B). For x € {>,>,<, <}, we denote by suy(B) the
number of blocks whose depths belong to the set {i : i > k}; e.g., s51(B) = > ;5 si(B).
We define (. (B) analogously. The minimum depth of blocks in B is denoted u(B), and the
corresponding maximum &(B). The difference £(B) — u(B) is called the balance factor of B,
and is denoted o(B). Note that if p is the imbalance of B (i.e., the ratio between the largest

and smallest block sizes) then
o(B) =logp

For any z € I, blk(B, z) denotes the block of B that contains z, and §(B, z) denotes the
depth of this block; i.e., 8(B, z) = 0(blk(B, 2)).

In all the above notation, we will often omit parameter B when it is clear which binary
partition we are referring to. For example, we will say “for every B € B, u < £” instead of
“for every B € B, u(B) < &(B);” also, we will write {¢(B) instead of f¢p)(B) — or even /¢

when B is clear from the context.

Partition trees

In our analysis, it will often be convenient to think of a binary partition B in terms of a
binary tree. Each node in this tree is a binary segment, and it has either two children or
none: The root of the tree is the whole interval I. For every internal node [x,y), its left and
right children are the binary segments [z, ©54) and [*3¥,y), respectively. The leaves of the
tree are the blocks of B. We call this tree the partition tree of B. An example is illustrated
in Figure B.Jl(a). Note that for any node u of the tree, #(u) is equal to the depth of u in the
tree — i.e., u’s distance from the root. Also sbl(u) is precisely the sibling node of u in the
tree — i.e., the node with the same parent as u. Finally, note that if B is sorted then in
each level of the tree the nodes of the tree occupy the rightmost spots consecutively, with

no spot left unoccupied in between any two.
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Figure 3.1: (a) A binary partition and the corresponding partition tree; (b) example of a

Vi_ operation.
3.3 Basic operations on binary partitions

The two most basic operations on a binary partition are splitting a given block into two
blocks, and merging a given pair of sibling blocks into a single block. Let B € B and b € B.
We denote by SPLTBLK(B, b):

the binary partition that results from B by splitting b into two sibling blocks
If also |B| > 1 and sbl(b) € B, we denote by MRGBLK(B, b):
the binary partition that results from B by merging b and sbl(b) into a single block

Thinking of binary partitions in terms of their partition trees, SPLTBLK (B, b) adds a pair of
children to leaf b in the partition tree of B, while MRGBLK(B, b) deletes leaf b and its sibling
node (which must also be a leaf).

We describe now a variation of the above two operations that are specific for sorted binary

partitions. For any S € S and k € N such that s(S) > 0, we define

Sk(S) = spLTBLK(S,b), where b is the last (rightmost) block in S of depth k.
Also, if s4(S) > 2 we let

M, (S) = MRGBLK(S, V), where ¥ is the first (leftmost) block in S of depth k.

Clearly, Si(S) and M (S) are also sorted binary partitions. In the context of partition trees,
Sk(S) attaches a pair of children to the rightmost leaf in the partition tree of S at depth k,
while M (S) removes the two leftmost leaves at depth k.
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The next lemma states a simple relation between SPLTBLK and S, and the analogous

relation between MRGBLK and M. The proof is straightforward and is omitted.

Lemma 3.1. For all B€ B and b € B,
(a) srt(SPLTBLK(B, b)) = Syp)(srt(B))
(b) if |B] > 1 and sbl(b) € B then stt(MRGBLK(B, b)) = My, (srt(5))

The lemma below, describes some simple properties of S and M. Parts (a) and (b) say
that Sy and M, are the inverse of one another. Parts (c)—(e) give sufficient conditions under
which two such operations commute. To simplify notation when we have nested applications
of S and/or M operations, we will often omit all pairs of brackets except for the innermost

pair; for example, we will write Sy, Sg, My, (S) to denote Sy, (Sk,(My, (5))).

Lemma 3.2. Forall S €S and k, k' € N
(a) if s, > 1 then My, 1 Si(S) =S
(b) if s > 2 then Sp_1 My (S) =S
(c) if k # k' and sg, sp > 1 then Spr Sk(S) = Sy S/ (S)
(d) if k # k' and sy, s > 2 then My M (S) = My My (S)
(e) if k =k and s, >3, or k # k' and s, > 1 and sy > 2 then My S(S) = S Mg/ (.S)

The proof of Lemma is straightforward and is omitted.

We now define another operation that we will use extensively. We begin by describing
the operation in the context of partitions trees, where its definition is more natural, and then
we express it in terms of the basic operation we defined earlier. Let S € S and k, k" € N be

such that in the partition tree of S

(i) there is a pair of (sibling) leaves that are at depth k+1 — or, equivalently, their parent
is at depth k; and

(ii) there is a leaf at level k' # k, different from the pair of leaves in (i).

We denote by V;_1/(S) the sorted binary partition that results from S, if in the partition
tree of S the leftmost pair of sibling leaves whose parent is at depth k are detached from
their parent and then attached to the rightmost leaf at depth &’. An example is illustrated
in Figure B.I(b). Note that if k& > k' the two leaves move closer to the root, while if & < £’
they move farther away. In the former case we say that a move-up operation occurs, while
in the latter that a move-down operation occurs. Notice that a move-up operation results

in a more balanced partition tree than the original, while a move-down operation results in
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a less balanced tree. We will make use of this observation in Section B.4] to compare binary
partitions in terms of their balance.

It is straightforward to verify that conditions (i) and (ii) above are equivalent to
K'=k+1land s >3 or k' ¢ {kk+1} and spy1 > 2 and spr > 1

and that V4 (S5) can be expressed as
Vi—wr (S) = Spr Mg41(5),

By Lemma [B.2(e), we also have the following equivalent definition for V;_ 4 (.5):
Vi—i (S) = M1 S (S)

Finally note that, by Lemmata B2(a) and (b),

Sk My11(S) = 5" = Miya(S) = Mpi1(S) = S =S Mypi1(5)

therefore,

Vk_%/(S) =5 = S= Vk/_,k(S,) (31)

The above result is also immediate from the definition of V;_;/(S) in terms of the partition
trees.

Recall that to apply operation Sy or My, to S € S we must ensure that si(S) > 1 or
si(S) > 2, respectively. We now define two operations that extend S and M, by relaxing
the above preconditions. Recall that p(S) denotes the minimum depth of blocks in S, and
£(S) denotes the corresponding maximum. For any S € S and k > pu(5), we let

Sk(S) =Su(S), where a =max{i <k : s;(S) > 1}.
Also, for any S € S such that |[S| > 1, and any k' < £(.9), we let
My (S) = My(S), where o’ = min{i > k" : 5;(S) > 2}.

(a’ is well defined since s¢(S) > 2.) Note that if s;(S) > 1 then S;(S) = Si(S), and if
sp(S) > 2 then M (S) = My (S).
When we have nested application of V, S, and M, we will use the same convention

regarding brackets that we use for S and M.
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3.4 Comparing the balance of binary partitions: the >

relation

A simple measure of the balance of a binary partition is its balance factor p. (Recall that o
is the difference between the maximum depth £ of blocks and the corresponding minimum
p.) For our analysis, however, we will need a more elaborate measure. We describe a
partial order on S, which provides for a very natural way to compare the balance of sorted
binary partitions. Non sorted binary partitions can also be compared, by considering their
respective sorted binary partitions.

We define the binary relation = on S,, (the set of all sorted binary partitions of size n)
as follows. For any S,S5" € S,,, S = 5’ if it is possible to obtain S’ by applying zero or more

move-down operations to S. Formally, S > S’ iff one of the next two conditions holds:
e =9
o 5§ = ijqké_ Vi (S), where j > 1 and k; < k; for all i € [1..j]

Equivalently, S = S’ if we can obtain S by applying zero or more move-up operations to S’.
(The equivalence follows from (B.I]).) We define relations <, >, and < on S,, in the obvious

way.
Lemma 3.3. > is a partial order.

Proof. Reflexivity and transitivity are immediate from the definition of >. Antisymmetry
follows from the observation that a move-down operation strictly increases the average depth

of nodes in the partition tree of the binary partition it is applied to. [ |

The > relation provides for an intuitively reasonable means to compare the balance of
sorted binary partitions. S = S” implies that S’ can be obtained from S via a sequence
of operations that make the partition tree of S progressively more unbalanced (by moving
pairs of sibling leaves farther from the root). Therefore, it makes sense to say that if S = 5’
then “S is at least as balanced as S’.” Note that it is not possible to compare the balance
of binary partitions of different sizes based on the > relation. There are even pairs of sorted
binary partitions of the same size that we cannot compare, as illustrated in Figure 3.2} i.e.,
>~ is not a total order. However, this approach suffices for the purposes of our analysis.

The next lemma says that if S is at least as balanced as S’, with respect to =, then the

same is true when balance is measured in terms of p.

1By [i..i'], for integers i and 4’, we denote the set {k € Z : i <k <i'}.
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S S;

Figure 3.2: An example of two sorted binary partitions of the same size that are not com-
parable in terms of the > relation. S; % Sy follows from Lemma [B.4] and the fact that
w(S1) < u(Sz); Se # Sy follows from Lemma [3:4] and fact that £(S55) > £(S1).

Lemma 3.4. If S > 5" then u(S) > u(S’), £(S) < &(S"), and o(S) < o(57).

Proof. We show that the three inequalities above hold for the case where S = V,_4(S5),
for some d < d'. The general case follows then by induction. Recall that S’ results from S
by merging two blocks of depth d + 1 < d, and splitting a block of depth d’. Clearly, these

operations do not increase p nor reduce €. Specifically,
(8" = min{u(5),d} and  £(S') = max{{(S),d + 1}
So, the first two inequalities hold. The third follows directly from them. |
An attractive property of > on which our analysis will be heavily based is that, roughly
speaking, if S = S" and
— P results from S by applying to it an S (or M) operation

— P’ results from S’ by applying to it a “similar or worse” S (or M) operation

then P = P’, as well. We describe this property formally in the two lemmata below.

Lemma 3.5.
(a) If S = 5" and k' >k > u(S) then Si(S) = Sp/(9").
(b) If S =8 and k' <k < &(S) then My(S) = My (S').

Proof. Part (a) is immediate from Claims and [3.7] that we prove below. The proof for

part (b) is similar and is omitted.

Claim 3.6. S(S) = Sp(9).
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Proof. Let
a=max{i <k :s(S)>1} o =max{i <k : s(S5)>1}

Since k < k', a < d'.
If a = @’ then

If a < @' then

~ ~

Sk(S) = Sa(S) = Sa(Ma’—i-l Sa’(S)) = Va’—w(Sk’(S)) = Sk’(s)

where the second relation holds because My 11 S,/ (S) = S, by Lemma B.2((a), and the last
relation holds because a’ > a. B {of Claim B.6[}

Claim 3.7. Sp () = Sp(9").

Proof. We consider only the case where S =V, 4(S5), for some d < d’. The general case

follows then by induction. Let
a=max{i <k :5(S)>1} o =max{i <k : s(5)>1}

We distinguish three cases, depending on the values of &/, d, and d'.
Case 1: K < d.
For all i < d, s;(S") = s;(9), so,

a=ad <d

We have

Sk (8") = S (S") = Ser(Mas1Sa(S)) = Myr1 S S (S)
= Mgt1 Sa Sar(S) = Vo Spr (S) < Spe(S)

The last relation in the first line holds because of Lemma [B.2(e), since a’ < d; in the second
line, the first relation holds because of Lemma [B.2(c), since ¢’ < d < d' + 1, the second

because a = d/, and the last because d < d'.

Case 2: d< k' <d.
Since k' < d’, by Claim we have

~

Si(S) = Sa () = Sa(S)



Chapter 3. Analysis of our scheme — Part I: Switching to a simpler process 31

where the second relation holds because, by definition, sy (S) > 0. Similarly, since &' > d,
Sw(9) = 8u(S") = Sa(S)

Also,
Sa(S") = Sa(Mas1Sa(5)) = Sa(S)

by Lemma B2(b). Combining the above three results, yields Sy (S") < Sp(S).

Case 3: k' > d.
For all i > d' + 1, 5;(S") = 5;(95); also sg41(5") > sa41(S). From these two facts it follows
that

a=d>d+1 or a<d+1=d

If the first of the two conditions holds then the proof is very similar to that of Case 1 and is
omitted. So, suppose that the second condition holds. Since a < d’, by Claim [3.0]

Sk (S) = Sa(S) = Sa(S)

Similarly, since k' > d',

Also, by Case 2,

Combining the above three results, yields Sy (S) = Sy (S").
B {of Claim 37 and Lemma [B.5]}

The next lemma is similar to Lemma [3.5], but it uses different conditions on the depths
k and k’. Recall that {.,(B) and ¢<;(B) are the total lengths of the blocks in B that have
depths < k and < k, respectively. So, for a sorted binary partition, £ is the left endpoint
of the first block of depth > k, if p < k < &; and oy, = 1, if £ > £. Similarly, for £ < ¢, <
is the right endpoint of the last block of depth < k. In particular, if s, > 0 then £ is the
left endpoint of the first block of depth k, and ¢« is the right endpoint of the last block of
depth k.

Lemma 3.8.
(a) If S = S and (1(S) < l<(S") and k > pu(S) then Si(S) = Sp(S").
(b) If S = 5" and (<, (S) > L (S") and k < £(S) then M (S) = My (S").
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Proof. We only show part (a); the proof for part (b) is similar and is omitted. We begin
by proving the following claim. Recall that, for B € B and x € I, blk(B, x) is the block of
B that contains x, and 6(B, x) is the depth of that block.

Claim 3.9. For all z € I, Sg(s,z)(S) >~ Sg(s/,z)(sl).

Proof. We consider only the case where S" =V, 4(S5), for some d < d’. (The general case
follows then by induction.) We distinguish two cases:
If blk(S’, z) is the last block in S’ of depth d then 6(S,z2) =d+ 1 and 6(5’, z) = d. So,

Sosr,2)(S") = Sa(Map1 Sar (S)) = Sar(S) =< Secs,2)(S)

where the second relation holds because of Lemma[B.2(b), and the last relation holds because
of Lemma [B.5](a), since 0(S,2) =d+1<d'.
If blk(S’, 2) is not the last block in S” of depth d then it is easy to verify that 6(S, z) < 0(5’, z),

and, so, the claim follows from Lemma B.5](a). B {of Claim B.9]}
Let
z = Lk(5)

If s;(S) > 0 then (S, z) = k, otherwise, (S, z) > k; hence, in either case, (S, z) > k. So,
by Lemma B.5)(a),

Sk(S) = So(s.)(5)
Since z < l<p(S'), we have that if {./(S") < z then 0(5’, z) = k', otherwise, 6(5’, z) < k'
hence, 0(5’, z) < k. So, by Lemma [B.5(a),

S (") < Sprsr.2)(S")

Combining the above two relations and Claim [3.9] yields the desired result. [

3.5 Two random processes on binary partitions

We describe two families of random processes on binary partitions. The random processes of
the first family, called B-processes, model the evolution of the key-space partition of a DHT
that uses the key-space partitioning scheme described in Section 231l under the model
of adversarial arrivals/departures described in Section Bl The second family of random
processes, called S-processes, is a slight variation of the first one that considers sorted binary
partitions (instead of arbitrary ones). We introduce S-processes because they are easier to

analyze, and their analysis yields performance bounds that apply to B-processes, as well.
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3.5.1 B-processes

We begin with an informal description. A B-process generates an infinite sequence By, By, . . .
of binary partitions, where By is provided as a parameter of the process, and for each t > 1,
By is generated (in step ¢ of the process) from B;_; by applying to it either a single SPLTBLK
or a single MRGBLK operation. The decision of which of the two types of operations will
take place is the result of a random experiment that depends on the history of the process
up to step ¢ — 1. The outcome of this experiment, denoted E;, is either the 4+ symbol or
a block in B;,_;. If F;, = + then a SPLTBLK operation takes place; otherwise a MRGBLK
operation occurs. The actual experiments used to determine the E;, or, equivalently the
distributions of the F; conditioned on the process’ history up to step ¢t — 1, is a parameter
of the process. We can perceive this parameter as a randomized (adversarial) strategy for
deciding the sequence of operations. The block that is split or the pair of blocks that is
merged in step t is determined as follows. We sample a sequence X; = (X;1, X;2,...) of
points in I, each point selected independently and uniformly at random. (More correctly, the
points are chosen form a “quantization” of I, as we describe later.) If F; = 4, X, consists of
A+ (0) points, where ¢ is the depth of the block containing the first point X;;, and function
A. is a parameter of the process. The block that is split in this case is the largest among
the blocks containing the points in X,. If F; # + (thus, E; is a block of B,_1), X, consists of
A_(¢") points, where §’ is the depth of E;, and function A_ is also a parameter of the process.
Let a be the smallest among E; and the blocks containing the points in X;. If the sibling a’
of a is a leaf then a and a’ are merged; otherwise, a pair of sibling leafs that are descendants

of @’ are merged, instead.

More formally, a B-processes is parameterized by:

1. an initial partition By € B;

2. a pair of non-decreasing functions A, , A_ : IN — IN*, called the sampling-size functions;
and

3. a family of distributions, called the strategy of the adversary; we elaborate on this

later.

In each step t = 1,2,... of the process, a binary partition B; is randomly generated as
follows. Assume the outcome of all random choices made before step t are known. First we

choose E; from the set {4+} U B,_; according to a distribution specified by the strategy of
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the adversary. Next, we choose a sequence X; = (X1, Xyo,..., Xy a,) of points in I, where

A :{ A (0(Bioy, X01)), if By =+ (32)

A_(0(E)), if B, € B,

Each X ; is chosen independently and uniformly at random from the set I¢(p, ;). Iy, for
k € IN, denotes the set of all points in I whose binary representation has length (at most)
k;ie.,

L={j27%:j5=0,...,2"-1)

Note that I consists of the left endpoints of all the binary segments of depth k. Finally, we

set

ADDBLK(B;_1, X;), if By =+
Bt:{ (B, Xo), i By (3.3)

RMBLK(B;_1, By, X;), if B, € By
The functions ADDBLK and RMBLK are described in Figure 3.3
The strategy of the adversary specifies, for each step t, the conditional distribution of E;
given the history of the process up to (and including) step ¢ — 1; i.e.,

IPII'[EtZE | E1>X1>---aEt—1aXt—l]> for alle€{+}UF

(Recall T' denotes the set of binary segments.) We require that, for all ¢, either E; = 4 or
E; be a block of B;_1; in particular, if B;_; consists of a single binary segment then E; = +.

Formally,
PriE, e {+}UB;1]=1 and Pr[{Ei#+}n{|Bi1|=1}]=0

Note that choosing the X;,; independently and uniformly at random from the discrete
interval I¢(p,_,) is equivalent, with respect to the resulting B;, to choosing the X, ; indepen-
dently and uniformly at random from the continuous interval I. We use the first approach
to avoid dealing with uncountably infinite probability spaces.

It is easy to see that a B-process describes the evolution of the key-space partition of
a DHT that employs the key-space partitioning scheme of Section 2.3, when arrivals and
departures of nodes take place as described in Section Bl By is the initial key-space parti-
tion, and By, for t > 1, is the corresponding partition right after the ¢-th operation (arrival
or departure) has been completed. If E; = +, the ¢-th operation is the arrival of a node;
otherwise, it is a departure, and the departing node is that responsible for block E;. The
sampling-size functions correspond to the functions A\, A_ the scheme uses to determine the

number of random probes that should be performed in each operation. The sample points
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used in the random probes during the t-th operation are the elements of X;. (As we dis-
cussed above choosing the X;; from I¢p, ,) is effectively equivalent to choosing them from
I.) Finally, note that the model of arrivals and departures is determined by the strategy
of the adversary, which can be used to describe any adaptive online adversary, who makes
decisions in each step t based on the past history of the process up to step t — 1. In our
analysis, we will not impose any restrictions on the strategy of the adversary.

We will refer to (By, By, .. .) as the partition-sequence of the B-process.

3.5.2 S-processes

Again we start with an informal description. As in a B-process, a sequence Sy, Sy, ... of
binary partitions is generated. Unlike a B-process, however, the binary partitions are sorted.
Also, the sequence has a finite length, which is a parameter of the process. Sy is also
provided; each S;, for t # 0, is generated from S;_; by applying to it either a single S or
a single M operation. Again, the type of operation that will take place is the result of a
random experiment that depends on the past history of the process and is a parameter of
the process. The outcome of this experiment, denoted V;, takes one of the two values +
or —. If V; = + an S operation takes place; if V; = — an M operation occurs. (More
correctly, the outcome of the experiment is denoted U, and takes values in some finite set
U; V, is a function of U, that takes values in {+,—}.) The depth of the block that is split
or the depth of the blocks that are merged in step ¢ is determined as follows. We sample a
sequence Y; = (Y;1, Yio,...) of points in I, each point selected independently and uniformly
at random. (Again, for technical reasons, the points are actually chosen from a quantization
of I. Also, the number of points that Y; consists of is the same for all ¢.) If V; = + the depth
of the block that is split is the largest integer d such that: (i) d is smaller or equal to the
depths of the blocks containing the points Y} 1,...,Y} s, 4), where Ay is a parameter of the
process; and (ii) B;_; contains at least one block of depth d. If V; = —| instead, the depth
of the blocks that are merged is the smallest integer d’ such that: (i’) d’ is greater or equal
to the depths of the blocks containing the points Y;,...,Y; x (5, where ¢ is the minimum
depth of blocks in B,_1, and A_ is a parameter of the process; and (ii’) B,_; contains at least
two blocks of depth d.

More precisely, like a B-process, an S-process is parameterized by:
1. an initial partition Sy € S;

2. a pair of non-decreasing sampling-size functions Ay, A\_ : N — IN*; and
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In the definitions below:
— BeB;be B;and Z = (z1, 29, ...) is a sufficiently long sequence of z; € I, i.e.,
|Z] > A (0(B, 1)) for the first two definitions, and |Z| > A_(0(b)) for the other two
— functions SPLTBLK and MRGBLK are defined in Section [3.3]
— in lines [0}, [12] and [16] ties are broken in an arbitrary but deterministic way

1: function ADDBLK(B, Z)

b — GETLRGBLK(B, Z)
return SPLTBLK(B, b)

4: function GETLRGBLK(B, 7)

5: 0 — Q(B, Zl)
6: return a largest block in {blk(B, z;) : i =1,...,A:(d)}
7. function RMBLK(B, b, Z)
8: a < GETSMLBLK(B, b, Z)
9: if |b| < |a| then
10: a<—b
11: if sbl(a) ¢ B then
12: a < a block ¢ € B such that sbl(c) € B and ¢ C sbl(b)
13: return MRGBLK(B, a)
14: function GETSMLBLK(B, Z)
15: § — 0(b)
16: return a smallest block in {blk(B,z) : i=1,...,A_(5)}
Figure 3.3: Functions used in the definition of a B-processes.
In the definitions below:
— SeS;and Z = (2, 29, . ..) is a sufficiently long sequence of z; € I, i.e.,
| Z] > Ay (€(5)) for the first two definitions, and [Z| > A_(u(S)) for the other two
— functions Ml;, and S;, are defined in Section 3.3
17: function ADDBLKg(S, Z)
18: k < GETSMLDPTH(S, Z)
19: return S;(S5)
20: function GETSMLDPTH(S, Z)
21: return max {j : j <min{0(S, z) : i=1,...,A.(j)}}
22: function RMBLKg(S, Z)
23: k + GETLRGDPTH(S, Z)
24: return M(S)
25: function GETLRGDPTH(S, Z)
26: return max{0(S,z) : i =1,..., A_(u(9))}

Figure 3.4: Functions used in the definition of an S-processes.
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3. a strateqy of the adversary, which we explain later.

Unlike B-processes, S-processes are finite. Also the number of points sampled in each step
and the space from which they are chosen is the same for all steps. To address these issues,

two additional parameters are used:

4. a length N € IN, that is the number of steps the process involves; and

5. a precision g € IN, such that
g Z |S()‘ + N (34)

that is the (maximum) length in bits of the points sampled.

Ineach stept =1,2,..., N of the process, a sorted binary partition .5; is randomly generated
as follows. Assume the outcome of all random choices made before step ¢ are known. First
we choose U, according to a finite distribution specified by the strategy of the adversary.
From U, we then compute V; = V;(U,), also as described in the strategy of the adversary; V;
takes values in the set {4, —}. Next, we choose a sequence Y; = (Y;1,Y,2,...,Y; ) of points

in I, where
A=Xi(g)+A-(9) (3.5)

and each Y;; is chosen independently and uniformly at random from /. Finally, we set

(3.6)

g _ ADDBLKg(S;-1,Y;), if V, =+
' RMBLKg(S;_1,Y;), if V,=—

where functions ADDBLKg and RMBLKg are described in Figure [3.4]

The definitions of functions ADDBLKg and RMBLKg are similar to those of ADDBLK
and RMBLK, in Figure B.3] adapted for sorted binary partitions. We now briefly explain
the definition of GETSMLDPTH(S, Z) — the rest of the definitions are straightforward. Let
Q(7), for j € N, denote the assertion: j is smaller or equal to the depths of all the blocks in
S that contain the points 21, ..., 2y, (j). Note that Q(j) may be true only for j < £(S5), since
A+(7) > 1 and 6(S, z1) < £(S). Also, since A\, is non-decreasing, if (j) holds then Q(j')
holds for all j/ < j, as well. GETSMLDPTH(S, Z) returns the largest j such that Q(j) holds.

The strategy of the adversary specifies, for each step ¢ € [1..N], the conditional distribu-
tion of U, given the history of the process up to step t — 1; i.e.,

PriU;=u| U, Y1,...,Ui_1,Ys4], forallueU

where U is some finite set. It also describes a mapping ¢, : U — {4, —}; we let V; = o(Uy).
The strategy of the adversary should ensure that if |B; 1| = 1 then V; = 4+. Note that we
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could have defined the strategy of the adversary in a more direct way, by having U, be +
or — and using U, in place of V; (i.e., letting U = {+, —} and ¢; be the identity function).
The approach we use, however, simplifies the coupling of B-processes and S-processes we
describe in Section 3.6l

Unlike the X, in the definition of a B-process, whose size and the space from which their
elements are drawn vary with ¢, all the Y; have the same size A, and their elements are drawn
from the same set I,. Note that, by (8.4), g > £(5;), for all t < N. Thus, each Y; contains
at least as many elements as required by the ADDBLKg or RMBLKg operation executed at
step t, and the resulting S; has the same distribution as if the Y;; were drawn uniformly
from I. We follow this approach, instead of defining the Y; similarly to the X;, because it is
more convenient for our analysis. Notice that this choice dictates that S-processes be finite
— unlike B-processes.

As in a B-process, we will refer to (Sp, ..., Sy) as the partition-sequence of the S-process.

We will use the term random point-vector to denote a vector (Zy,...,Z,), where each
Z; is chosen independently and uniformly at random from I}, for some k£ € IN; we call m and
k the height and precision of the random point-vector, respectively. Also, we will use the
term random point-array to denote a vector of d independent random point-vectors of the
same height and precision; we call d the length of the random point-array. The height and
precision of a random point-array are the height and precision of its elements. For example,
each Y} is a random point-vector of height A and precision g, and (Y7,...,Yy) is a random

point-array of length V.

Remark: In our analysis of S-processes, in Chapters @l and B we will often use the phrase
“long enough S-process” in the context: “for all long enough S-processes, a certain condi-
tion is met (with some probability) within a given number steps, say k.” This should be
interpreted as: “for all S-process of length N > k. a certain condition is met...”

We will use a similar convention regarding random point-vectors/arrays. Typically, a
random point-vector will be used as an argument to an ADDBLKg and/or RMBLKg operation
for some S € S, and some underlying sampling-size functions. In this context, we will say a
“large enough random point-vector” to denote that its height is at least equal to that required
to perform the operation, and its precision is at least equal to £(S). Likewise, we will typically
use the elements of a random point-array as arguments in a sequence of ADDBLKg and/or
RMBLKg operations, with respect to some starting .S € S, and some sampling-size functions.

In such a setting, a “large enough random point-array” is one whose length is at least equal
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to the number of operations to be performed, its height is at least equal to that required
to perform each operation, and its precision is at least equal to the largest ¢ of the binary

partitions the operations are applied to.

3.6 Bounding the balance in a B-process by that in an

S-process

In this section, we relate the balance of the binary partitions in a B-process to the balance
of the sorted binary partitions in some S-process. Roughly speaking, we show that given
any B-process, we can construct a parallel S-process that has “similar” parameters and its
random choices depend on those of the B-process, such that the partition-sequence of the B-
process is more balanced than that of the S-process. The rigorous statement of this result, as
Theorem B.10 below, uses the concept of coupling [79]. Informally, a coupling of two random
elements XY (defined on different probability spaces) is another pair of random elements
(X , ?), defined on the same probability space, such that X has the same distribution as X

and Y the same as Y.

Theorem 3.10. For any B-process Pg and anyn € IN, there is an S-process Ps such that
(i) So = srt(By), N =n, and both Pg, Ps have the same Ay, A\_; and
(ii) there is a coupling <753,753> of Ps, Ps such that, for allt € [0..n], srt(Bt) = S,

(Bt and S, denote the binary partitions in Pg and Ps, respectively. )

We will use Theorem later in our analysis (in Chapter [6) to argue that certain
probabilistic bounds with respect to balance we show for S-processes (in Chapters [l and [l),
apply to B-processes as well. We describe the proof of Theorem [3.10]in Section [3.6.2l Before
that, in Section B.6.1, we define the concept of an fp mapping, which we will use in the

coupling construction.

3.6.1 The fzp mapping

Consider the one-to-one mapping between the blocks of B € B and those of srt(B) that pairs
blocks of the same depth, while preserving the relative order of blocks of the same depth.
More formally, for any B € B, let F : B — srt(B) such that

(i) for all b € B, 0(Fg(b)) = 0(b), and
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2= 1/2+1/6

0 1/4 3/81/2 . 3/4 1
B L 1 1 1 Y 1 ]

srt(B) ! AT A S
0 1/4 ‘ 1/2 3/4 7/8 1

£4(2) = 1/4+1/6

Figure 3.5: Examples of Fiz and f5.

(i) for all b, € B such that 0(b) = 0(b'), if b.x < V.« then Fg(b).x < Fgp(l').x.

By a.x we denote the left endpoint of a € T'.
We let fp be the one-to-one mapping from I to itself induced by the “reordering” of the
blocks in B described by Fp. More formally, fg : I — I such that, for every z € I,

fB(2) = Fp(blk(B, z)).x + (2 — blk(B, z).x)

An example of the above definitions is illustrated in Figure 3.5 The next lemma states a

simple property of fg. The proof is straightforward and is omitted.
Lemma 3.11. For all B€ B and z € I, O(srt(B), fp(z)) = 0(B, 2).

Forany Z = (z1,...,2m) € I'™, we will write f5(Z) to denote the vector (fp(z1),..., f5(2m))-

3.6.2 Proof of Theorem [3.10

Condition (i) describes three of the five parameters of Pg; so, we need to specify the other
two. Ps’s precision g can be arbitrary — as long as it satisfies ([B.4]). The strategy of the
adversary will become apparent from the coupling, so, we postpone its description.

Before we describe the coupling, we state a simple result we exploit in the construction.

Its proof is straightforward and is omitted.

Lemma 3.12. Let Z = (Z1,..., Zy) be a random point-vector of precision k. Then,

(a) For any k € N with k < r, (| Z:12%] /2%, ... | Z,2F|/2%) is a random point-vector of

precision k.
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(b) For any B € B with §(B) < k+ 1, fg(Z) is a random point-vector of precision k.

We now describe the coupling construction. We use “hatted” notation to denote quan-
tities associated with Pg and Ps, to distinguish them from the corresponding quantities of
Ps and Ps. The construction proceeds in steps, where each step t decides the values of
Et,f(t,ét and Ut, f/;,f/t, 5}. We let

BQ = B(] g(] = SO = SI‘t(B(])

In each step t =1,..., N, first we choose Et based on the El, Xl, el Et_1, Xt_l, according
to Pg’s strategy of the adversary. We also let
. E,, ift =1 . +, ifE =+
A V= '
<Xt_1,Bt_1,Et>, if ¢ §£ 1

—, otherwise

Then, we choose X; = (X1, ..., X;a) independently and uniformly at random from I/ é\. (A
was defined in (B.5).) We set

Ay

Xt _ <LXtﬂ,Qﬁ(th)J/2€(Bt71)>i:1 Yt _ th,l(Xt)

where A, is defined as in ([32). Note that, for all ¢ € [1..N],
Ay <A E(Bio1) <y

Finally, B, and S, are determined as in B3) and ([B.6]), respectively.
Fort=N+1,N +2,..., we choose E,, X,, B, according to the definition of a B-process.
We show now that 753 and 755 have the desired (marginal) distributions. That 753 has
the same distribution as Pg is immediate from the following fact. For each t € [1..N],
conditioned on the event {A, = k} N {&(B,_y) = d}, for k and d such that this event occurs
with positive probability, X, is a random point-vector of height k and precision d. This fact
follows from Lemma BI2(a) and the observation we made earlier that £(B,_;) < g. To show
that Pg has the same distribution as Ps (for some strategy of the adversary for Pg), we need

to show that:

1. Y, is a random point-vector of height A and precision ¢, and it is independent of
Ub Y/la sy Ut—b Y/t—la Ut-
2. Ul, ceey Uy corresponds to a valid strategy of the adversary.

By Lemma B.I2(b), we have that, conditioned on any value for Bt_l, Y, is a random point-

vector of height A and precision g. From this it is immediate that 1 holds. To show 2 we
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describe the strategy of the adversary for Ps that is induced by the coupling construction.
Essentially, this strategy “simulates” a copy of Ps that is coupled with Ps, in the same way
that Py is with Ps. We will use primed notation to denote quantities associated with this
copy of Ps. In the first step of Ps, we choose U; = E] according to the strategy of the
adversary of Pp. In each step t € [2..N], we choose U, = (X|_,, B;_;, E}) as follows. First

we let
Vi

X/ | = <|_f3?£172(y;€—1,i) . Qf(Btfz)J/Qf(Btfz)%:l

Note that B; , and E; , were decided in step ¢t — 1 when U;_; was chosen. Bj_; is then
computed from X/ ; B;_,, and E] ; — the last two are elements of U;_;. Finally, F; is
chosen according to the strategy of the adversary of Pg, based on E}, X/,..., E_;, X]_| —
which, except for X, _,, are elements of Uy, ..., U;_;.

To complete the proof of the theorem it remains to show that
srt(By) = Sy, for all t € [0..N] (3.7)

For this, we will use the next two lemmata, whose proofs are given at the end of this section.

Lemma 3.13. Forall Be B, be B, and Z € I'™, for a large enough m,
(a) srt(ADDBLK(B, Z)) = ADDBLKg(srt(B), f5(Z))
(b) srt(RMBLK(B,b, Z)) = RMBLKs(srt(B), fs(Z))
Lemma 3.14. If S = S and Z € I™, for a large enough m,
(a) ADDBLKg(S, Z) = ADDBLKg(S', Z)
(b) RMBLKs(S, Z) = RMBLKg(S', Z)
We show (B.7) by induction on ¢. For t = 0, it is Sy = srt(By) = srt(By). For 1 <t < N, we

distinguish two cases, depending on the value of E,.
If £, = + then,

srt(B,;) = srt(ADDBLK(B;_1, X;)) = srt(ADDBLK(B;_1, X}))
So, by Lemma [3.13|(a),
srt(B;) = ADDBLKs(srt(Bi_1), f5, , (X))

By the induction hypothesis, srt(B,_;) = S;_1, so, by applying Lemma BI4(a) to the right-
hand side of the above relation, we obtain

~

srt(B;) = ADDBLKg(S,—1, fz, (X)) = S
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where the second relation holds because V; = + (since E;, = +).
If £, # + the proof is similar, using Lemmata BI3(b) and BIZ(b) in place of Lem-
mata [3.13[(a) and [3.14a), respectively.

Proof of Lemma

We begin by proving the following claim.

Claim 3.15.

(a) (GETLRGBLK(B, Z)) < GETSMLDPTH(srt(B), f5(2))
(b) O(GETSMLBLK(B, Z)) > GETLRGDPTH(srt(B), f5(2))

Proof. Let k = §(GETLRGBLK(B, 7)), and Z = (z1,...,2y). By the definition of function
GETLRGBLK,
kE=min{f(B,z) : i <A (0(B,z))}

So, k < 0(B, z1), and, thus, (since A} is non-decreasing)
E<min{f(B,z) : i < i (k)} (3.8)
From the definition of GETSMLDPTH,

GETSMLDPTH(srt(B), f5(Z)) = max{j : j < min{f(stt(B). fo(=:)) : i < A+(j)}}
= max{j : j <min{f(B,z) : i <A:(j)}}

by Lemma 311l Combining this and (B.8)), yields
GETSMLDPTH(srt(B), fp(Z)) > k

Hence, part (a) holds.
For part (b), from the definitions of GETSMLBLK and GETLRGDPTH we have

0(GETSMLBLK(B, 7)) = max{0(B, z;) : i < A_(0(b))}
> max{0(B,z;) : i < A_(u)}
= max{0(srt(B), fp(2i)) : 1 < A_(n)}
= GETLRGDPTH(srt(B), f5(2))

where the second line holds because 0(b) > p and A_ is non-decreasing; and the third line
holds because of Lemma [3.11] [ |
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We now show part (a) of the lemma. By the definition of ADDBLK,
ADDBLK(B, Z) = spLTBLK(B,b), where b = GETLRGBLK(B, Z)
So,
srt(ADDBLK(B, Z)) = srt(SPLTBLK(B, b)) = Sp)(srt(B)) = S@(b) (srt(B)) (3.9)
where the middle relation holds because of Lemma [B.I[(a). By the definition of ADDBLKg,

ADDBLKg(srt(B), f5(Z)) = Sk(srt(B)), (3.10)

where
k = GETSMLDPTH(srt(B), fs(Z2))

By Claim B.I5(a), we have that & > 0(b); so, by applying Lemma [3.5(a) to the right-hand
side of (3.10)) we obtain

ADDBLKg(stt(B), f5(Z)) < Sy (s1t(B))

Combining this and (3.9), yields part (a).
Next, we show part (b). From the definition of RMBLK

RMBLK(B, b, Z) = MRGBLK(B, a)
for some a € B such that sbl(a) € B and
6(a) > O(GETSMLBLK(B, 7)) (3.11)
So,
stt(RMBLK(B, b, 7)) = srt(MRGBLK(B, a)) = My(q)(srt(B)) = M@(a) (srt(B)) (3.12)
where the middle relation holds because of Lemma B.I[b). From the definition of RMBLKg,
RMBLKg(srt(B), f5(Z)) = My(srt(B)) (3.13)

where
k = GETLRGDPTH(srt(B), f5(2))

By Claim BI5|(b), we have that k < §(GETSMLBLK(B, 7)), so, by (B.11), k¥ < 6(a). Hence,
by applying Lemma B.E(b) to the right-hand side of (B.13]) we get

RMBLKs (srt(B), f(Z)) < My(a srt(B)

which, combined with ([B.12]), yields part (b).
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Proof of Lemma [3.14

We begin by proving the following claim.

Claim 3.16.
(a) if GETSMLDPTH(S, Z) > GETSMLDPTH(S, Z) then

£<GETSMLDPTH(S,Z)(S) < £§GETSMLDPTH(S’,Z)(S,>

(b) l<crrireprmn(s,z)(S) > Legpriraprrncs’,z)(S')
Proof. Let Z = (z1,...,zy). For part (a), let also
k = GETSMLDPTH(S, Z) k' = GETSMLDPTH(S', Z)
From the definition of GETSMLDPTH we have
E<min{0(S,z) : i <A (k)} =0(S,z")

where
Z¥=min{z : 1 <A\ (k)}

Therefore,
f<k(5) S €<9(57Z*)(S) S z* (3.14)

From the definition of GETSMLDPTH we also have that
K >min{0(S", z;) : i <A (K + 1)} >min{0(S', 2) : i <A (k)} =0(5,2%)

where the second relation holds because k& > k' (or, equivalently, £k > k' + 1) and A is

non-decreasing. Therefore,
lew(S) = Lep(sren () > 2°

Combining this with (B.I4]) yields (.4(S) < l<x(S”), as desired.
For part (b), let

d = GETLRGDPTH(S, Z) d' = GETLRGDPTH(S', Z)
From the definition of GETLRGDPTH,
d=max{0(S,z) : 1 < A_(u(S))} =0(5,2)

where
z=max{z : i < A_(u(9))}
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Therefore,
l<q(S) > 2 (3.15)

Similarly,
d =max{0(5", z) : i < A_(u(S")} <max{6(5’,z) : i < A_(u(S))} =0(5,2)

where the second relation holds because u(S) > w(S’) (by Lemma [B4) and A_ is non-

decreasing. So,

Combining this and ([3.15) yields part (b). [

We can now show part (a) of the lemma as follows. By the definition of ADDBLKg,
ADDBLKg(S, Z) = Si(S), where k = GETSMLDPTH(S, Z)

and
ADDBLKg(S', Z) = Si(S'), where k' = GETSMLDPTH(S', Z)

By Claim BI6((a), we have that k < k" or £.(S) < l<x(S"). So, by LemmaB.5l(a) (if £ < k)
and by Lemma [B.8|(a) (if (-x(S5) < l<x(5)), we have
Sk S =SS

Therefore, ADDBLKg(S, k) = ADDBLKg(S', k).
The proof of part (b) is similar, using Claim BI6(b) in place of Claim B.I6(a), and
Lemma B.8(b) instead of Lemmata B.5(a) and B.8(a).



Chapter 4

Analysis — Part 1I: Starting from a

balanced partition

In this chapter and the next we study the balance of the partitions in an S—process.
Specifically, in this chapter we consider the case where the initial partition of the S-process
is “very balanced”: either it has o < 2, or p = 2 and most blocks are of intermediate size;
we call such a partition safe. (Recall that ¢ = ¢ when the depths of all blocks belong to a
set of i + 1 consecutive depths.) We show that if we start from a safe initial partition of
size n and we use sufficiently large sampling-size functions, then, with high probability, in
©(n) steps another safe partition is reached, and all intermediate partitions have o < 2. In
Chapter Bl we consider the complementary case where we start from a non-safe partition,
and we provide an upper bound on the number of steps required to reach a safe partition,

with high probability.

In Section 1] we describe the main result of the chapter. An outline of its proof is
provided in Section 4.2l In Sections [£.3H4.5 we show some auxiliary results, which we use in
Section to derive the main result.

!'Throughout Chapters @ and [f, whenever we say “partition” we mean “sorted binary partition.”

47



Chapter 4. Analysis — Part II: Starting from a balanced partition 48

4.1 Statement of the main result: from a safe to a safe
partition

In this chapter we consider S-processes that have a “very balanced” initial partition Sy, and

sampling-size functions

that are “sufficiently large.” We also assume that the processes’ length N is “large enough.”
We elaborate on these requirements below. We do not impose any constraints on the strategy
of the adversary, or the precision g. For any such S-process of |Sy| = n, we show that,
roughly speaking, with probability at least 1 —1/n°®") in ©(n) steps we reach another “very
balanced” partition, and all intermediate partitions have o < 2 — i.e., in each of these
partitions, the depths of all blocks belong to a set of 3 consecutive depths.

We quantify what we mean by a “very balanced” partition by introducing the class of
safe partitions. A partition is safe if it satisfies one of the following two conditions:

e 0<2

e 0=2and max{/{,, {¢} <1/4+ ¢, where ¢ = 1/16.
(The threshold 1/4 + € was chosen for convenience; any threshold within a certain range
would work for our analysis.)

We now state the main result of this chapter formally. We use the following notation

with respect to a given S-process. Fort =0,1,..., N, we let

pr = p(S) & =E(5) 0t = 0(Sy)

Also, for k > 0, we let
A(k) = min{A; (k), A-(k)}

The big-oh notation below is with respect to |Sy| — oo.

Theorem 4.1. For any long enough S-process such that Sy is safe, with probability
1 — O(Quoe—(l/ﬂx—a)k(uo)) (4.1)

there is T € [¢12M0..c92M0] where ¢y, co are positive constants, such that
(i) S; is safe
(i1) for allt < T, or <2

(iii) for allt <7, & <& + 1.
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By “long enough” S-process we mean that it has length N > ¢,2#°. (See the remark at
the end of Section 3.5.2])

Since Sy is safe, py = log|Sy| — O(1). Hence, the endpoints of the interval to which 7
belongs are both in O(]Sy|). Also, since A(k) € ©(k), there is a constant a > 0 such that
A(k) > ak, for all large enough k. Therefore,

O<2u0€—(1/4—€))\(u0)> C O(|SO‘1—a-(1/4—€) loge) C O(‘So|1_a/4>

So, the big-oh term in (4.1]) can be made smaller than any given polynomial of 1/|Sy|, by
using sufficiently large sampling-size functions.

Note that 7 may not correspond to the first step when a safe partition is reached; i.e.,
it is possible that S, is safe for some 0 < t < ¢;2#0. By stipulating that 7 > ¢;2#°, instead
of 7 > 1, we ensure that Theorem [4.1] argues about the balance of the partitions in the first
O(|So|) steps of the S-process, instead of the first O(|Sy|) steps. Note that we cannot provide
similar guarantees for a number of steps 7 that is w(]Sy|), even if we drop (iii). Since the
strategy of the adversary can be arbitrary, the system size may become very small after |Sy|

steps, in which case we cannot ensure that g; stays < 2 with high probability (in |Sp|).

4.2 Qutline of the proof

First, we provide an informal justification for a slightly simpler version of Theorem [4.1]
where we require that 7 € [1..c2#°] instead of 7 € [¢12M0..c92M°] — so, T corresponds to the
first step when a safe partition is reached. We also assume that ¢ = 0. In an S-process,
whenever an ADDBLKg operation is applied to a partition of size n and u = ©O(logn), the
depth of the block split is smaller or equal to the depths of (log n) randomly probed blocks.
Similarly, a RMBLKg operation applied to such a partition merges a pair of blocks of depth
greater or equal to the depths of ©(logn) randomly probed blocks. It is easy to see that,
for that number of random probes, with high probability, the smallest random point chosen
is < 1/4 and the largest is > 3/4. We will refer to this fact as Result 1. By Result 1, if
?,,,(Sp) > 1/4 and an ADDBLKg operation occurs in the first step then, with high probability,
a block of depth p is split. Likewise, if ¢ (Sp) > 1/4 and a RMBLKg operation occurs first,
a pair of blocks of depth &, are merged. Thus, in both cases the resulting partition is safe.
By Result 1, we also have that if max{¢,,(S0), £u,+2(50)} < 1/4 (so, oo = 1 or 2) and an
ADDBLKg operation occurs first then, with high probability, the depth of the block split is
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o or o+ 1. Similarly, if max{lg,(S0), fe,—2(S0)} < 1/4 a RMBLKg operation merges blocks
of depth &, or £, — 1. So, again, in both cases we result in a safe partition in a single step.

It remains to consider the two cases where either ¢,,(S)) < 1/4 = £,,+2(5) and an
ADDBLKg operation takes place in the first step, or l¢,(Sy) < 1/4 = lg,_2(Sp) and a RMBLKg
occurs. (Note that in both cases gy = 2.) The two cases are symmetric, so we consider only
the former. An adaptation of a well known bins-and-balls result [§] yields that, with high
probability, the number of ADDBLKg operations required until all blocks of depth pg are
split is O(n), provided that no blocks of depth < ug + 1 are merged during that time. In
particular, we can show that, for a large enough \,, with high probability, all blocks of
depth pg are split before ¢,,,(S¢) + £,,+1(S5:) becomes smaller than 1/4, given that no blocks
of depth < pp + 1 are merged in the meantime; we will refer to this as Result 2. Note
that, by Result 1, if ¢,,(S;) + €,,41(S:) > 1/4 then, with high probability, an ADDBLKg
operation splits a block of depth < pg 4+ 1. Combining this and Result 2, yields that, with
high probability, in O(n) steps either (i) all blocks of depth pg are split before any block of
depth & is split or blocks of depth < &, are merged; or (ii) a pair of blocks of depth < po+ 1
is merged before all blocks of depth 1o are split or a block of depth & is split. If case (i)
applies then the desired result holds. For (ii) note that, by Result 1, it must be ¢, (S;) < 1/4
for some previous step, so, a safe partition was reached then, and the desired result holds,
as well.

The actual proof of Theorem [.] proceeds roughly as follows. First we reduce the set of
different initial partitions we need to consider. Specifically, we show that for each n, there
is a single safe partition of size n that is less balanced (with respect to the > relation) than
all other safe partitions of the same size. We call this partition borderline-safe. (The details
are described in Section [£.3l) We show that to prove the theorem it suffices to consider only
initial partitions that are borderline-safe.

We then distinguish two different cases, depending on the (borderline-safe) initial parti-
tion Sp. The first case is when gy € {1,2} and min{¢,,(So), ¢¢,(S0)} > 1/4. In this setting,
the probability of interest (i.e., that (i)—(iii) hold for some 7 € [¢12#0..c52"0]) is bounded from
below by the probability that all the blocks that are split in the first £2#° steps have depth
1o and all the blocks merged have depth &. We compute this probability using the simple
result we show in Section [£.4], which roughly corresponds to Result 1 we described above.

The complementary case is when gy = 2 and exactly one of £,,(Sy) or £¢,(Sp) is > 1/4 —
recall that we only consider borderline-safe initial partition. Suppose ¢, (Sp) > 1/4 (the other
case is symmetric). The probability of interest is bounded from below by the probability
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that in O(]Sy|) steps: (a) either all blocks of depth g are split, or f¢ (S;) < 1/4 + ¢; and
(b) during these steps, no blocks of depth &, are split, and all blocks merged have depth &.
We compute the probability of this joint event based on the result of Section [4.4] and a result
we show in Section [4.5] which roughly corresponds to Result 2.

These results are integrated into the proof of Theorem [4.1] in Section

4.3 Comparing the balance of safe partitions

Recall from Section 3.4] that relation = on S,, is a partial order. In this section, we prove
that if we restrict the domain to the set of safe partitions of size n then = is a total order.

Let F,, for n € IN*, denote the set of all safe partitions of size n. We show that there
is a single most balanced partition in F,, which we denote by II,; ie., II, = S, for all
S € F,,. For this partition ¢ € {0,1}, while all other partitions in F,, have o = 2. Also, all
SeF,— {f[n} have the same p, which we denote by ji,. For each S € F,,, there is a distinct
ds € IN such that we can construct S from II,, by applying to it ds move-down operations;
specifically, V; ;.41 operations. The total ordering on F,, is based on this quantity: for
every S,5' € F,,, if dg < dg then S = 5"

So, first, we establish that there is a single most balanced partition in F,,. For every
SeSs,,

Zsi(S) =n and Z (s:(5)/2") =1

It is easy to verify that there is a unique S such that o(S) € {0, 1} and it satisfies the above
pair of equations. (Specifically, o(S) = 0 if n is a power of 2, and o(S) = 1 otherwise.) Let

I1,, denote this partition, and, for every S € S,, of 0 < 2, let

; :{ 0, if o(S) € {0,1}
T mings,(S), se(5)/2), if o) =2

It is straightforward to show that VZ?S)H—W(S)(S) is in S,, and it has p € {0,1}. (We write

(2
-

i w(S) to denote Vi_p -+ - Vi_p(S).) Therefore, for all S € S, of o < 2 (and, thus, for
all S € F,,),

J .
Vu?5)+1—>u(5)(5) =11, (4.2)
The above implies that II,, = S, for all S € F,; i.e., II, is the most balanced safe partition

of size n.

2In fact, more is true: I1,, is more balanced than any other partition in S,,, safe or not.
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The next lemma says that any partition that is more balanced than a safe partition is

also safe.

Lemma 4.2. If S = S’ and S’ is safe then S is safe.

Proof. If o(S) < 2 the lemma obviously holds. So, suppose that o(S) > 2. By Lemma [3.4]
then

oS)=o(8)=2 wS)=p(Sh=a &S)=&S)=a+2 (4.3)

for some a € IN. So, by (£2),

yis

a+l—a

(S) =g = Mgy = Vo314 (S")

a+l—a

Since S = §’, we have dg < dg, so, by (3.1]), the relation above yields

S =Viliti(s)
(ds < dg because if it were dg > dg we would have §' = VZ;:iﬁ;(S) >~ S.) Therefore,
0, (S) < £,(5") and £,42(S) < lyi2(S"). Combining this with (A3]) and the assumption that

S’ is safe, yields S is also safe. [ |

Since II,, is the only partition in S,, that has p < 2, we have that for all other S € F,,,
0(S) = 2. We now show that all these S have also the same 1 (and, thus, the same £ = pu+2).
By (B1), relation [@2) implies that, for all S € F,, — {IL,},

J .
§ = Viis)—utsyr1 () (4.4)
So, Vu(s)_,u(s)+1(ﬂn) = S (since ds > 0), and, by Lemma 2]
V,u(S)—>,u(S)+1(ﬂn) eF, (4.5)

~

It is straightforward to show that for each n there is at most one k such that Vi, 1(Il,,) €
F,, and if such a k exists, u(II,) < k + 1 < £(I1,); we denote this k by ji,. Combining this
fact with (4.5]), we obtain that, for all S € F,, — {ﬂn},

and
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We can now show that relation > on F,, is a total order, as follows. Substituting pu(.S)
for fu, in (@A) (because of [@B)), we have that for all S € F,, — {II,,},

p .
S= Vﬂiﬁﬂn—i-l(nn)
Let T, 17" € F,, — {ﬂn}, and assume that dr < dp/. Then, by the relation above,

T =V (11,) = Vi oy (II,) = V% (T)<T

o fin—fin+1 fn—fn+1 7 fin—fin+1 fn—fin+1
Combining this and the fact that Il, = S, for all S € F,,, yields that

Lemma 4.3. = on F,, is a total order.

The above result implies that, for each n, there is a single partition in F,,, denote II,,,
such that II,, < S, for all S € F,;ie., I1,, is the least balanced safe partition of size n. We call
I1,, borderline-safe. We can compute II,, by observing that dy, > dg, for all S € F), — {f[n}
The next lemma states two simple properties of borderline-safe partitions that we will use
in the proof of Theorem .11

Lemma 4.4.

(a) For all S € F,
p(IL) < p(S) < p(Il) + 1 and  €(I1,) — 1 < €(S) < €(1,)

(b) For alln > 5, o(I,) € {1,2}. Also, for all sufficiently large nH
if o(11,) = 1 then
min{¢,(I1,,), le(1T,)} > 1/4+¢

and if o(IL,) = 2 then
max{ﬁu(ﬂn), 65(11”)} =1/4+¢

Proof Sketch. Part (a) follows from (47) and Lemma B4l Part (b) can be shown by
contradiction: If any of the relations did not hold then we could obtain a safe partition that

is less balanced than II,, by applying to it operation Vii—fin+1- [ |

3Specifically, for all n such that i, > —loge = 4.
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4.4 On the outcome of a single step

We now show a simple lemma we will use to argue about the outcome of a single step of an
S-process. Part (a) of the lemma describes a sufficient condition for an operation ADDBLKg
to split a block of depth smaller or equal to some given k. Part (b) is an analogous result

for RMBLKg operations.

Lemma 4.5. For all S €S, k € N, and Z = (21,...,2n) € I™, for a large enough m,
(a) if min{z : i < Ap(k+1)} < l<,(S) then ADDBLKs(S, Z) = Si(S)
(b) if max{z : i < _(u)} > € (S) then RMBLKg(S, Z) &= My (S)

Proof. Suppose that min{z; : ¢ <A (k+ 1)} < <. Then,
min{f(S,z) : i <A (k+1)} <k

or, equivalently,

min{0(S, %) : i <A (K)} <k, forall k¥ >k

Hence, by the definition of GETSMLDPTH,
GETSMLDPTH(S, Z) < k
By the definition of ADDBLKg, Lemma [B.5(a), and the inequality above, we have
ADDBLKg(S, Z) = SGETSMLDPTH(S,Z)(S) = Sk(S)
So, part (a) holds. The proof for part (b) is similar and is omitted. [

From the lemma above it is immediate that if Z is a large enough random point-vector

then
Pr[ADDBLKs(S, Z) = Sp(S)] > 1 — (1 — fp,)+ D

and

Pr[RMBLKs(S, Z) = M, (S)] > 1 — (£p)* @

(For the definition of a random point-vector and what we mean by a “large enough” random

point-vector see the end of Section B.5.2] and the remark therein.)
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4.5 On the outcome of a series of steps: A-times and

R-times

In this section we prove a result that we will use to establish an upper bound on the number
of ADDBLKg operations that take place in an S-process until all largest blocks of the initial
partition are split (i.e., until gy = pp + 1), when no blocks of depth pg or ug + 1 are merged
during that time. We also provide an analogous result that we use to bound the number of
RMBLKg operations until all smallest blocks are merged (i.e., until § = & — 1), when no
blocks of depth &, or &, — 1 are split. The first result holds for arbitrary initial partitions,

while the second assumes that we start from an initial partition that has p < 2.

Bounding the number of ADDBLKg operations until u; = pg + 1 is complicated by the
fact that the order in which operations take place is not fixed; it is determined by an (online
adaptive) adversary — described by the strategy of the adversary. What is more, we need
to consider all possible such adversaries. Roughly speaking, we tackle this issue as follows.
We consider the stronger adversarial model where the adversary has two additional abilities:
(1) she knows in advance the sequence of random points that will be used in each ADDBLKg
operation — i.e., she knows the Y; for the step when the first, second, third, etc., ADDBLKg
operation will take place (it is up to her to decide when these steps will occur in the overall
sequence of ADDBLKg and RMBLKg operations); and (2) she can choose the sequence of
points that will be used in each RMBLKg operation — so, essentially, she decides the depth
of the blocks that are merged in each RMBLKg operation. The resulting process can be
equivalently described as follows. We initially choose a sequence of independent uniformly-
random vectors in [ ;\. The 7-th vector in this sequence will be the Y; that will be used in the
i-th ADDBLKg operation, if there is such an operation. The adversary then decides (off-line)
the order in which operations occur and for each RMBLKg operation she also decides the
corresponding Y; vector. For this model, we establish an upper bound on the number of
ADDBLKg operations required until p; = ug+ 1, for all possible choices of the adversary such
that no blocks of depths pg or pg+1 are merged. The bound is probabilistic; the uncertainty
results because of the random choice of the sample points used in each ADDBLKg operation
— not because of the randomness of the adversary. A similar approach is used to obtain an

upper bound on the number of RMBLKg operations required until & = &, — 1.

We begin by introducing some terminology. Let W be a fixed sequence of vectors, where

all vectors have the same size and their elements are points in I; we denote the length of
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this sequence by [, and the size of each vector by h,,. lLe.,
W=W,...,W,), where W, = (W,1,...,Wyp,) € I™ foreacht=1,...,1, (4.8

We assume that h,, is large enough that the operations we describe below are well defined.
Let also S € S. Consider now a (fixed) sequence of partitions (Ty,...,7;,) be such that:
Ty = S, and, for t > 1, T; results from T, ; by first merging zero or more pairs of sibling
blocks of depth > u(S) + 2, and then applying a single ADDBLKg operation using W as the

sequence of sample points. More formally,
S, ift=0
T, = (4.9)
ADDBLKg(T/_;,W;), otherwise

where

T) =My - My (T), for some m; >0, and ky, ...k, > p(S)+2 (4.10)

? M

The conditions &} > u(S)+2 ensure that no blocks of depth 4(S) are merged or (new) blocks
of depth u(S) are created, as a result of the M operations applied to T;; hence, for all ¢,

(1) > p(S)  and  sus)(Tis1) < sus)(T7) = su(s)(Th) (4.11)

We denote by Agw the set of all such sequences (Ty, ..., T}, ). Given a (Tp,...,T},) € Asw,
let a be the time when the last block of depth p(.S) is split; i.e.,

a=inf{t : u(T;) = u(S) + 1}

(Note that a = oo if u(1;) = p(S), for all ¢.) The supremum of a over all sequences in Ag
is called the A-time of (S, W).

Suppose now that instead of the fixed W we have a random point-array Z. (For the
definition of a random point-array see the end of Section B.5.2] and the remark therein.)
The A-time of (S, Z) is then a random variable. The next lemma establishes a probabilistic
upper bound on the A-time of (S, Z); it bounds the probability that the A-time is at most
equal to the number of largest blocks in S plus a term linear in 2#%) — the maximum possible

number of such blocks.

Lemma 4.6. Let 7 be the A-time of (S, Z), where S € S and Z = (Z1,Z,,...) is a large

enough random point-array, and let v be a positive constant. Then,
Pr[r < s.(5) +v2"] =1-— O(2“6_7(1_0(1/111K)))‘+(R+1))

where kK = pu(S).
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As we explained in Section [3.5.2] the length of the Z is |Z| > s,(.S) + 72", its height |Z|
is large enough that the A-time of (S, Z) is well defined — i.e., the ADDBLKg operations
involved are well defined, and its precision is greater or equal to the maximum & of the
partitions these ADDBLKg operations are applied to — e.g., £(S) + | Z|.

We will use the above result later in our analysis of an S-process to bound from above
the number of steps required until either all largest blocks of Sy have been split or a pair of
blocks of depth < pg + 1 is merged. We do so by observing that the number of ADDBLKg
operation until some of the above two events occurs is at most equal to the A-time of (Sy, Z),
where Z is, roughly speaking, the sequence of the Y; that correspond to the steps where the

ADDBLKg operations occur.

Proof of Lemma [{.6. We describe a sequence of partitions that is a function of Z, such
that 7 is bounded from above by a similar quantity 7* defined for that sequence. We then
prove the desired bound for 7 by showing that this bound applies to 7*.

Let W be defined as in (4.8), with [,, and h,, equal to the length |Z]| of Z and its height
|Z1|, respectively. Consider the sequence of partitions (T(W),..., T (W)), where

S, ift=0
Ty(W) = ¢ Su(T7 (W), ift#0and min{Wy; : i <A (k+ 1)} < (T} (W)
T, (W), otherwise

(4.12)
(Recall that k = u(S).) The above sequence resembles the sequence in Ag y where no blocks
are ever merged — i.e., the sequence described by (4.9) and (£I0) when m; = 0 for all ¢.
The only difference is that in the sequence of T, (W) splits occur only in steps t such that
some of the first Ay (k + 1) elements of W; belong to a block of depth x of T} (). Note
that when this condition holds then, by Lemma 5] 7 (W) = ADDBLKs(T} (W), W;).

Let
(W) =inf{t : p(I7(W)) =+ 1}

and 7(W) be the A-time of (S, W). Then,

Claim 4.7. For all W, (W) > 7(W).

Proof. By contradiction. Suppose that 7*(W) < 7(W), for some W. Then, for this W,
there is a sequence (Tp,...,T},) € Asw (defined as in (4.9)-(£10)) such that

(W) <a, wherea=inf{t : u(T;) =r+ 1}
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o8

In the rest of the proof we write 7} and 7* to denote T, (W) and 7*(W), respectively, for

the above value of W. Let
to = inf{t : .(17) < (. (T})}

Note that ty < oo, since, by the assumption that 7 < a, 7" < oo and £, (T7%) = 0 < £, (Tr+).
By the definition of 7; we have that, for t > 1, s.(T3—1) — s.(T3) € {0,1}. Similarly,
se(Ty ) — sx(T7) € {0,1}. Combing the last two observations with the definition of ¢,

yields the next three relations:

Sn(ﬂz—l) = 8x(Thy-1)
SH(TZ)) = Sn(jzk)—l) -1
SR(Tto) = SH(Eo—l)

By (4I4)) and the definition of T} (W),
min{Wy,; : i < A (k+ 1)} < £o(T} )

So, by ([.13),
min{Wto,i t1 < )‘-l—("’€ + 1)} < gﬁ(Tto—l) = f/i(Tt/O—l)

(T} was defined in (4.9).) Since (T}, _;) > &, the above relation yields
min{0(T},_;, Wyi) 1 i < Ap(k+1)} =k

which implies that
GETSMLDPTH(T} _, W,,) = K

Therefore,

/ S / /
T, = ADDBLKs(ﬂO_l, Wto) = S(;ETSl\rlLDPTH(Tt’O71,W,go) T;to—l = Sk Tto—l

and, so, sx(Ti,) < Sx(Tt,—1), which contradicts (4.I5).

By Claim 4.7 we have
2 >1(2) =71

and, thus,
Pr[r*(2) < 5,.(5) + 72" < Pr[r < s,(5) + 72"]

(4.13)
(4.14)
(4.15)

B {of Claim 1T}

(4.16)

We show the following lower bound for Pr|[7*(Z) < s,(5) +~2"]. (The proof is described at

the end of the section.)
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Claim 4.8. Pr[t*(2) < s,(S) + 72" = 1 — O(2re 1701/ Imm)A+ (xH1))
Combining this result with (£16), yields the desired bound for Prr < s,(S5) + v2"]. |
We now describe the analogous definitions and result for the case where we are interested

in the time until all smallest blocks are merged (rather than the time until all largest blocks
are split). Let S € S be such that o(S) < 2, and W be as before. We denote by Rgw the

class of all sequences of partitions (T, ..., 7T;,) such that
S, ift=0
Ty = § RMBLKg(7/_;,W;), ift# 0 and RMBLKg(7]_;, W) = Mf(s)_l T,
T 4, otherwise
where
0 or more

T} = Seis)-2 -+ Se(s)—2(T)

Note that the definition of a sequence in Rg is not completely symmetric to that of a
sequence in Ag . The former requires that o(S) < 2, and it only allows RMBLKg operations
that merge blocks of depths £(S) or £(S) — 1. These restrictions ensure that for all ¢,
w(Ty) > &(S) —2. The fact that only blocks of depth (at most) £(5) — 2 may be split, ensures
that

E(Ty) <&(S) and  se(s)(Tir1) < sees)(T)) = sees)(Th)

which is the analogue of ([II). Given a (Ty,...,T},) € Rsw, let r be the time when the
last pair of blocks of depth £(.S) is merged; i.e.,

r=inf{t : {(T3) = £(5) — 1}

The supremum of r taken over all sequences in Rg is called the R-time of (S, W).
The next result is the analogue of Lemma 4.6}, the proof is very similar, so, we only sketch
it.
Lemma 4.9. Let 7 be the R-time of (S, Z), where S € S is such that o(S) < 2, and
Z = (41, Zs,...) is a large enough random point-array, and let v be a positive constant.
Then,
Pr[r < (1/2)5,(5) + 727 1] = 1 — O (27 (17 O0/mm)A-(n))

where k = £(95).
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Proof Sketch. As in the proof of Lemma [£.6] we describe a sequence of partitions such
that 7 is bounded from above by a similar quantity 7* defined for that sequence, and then we
prove the probabilistic bound for 7%, instead. Let W be as in (4.8]), with the same dimensions
as Z. The following is the analogue of definition (4.12)):

S, ift=0
Ty(W) = Mu(Ty (W), ift#0and max{W,; : i <A (k—2)} > 1= L (T7 (W)
Tr (W), otherwise

(Here k = £(S).) Also let
T (W) =inf{t : {(TF(W)) =k — 1}

and 7(W) be the R-time of (S,W). We can then show, as in Claim [£.7] that for all W,
(W) > 7(W). We can also show that

Prr*(Z) < (1/2)84(S) + 72771 = 1 — O(28e 1O/ mA-{x))

— the proof is symmetric to that of Claim A8 Combining these two results yields the
desired bound for 7. [ |

We will use the above result in Section to show an upper bound for the number of
steps required in an S-process starting from a safe Sy until: (1) all smallest blocks of Sy
have been merged, or (2) a block of depth > &, — 1 is split, or (3) a pair of blocks of depth
&o — 2 is merged. We do so by observing that the number of RMBLKg operation until one of
the above three events occurs is at most equal to the R-time of (Sy, Z), where Z is, roughly
speaking, the sequence of the Y; that correspond to the steps where the RMBLKg operations

occur.

Proof of Claim 4.8

We begin with a Chernoff-type bound for geometric random variables.

Lemma 4.10. Let @)1, ..., Q, be independent geometric random variables, such that, for all
1<i<n, E[Q;] <1/p, where 0 < p < 1. Then, for Q@ =>",(Q; —1), and any 6 > 0,

(1 + q5)1+q5)n/117

T (4.17)

nq
IPII“[Q>(1+5)?] <<
where g =1 — p. Also, for 0 < § < p,

Pr [Q > (1+ 5)%} < exp (—W) (4.18)
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Proof. If X and Y are geometric random variables and E[X| > E[Y] then X is stochasti-

cally larger than Y. So, to prove the lemma it suffices to consider only the case where
1 .
E[Qi;]=-, foralll<i<n

Then, for 0 <t < —1Ing,

E[exp(#( qu et = qet (4.19)
Since
exp(tQ) = exp (t (@i — 1)) = [[exp(t(@: -
i=1 i=1
by the independence of the @; and ([£TI9) we have
Elexp(tQ)] = [ Blexp(t(Q: - 1)) = (=) (4.20)
! 1 — get '
i=1
We can now bound Pr[Q > (1 + §)ng/p| from above as follows. We have
nqy nq
Pr [Q > (1+ 5)?] = Pr [exp(tQ) > exp (t(l +6) » )}
and by applying Markov’s inequality to the right-hand side, we obtain
ng Elexp(tQ)]
>(1490)—| <
g [Q (1+9) P } exp(t(1 4 d6)ng/p)
So, by (£.20),
ngq p "
P >(1490)—| < 4.21
g [Q (1+9) P } <exp(t(1 +8)q/p)- (1 — qet)> (4.21)

Next, we compute the value of ¢ € (0, —In¢) that minimizes the expression on the right-hand
side of (@21]). This is equivalent to computing the ¢ that maximizes exp(t(1+4d)q/p)-(1—ge').
For that, we differentiate the last expression with respect to t and set the result to zero;

solving for e’ yields

¢ 149
el = ——
14+ ¢qd
(Note that t = In 11:‘56 —1Ing.) Substituting this value for e’ in (£21)), yields (£IT).

The bound (4.I8]) can be derived from (£.I7) as follows. We can rewrite the latter as

r [Q > (1+ 5)%} < exp (%(1 +¢0) In(1 + ¢6) — gu +8)gIn(1 + 5)) (4.22)
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Using the fact that, for all x > 0, z — %xZ <In(l+z)<z-— %:)32 + 123, we obtain

1
3

Loco Lo os Lo
1n(1+q5)§q5—§(q5) +§(q5) and ln(1+5)25—§5

Applying the above to the right-hand side of (£22]) yields

ng
2p

g _ s Yoo

Pr [Q> (1+49) p} <exp< (p 5+3q 6(1 2q5)>)

This, together with the fact that, for 6 < p,
1-2¢0>1-2pg=1-2p(1—p)=p*+(1—-p)?>0

yields (4.I8]). [ |

We now proceed to prove Claim .8 We will write 7* and 7} to denote 7*(2Z) and T} (2),
respectively. Recall that Z = (7, Z,,...) is a random point-array,

S, ift=0
Ty = Su(Tr,), if t#0and Z < ((T))
T, otherwise,

where £ = u(S) and Z™" is the minimum of the first A (x + 1) elements of Z;, and
™ =inf{t : W(T}) =k +1}
We will also denote by ny the maximum number of blocks of depth k in any partition, i.e.,
ng = 2%

For 1 <i < s,(95), let x; be the number of partitions in the sequence of T} that have s, = i;
ie.,

Xi = [{t  su(T}) =i}
Note that

T =

Sk (S . Sk (S
* ZZ:(l )Xia if Zz:(l )Xi < |Z|
00, otherwise

Therefore, since | Z| > s.(S) + yno,

sk (S)
Prlr* < su(S) +ymo] = Pr | D xi < 5u(S) + 7m0 (4.23)

i=1
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Note also that conditioned on the values of x,,(s), ..., Xi+1, Xi is stochastically smaller than

a geometric random variable with expectation 1/p;, where
pi = Pr[Z™" < i/ng) =1 — (1 —i/ng)™+ D (4.24)

(xi is not equal in distribution to this random variable, because x; is bounded by |Z].)
Hence, if 7,...,7,, are independent geometric random variables, such that, for each i,
E[r;] = 1/p;, then Z X, is stochastically smaller than Zs“(s . From this, the fact that

an(s (r; — 1) <> (1 — 1), and ([£.23)), we obtain

sk (S) no
Pr{r* < 5,(5) + yno] > Pr [ Z T < 8x(5) + fyno} > Pr [Z(TZ -1)< yno] (4.25)
i=1 i=1

In the remainder of the proof we compute a lower bound for Pr[> ° (r; — 1) < ynyg]. For
that, we break )" (7; — 1) into four smaller sums, compute a probabilistic upper bound for
each of them, and then combine the results.

Let

nolnk o o
ny =

D) ™ ern) " paomal ™0

For each j € [1..4], let

n;<t<n;_1
In the next series of claims we derive probabilistic upper bounds for the Gj;.

Claim 4.11.

Lll)no} < exp (—(1 - o(1))55)

Pr |Gy >
T K(k — 2K3

Proof. By ([@.24), for ny < i < no,

1 At (Kk+1)
pi>1— (1= (n+1)/ne) &) > 1 - (1— - nr ) !
+

o >1— —lnnzl_l
(5 +1) = /"

So, by Lemma [0l (applied for p=1—1/k and § = 1/k < p),

Pr |Gy > J%_ll)(no — nl)} < exp (_(1 — 22/:1)(_”(1/—/511)/&3) ~ exp <_(1 — 0(1))%>

The desired result is immediate from the above relation. [ |

The proof of the next result is very similar to that of Claim [£.11] and is omitted.
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Claim 4.12.
e+1

e(e—1)

Pr [Gg >

] <o (~0- o))

2e3(e — 1)
Claim 4.13.

U
Pr[G3 > 2nsIn k] < exp <—(1 — 0(1))64 2 K)

Proof. Is also similar to that of Claim AI1l By (4.24]), for n3 < i < no,

1 >>\+(H+1)

>1—(1— 1 A+<*”~+1>>1—<1——
piz 1= (1= (ns+1)/m) = M (h+ 1)k

1 1 1
“lnk 2%k T 2lnk

where the first relation in the second line was obtained using the fact that (1 — €)% <
1—ke+ (ke)?/2, when ke < 1. By Lemma .10l then (applied for p = 1/(2Ink) and § = p/2),

we obtain

pefos > (Lm0l e (im0t

_1 2
2Ink 2Ink

—exp ({1 o0) %)

This, together with the fact that

1 1
(1 + 41nn) (]' 21nn) S 21n K

2Ink

yields the desired result. n

Claim 4.14. For any 6 > 0,

2lnk

Pr[Gy > d0ng) < nz - exp (—(1 — L)5)\+(f£ + 1))

Proof. The technique we used to prove Claims [A.TTHA.T13] does not result in a tight enough
bound in this case; so, we use a different approach. By (4.24]), for i < ng,

pi = Pr[Z™" < ng/ng| - Pr[Z™™ < i/ng | Z™™ < ns/ng)

= Dns P]I'[Z;nin < Z/n(] ‘ Ztmin < ng/no]

Let K; be the number elements that are < n3/ng, among the first A\, (k + 1) elements of Z;.
Then,

At (r+1)
pi=pa > (Pr(Z™ <i/ng | K =j] - Pr[K, =j | Z}"™ < ng/ne))

j=1
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Note that, for j € [1. A1 (k + 1)],
Pr[Z™ <i/ng | Ky = 7] =1— (1 —i/n3)’ >i/ns

S0,
At (it

Di Z pn3 Z Z/ng ]P]I' Kt = ] | Zmln < ng/no]) :pngi/ng

Therefore, G is stochastlcally smaller than the sum ) '° (7/ — 1) = Y™, 7/ — ng, where

i=1 "1

T\,...,T,, are independent geometric random variables, such that, for each 1 < i < ng,

E[7j] = n3/(pns1). So,

Pr(G4 > dng) < Pr [ Z T >ng+ 5n0] (4.26)

1<i<ng
We can bound from above the right-hand side of ([£20]) as follows. Consider the following
balls-and-bins process (which is a variation of the Coupon Collector’s Problem [60]). We start
with n3 empty bins. In each step, we flip a biased coin that has probability of heads p,,,. If
the outcome is heads we place a ball in one of the bins chosen independently and uniformly at
random among all the bins (empty or not); if the outcome is tails then nothing happens. The

process finishes when each bin contains at least one ball. It is straightforward to verify that

the total number of steps J until the process finished is equal in distribution to ), <i<ns 7l

S0,
r [ Z T >ng+ 5n0] = Pr[J > n3 + dng (4.27)
1<i<ng
Consider now a fixed bin, and let 7”7 be the earliest step when a ball is placed in that
bin. Since in each step a ball is placed in that bin independently with probability p,,/ns,

the probability that the bin is still empty after ns + |dng| steps is

e\ 7 +|dno | )
IPII“[T” > ng + 5n0] _ (1 _ b) 3 0 < exp (_pm (1 i L nOJ ))
n3 n3

5710
< exp < — Dns n—3)

(4.28)

Note that, by (.24),

A+ (k+1)
zon?,zl—(l—@)+ >)\+(m+1) (1—>\+(/<a+1)2
no

0) = Ak + 1>%§<1 - 2111,-)

where the second relation was obtained using the fact that (1 —¢€)* < 1 — ke + (ke)?/2, when
ke < 1. By applying this to (£28)), we obtain

Pr[r" > ng + dng] < exp ( (1 — %)5&4& + 1))
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Since the probability that at least one bin (of the ng3) is empty after ng + |dng| steps is at
most ng - Pr[r” > n3 + dng,

1
Pr[J > ng + ong) < ng - exp (—(1 - m)é)ur(/{ + 1))

Combining this with (£26]) and (£27) yields the desired result. [ ]

We now combine Claims I.TTHET to derive a lower bound for Pr} ", (1; — 1) < yng).

Let

5= k+1 ni(e+1) 2nglnk
-7 k(k—1) mnge(e —1) no

(4.29)
Since A\, (k) = O(k), it is easy to see that
5= — o(ln—“> (4.30)
K

and, thus, d > 0, for all large enough x. By ([@29) and the fact that 3.7 (1, —1) = .+, G,

no

Pr [Z(TZ -1)< vno} > Pr [{Gl Ll)no} N {Gg < (e+ 11 nl}ﬂ

— k(k—1 e(e —1)

IN

{G3 < 2ny1n KJ} N{G, < 5n0}]

/{(17—‘__11)710} — Pr [Gg >

e(eetll) nl]

— Pr[G3 > 2nyIn k] — Pr[Gy > dnyg)

21—11:)11"|:G1>

So, by Claims A.TTH4.14] and the fact that 3%, %, and 7% are all w(Ai(k+1)),

no
Pr [Z(TZ —1)< 7”0} =1—0(nse” (1_ﬁ>5>\+(ﬁ+1))

i=1

and, by (E30),
no
Pr [Z(Ti 1)< 7”0] — 1 — O(nge~(1-00/Mm M)A (s41))

i=1

This, together with (4.25), yields the desired result.

4.6 Proof of Theorem [4.7]

We begin by reducing the set of initial partitions we need to consider. Specifically, we show

that to prove Theorem [4.1] it suffices to show the following variation of it, which considers
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only S-process that have a borderline-safe initial partition. Recall from Section that
the borderline-safe partition of size n, denoted II,, is the (unique) safe partition such that
I, < S, forall S € F,.

Lemma 4.15. For any long enough S-process such that Sy = I1,,, with probability
1 — O(Quoe—(l/4—6)/\(uo)) (4.31)

there is T € [2M0..8 - 2M°] such that:
(i) S, is safe
(i) for allt <7, pio < py < po+1 and § —1 <& < &.
Before we prove this lemma, we show that it implies Theorem [4.Il Consider an arbitrary
(long enough) S-process such that Sy € F,,. We define a second S-process as a function of

the first one, as follows. (We use primed notation to denote the quantities associated with

the second S-process.) We let
Sy = 11, N =N Nefo= A Jd =g
and, for each 1 <t < N/,
Ut/ =U V;’ =V, Y;’ =Y,

Clearly, the above define a valid S-process. By Lemma [3.14] (and induction) we have that,
for all t,

51 =S, (4.32)

By Lemma B3], we have that, with some probability p = 1 — O(2roe~(1/4=2)X ko)) there is
7' € [g2M0..8 - 2#0] such that:

(i") S., is safe, and

(it') forall t <7/, py < pp < pg+1and §—1 < & <.

By Lemma B 4(a), uj < po < up + 1, so,
p=1-— O(Quoe—(l/4—6)/\(uo))
and the range where 7' takes on values is

[£2+0..8 - 2#0] C [(£/2) - 2108 - 2M0]
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We now show that if (i') and (ii’) hold (for some 7') then (i)—(iii) of Theorem [4.1] hold, for
7 =171". By ([£32) and Lemma 2] (i') implies (i). By (£32) and Lemma 3.4, we have that,
for all t < 7/,

py < pe and & <&

So, if (ii’) holds then (ii) holds, since
0r =& — iy <& — iy <& — pp < 2
Also, if (ii") holds then (iii) holds, since
<& < <&+

where the last relation holds because of Lemma [£.4](a). Combining all the above yields that,
with probability at least p = 1 — OQ(2r0e~(1/4=2)Xw0)) " there is 7 € [(g/2) - 2#..8 - 2#0] such
that (i)—(iii) hold.

Proof of Lemma

For simplicity of exposition, we will assume (without loss of generality) that the length of
the S-process is larger than 8 - 240; in particular, N > 16 - 2#0. (If this is not the case, we
can “extend” the process to the desired length.) Let £ denote the event whose probability

we want to bound, i.e.,
“(i) and (ii) hold, for some 7 € [g2#0..8 - 2K0]”

We distinguish three different cases, depending on Sy = II,,.

Case 1: min{/,,(Sy), le,(So)} > 1/4.
We establish a lower bound for Pr[£] by identifying a collection of “good” events such that,
if all these events occur, then £ also occurs. Then we bound from below the probability of
each of these good events, and show that the probability of their intersection is at least as
in (43T)). Roughly speaking, these events say that all the blocks that are split in the first
g2t steps have depth g, and all blocks merged have depth &.

Note that, since the result we want to show is asymptotic, as n — oo, we can assume

that n is larger than any given constant. So, by Lemma [4(b),

o € {1,2} (4.33)
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We begin with some definitions we will use to describe the good events. For i > 1, let n;

be the step when the i-th ADDBLKg operation occurs; i.e.,
=it |G <t: V=4 = 1)

Similarly, let 7. be the step when the i-th RMBLKg operation takes place; i.e.,
=it <t Vi=—} =)

We assume, without loss of generality, that 7;, ) < oo, for all ¢ in the range of steps we are
interested in; i.e., for i« < 8 - 2#0. (We can always achieve that by appropriately modifying

the adversary for ¢ > 8 - 20 — since we assumed N > 16 - 2#°.) For those i, we define

Zi — <Zi71, ZZ'72, . > — Y

i

Zz( = <Zz(,1’ Zz{72’ L) = }/;7;

Note that (71, ..., Zgou) is a random point-array, and so is (21, ..., Z§ ou)-

We are now ready to describe the good events. Let &;; be the event:
‘min{Z;; : ] <Ap(po+1)}<1/4-¢"

and & ; be the event:
‘max{Z;; : j <A (uo)} >3/4+¢€"

Since Z; is a random point-vector,

Pri€1;] =1 — (1 — 1/4 4 )Mot > 1 = (/4= (uo+1) (4.34)
Similarly,
Pr[y,;] > 1 — e~ (/47902 (o) (4.35)
Now let,
£ = (EriN &)
=1
where
Kk = g2H0

(Note that x is an integer, for large n.) Then, by (£34]) and (£33,

K

]P]I‘[gl] =1—Pr |:U((9_17Z U 5_272')] Z 1-— Z (]P]I’[gLi] + ]P]I’[ggﬂ'])
i=1 =1
> 1 = pe= (AN luotD) | ~(1/4=2)A- (o))

—1— O(Quoe—(1/4—5)>\(uo)) (4.36)
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We complete the proof by showing that £ implies £. Suppose that £ occurs. We show
that, in the fist s steps, all ADDBLKg operations split blocks of depth py and all RMBLKg
operations merge blocks of depth &;. Assume (for contradiction) that some block of depth
= 1o is split, or some pair of blocks of depth # £, are merged during the first x steps. Let t
be the earliest step when this happens. Then, since all blocks split in the first ty — 1 steps
have depth g, and all blocks merged have depth &y, and (by (433])) 0o > 0 , we have

fro—1 > po and &1 < &

Also, since at most tg — 1 blocks of depth po (and length 27#0) are split and no blocks of
depth pg are merged,

o (Sto—1) > £, (S0) — (g —1)27H0 > 1/4 — (k —1)270 > 1/4 —¢ (4.37)
(thus, py—1 = po). Likewise,
Ceo(Sig—1) > ley(So) — (tg — 1)270T > 1/4 — (k= 1)27" > 1 /4 —¢ (4.38)

(and &,-1 = &). Now, if an ADDBLKg operation occurs in step ¢, then, by ([£.37) and the
event (i_, &1,
min{}/;fo,j 1)< )‘-i-(,UO + 1)} < Euo(sto—l)

Thus, by Lemma [£5)a), a block of depth pg is split in step ¢o. Similarly, if a RMBLKg
operation occurs in step to, instead, then by ([A38), event ()., &, and Lemma E5(b), the
blocks merged have depth &;. So, in either case we have a contradiction. Therefore, in the
fist k steps, all ADDBLKg operations split blocks of depth py and all RMBLKg operations
merge blocks of depth &,. From this, and the fact that Sy is safe with gy > 0, it is immediate

that (i) and (ii) hold for 7 = k. Therefore, if £ occurs then £ occurs, and, thus,

Pr[&] > Pr[]

Combining this and (4.30) yields the desired result.
Case 2: (,,(S)) < 1/4.

As in Case 1, we identify a number of good events (events £,—&;) such that if they all occur
then & also occurs. Then, we establish a lower bound for the probability of the intersection
of these good events, thus, obtaining a lower bound for the probability of £, as well. Note

that, by Lemma [£.4(b) and the case hypothesis, we have that (for all large enough n)

00 =2 (4.39)
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and
650(50) = 1/4 + ¢ (440)

Intuitively, the good events we describe say that: each of the first ©(2#°) ADDBLKg
operations splits a block of depth pg or py + 1, if the partition it is applied to has f<, 41 >
1/4 — e (event &;); each of the first ©(2#°) RMBLKg operations merges blocks of depth > &,
if the partition it is applied to has ¢>¢, > 1/4 — ¢ (event &); and, in ©(2#0) steps, either all
blocks of depth pg have been split or some pair of blocks of depth < &, is merged (event &).

More precisely, for i > 1, we define n;, 1., Z;, Z], and events &;; and & ; as in Case 1.

We define events & and & as

S = &E=[)Ei
=1 i=1

where

K = 8,(S0) + 21 K = orotl

We let €3 be the event:

“GSI{,

where a is the A-time of <SO, (Zy,..., Z,.@>>. We now compute lower bounds for the proba-
bilities of these events and their intersection. By (4.34]) and (4.35]), we have

Pr[&] > 1 - re~ (/A=) 4 (po+1)

and
Pri&] > 1— k! e~ (1/4=2)A~ (ko)

Since (71, ..., Z) is a random point-array, by applying Lemma (for v = 1), we obtain
Pr[&s] =1 — O(Quoe—(l—o(l/lnuo))k+(uo+1))
Combining the above bounds, we get
Pr[€ NENE) =1 — O(2k0e /A79Ako)) (4.41)
In Claim 16|, below, we show that if all of £, & and &3 occur then so does &; thus,
Pri&] > Pr[& NE N E;)

This, together with (£.41]), yields the desired lower bound for Pr[£].
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Claim 4.16. If & N&Ey N E3 occurs then £ occurs.

Proof. Suppose that & N E N E; occurs. We define the following quantities:
— J is the earliest step when blocks of depth < &, are merged. (J = oo if no such step
exists.)
— K =min{n,, J —1}.
— M is the number of ADDBLKg operations performed in the first K steps.
— M’ is the number of ADDBLKg operations in the first K steps that split blocks of depth
# Ho-

Note that K < oo, because 7, < co. Indeed, since fewer than x + |Sy| RMBLKg operations

take place before K ADDBLKg operations occur,

Ne < 2k +|So| <8-2% < N (4.42)
Since K < J,
all the blocks merged in the first K steps have depth > &, (4.43)
So, since, by (£39),
§o = po + 2
(S0, Spys -+ Spyy) 1s a prefix of some sequence in Ag, (7, . z.). But, by event &, in each of

these sequences, all (the s,,(Sp)) blocks of depth p are split during the first K ADDBLKg
operations. So, the number of ADDBLKg operations, among the first M < k such operations,

that split blocks of depth # pq is
M’ < Kk —s,,(Sp) = 2" (4.44)
For all t < K, then, we have
Cepo+1(St) > Leapgi1(So) — M'27 W0t > (1 — 44 (Sp)) —1/2=1/4 —¢ (4.45)
by (£40). Combining this and event &£, we obtain that for all i < M,
min{Zs; : j < Ao+ 1)} < L1 (Sy,)
which, by Lemma [L5|(a), yields

all the blocks split in the first K steps have depth < pp + 1 (4.46)
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Also, by (4.45)), for all t < K, £<,,,+1(S;) > 0, so,
e < po+1 (4.47)

At this point we distinguish two cases, depending on which of 7, or J — 1 is smaller.

Case A: K =n,.
Then, M = k. So, by ([@44), M — M' > s,,(S50), which, together with (£.43]), yields

p(Sk) > po + 1 (4.48)

Combining this with (4.43), (£.46)), and ([4.47), yields that (i) and (ii) hold for 7 = 7. Also,
Ne > Kk > 2% and, by [£42), n, < 8- 2%. Therefore, £ occurs.
Case B: K =J —1 <.
We show that
le,(Sk) < 1/4—¢ (4.49)

Suppose (for contradiction) that f¢,(Sk) > 1/4 —e. Then, by ([@L43) and ([£440), the number

of RMBLKg operations performed in the first K steps is (at most)

%(%(50) 56, (Sk)) + M’ < (G + 5) - G - a))zﬁo—l M0 = (14 42)210 < &/

where the second relation holds because of (£.40]) and (4.44]). Combining that, event &, the
assumption that (¢ (Skx) > 1/4 — ¢, and Lemma [.5(b), we obtain that the pair of blocks
merged in step J have depth &, which contradicts the definition of J. So, (@49 holds.

Combining (£49), (£43), (£44), and ([E47), yields that (i) and (ii) hold, for 7 = J—1. Also,

by (40) and (£.49),
J—1> 2%

since €2 is the minimum number of RMBLKg operations required to reduce f¢, by 2, and
J—1<mn, <8:2%
by (£42). Hence, £ occurs. [

Case 3: (¢ (S)) < 1/4.

The proof in this case is similar to that of Case 2 and is omitted.



Chapter 5

Analysis — Part III: Starting from an

unbalanced partition

In this chapter we continue the study of S-processes, which we started in Chapter [l
So far, we have looked at the case where the S-process begins from a safe initial partition.
Here we consider the complementary case, where the initial partition is not safe, and we
provide an upper bound on the number of steps required to reach a safe partition with high
probability

In Section 5.1l we describe the main result of this chapter. An outline of its proof is given
in Section (.2l In Section [5.3] we introduce some definitions. Sections [5.4H5.7] contain the

various steps of the proof. We combine all these steps in Section [5.8]

5.1 Statement of the main result: from a non-safe to a

safe partition

In this chapter we consider S-processes that start from an arbitrary non-safe initial partition
Sp; specifically, we do not impose any restrictions on how “unbalanced” Sy may be. As in
Chapter @], we assume that the sampling-size functions are A\, (d), A\_(d) = ©(d), with the
constants involved being sufficiently large; the processes’ length N is large enough; and the
strategy of the adversary and the precision g can be arbitrary. For any such S-process, we

show that, with probability 1 — (1/2%)9(M) 4 safe partition is reached within O(&;2%) steps.

!Throughout this chapter whenever we say “partition” we mean “sorted binary partition.”

74



Chapter 5. Analysis — Part III: Starting from an unbalanced partition 75

The formal statement of this result is as follows.

Theorem 5.1. Consider an S-process such that, for all k > 0,
Ay (k) > max{8(In2)k, 5} and I_(k) > max{8k, 5} (5.1)
where (8 is a sufficiently large constant. If the S-process is long enough then, with probability
1— O(&?(l)2506—(1/4—2E)A(50)) (5.2)

there is T < c€y2%°, where c is a positive constant, such that
(i) S, is safe
(i) for allt <7, & <& + 2.

By long enough S-process we mean that it has length N > c¢£52%. (See the remark at
the end of Section B.5.2) ¢ is the constant 1/16 from the definition of a safe partition.

Recall that in the statement of Theorem [A.1], in Section 1] both the probability (4.1])
and the range for 7 are expressed in terms of 119, which is roughly the same as log |Sy| and &,
since Sy is safe. In Theorem 5.1, the corresponding quantities (i.e., the probability (5.2) and
the bound for 7) are expressed in terms of &. In this case, however, £, may be much larger
than log |Sp|, depending on how unbalanced Sy is; in the extreme, § = |Sp| — 1. Similarly
to Theorem [T, the big-oh term in (5.2) can be made smaller than any given polynomial of
27%_ by using sufficiently large Ay, A_.

5.2 QOutline of the proof

Recall that the proof of Theorem [4.]] depends critically on the fact that, for any partition S
with p, & = O(log|S]), an ADDBLKg or RMBLKg operation applied to S involves ©(log |S|)
random probes. More precisely, the theorem is based on the fact that each ADDBLKg oper-
ation splits a block of depth d only if d is smaller or equal to the depths of ©(d) randomly
probed blocks; and each RMBLKg operation merges a pair of sibling blocks that are smaller or
equal to ©(u) = O(¢) randomly probed blocks. Theorem [E.] however, considers partitions
S for which it may not be true that p,& = ©(log|S]|). For such a partition, an ADDBLKg
operation that splits a block of depth d also involves ©(d) random probes; so, as before it
has a strong tendency to split larger blocks and, thus, “improve” the balance of S. How-
ever, the number of random probes executed in an RMBLKg operation, that is ©(u), may

be significantly smaller than & — in the worst case, £ = O(|S|) and = O(1). As a result,
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RMBLKg operations may tend to improve balance “at a slower rate” than if ©(¢) random

probes were used, or even to “deteriorate” it.

The basic intuition behind Theorem [5.1] is that ADDBLKg operations tend to improve
balance faster than RMBLKg operations tend to deteriorate it. Roughly speaking, ADDBLKg
operations almost always split larger blocks, while RMBLKg operations merge smallest blocks
at a rate that is O(§) lower than if ©(£) random probes were used. If ©() probes were used
for each RMBLKg operation then it would take O(2%) steps to reach a safe partition starting
from an arbitrary Sy. So, in an S-process a safe partition is reached within at most O(&;2%)

steps.

Informally, the proof proceeds as follows. We identify a number of classes of progressively
“more balanced” partitions, where the last class is that of safe partitions. (We describe these
classes and some of their properties in Section [5.3l) For each of these classes we establish a
probabilistic upper bound on the number of steps required to reach a partition from this class
starting form a partition in the previous class. Combining these results yields the bound of
Theorem 5.1l Below we give a more detailed exposition. For simplicity we assume that the

size of the current partition |S;| remains roughly the same.

First we compute and upper bound for the number of steps required to get from an arbi-
trary Sy, to a partition S, where almost all blocks have depths £(S() or £(S) —1. Combining
the facts that: (1) while /<¢,_2(S;) is not very small, almost all ADDBLKg operations split
blocks of depth < & — 2; and (2) with high probability, the number of RMBLKg operation
required to merge all smallest blocks of a partition S, if no blocks of depth > £ — 2 are split,
is O(£2%) (by the Coupon Collector’s Problem [60]), we obtain a bound of O(£32%) steps
for the number of steps to get from Sy to Sj. S differs from a safe partition in that the
distribution of depths may have a long thin “tail” to the left; i.e., 535_2(56) is small but it
may be p(S)) < £(S;). Next we compute and upper bound for the number of steps required
until this tail becomes short, specifically, until we reach a partition S{ that has y =& —o(¢)
and still <¢_5 is small. The intuition is that most RMBLKg operations will merge some of
the numerous small blocks, so ADDBLKg operations will quickly shorten the tail (in at most
a linear number of steps). To get to a safe partition we still have to eliminate the short thin
tail of S{. Note that this tail does not essentially affect the outcome of RMBLKg operations,
since now O(u;) = ©(&). Hence, a safe partition is reached in at most a linear number of

additional steps.

*Recall that £<¢ 2(S)) = L<¢(sy)—-2(Sp), by the convention we introduced at the end of Section 3.2l
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We describe the above three steps in Sections [5.4] 5.5, and [5.7] respectively. We combine
the first two in Section [5.6] and we put all the pieces together in Section 5.8

5.3 Tailed, left-heavy, and almost-safe partitions

In this section, we define various classes of partitions, and describe some properties of them.
Each partition, depending on the value of {<_, is classified as:
thick-tailed if

leeg>1/44¢

thin-tailed if

£S§—2 < 1/4 — €
normal-tailed if

(g2 —1/4] <¢

where € = 1/16 (as in the definition of a safe partition). A partition S is left-heavy if S = 5’

for some S’ such that:
£(S") =¢&(S) and S’ is either thick-tailed or normal-tailed

Obviously, a partition that is thick-tailed or normal-tailed is also left-heavy. The converse,
however, is not always true; there are thin-tailed partitions that are left-heavy. For example,

the thin-tailed partition S with
=4 £E=6 ly=1/4—2¢ U5 = 3e/2

is left-heavy, because the partition S” = V,_5(S) = S5 Mj5(S) is normal-tailed, £(S") = £(S5),
and S > S’. The next lemma states two useful results about left-heavy partitions. Part (a)
states a sufficient condition for S to be left-heavy; and part (b) says that if S is not left
heavy then it is more balanced than some left-heavy partition of & = £(S) + 1.

Lemma 5.2. For all S € S such that £(S) > GE
(a) if l<e_1(S) > 1/4+ ¢ then S is left-heavy.
(b) if S is not left-heavy then S = S’ for some S such that £(S") = &£(S) + 1 and S’ is

etther thick-tailed or normal-tailed.

3In fact, part (a) holds even when £(S) = 4 or 5, and part (b) holds even when £(S) = 3,4 or 5.
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Proof.
(a) Let S’ be the partition obtained from S by splitting 1/3 of the blocks of depth &(S5) — 1
(into blocks of depth £(.5)) and merging the other 2/3 (into blocks of depth £(.S) —2). More

precisely,
S'= V§—2—>d—1(5)

where
d=¢(S) k= [s54-1(5)/3]
Recall that operation V4 o .4 1 splits a block of depth d — 1, and merges two sibling blocks

of depth d — 1. So, it reduces sy_1 by 3, and increases s;_5 and sq by 1 and 2, respectively.

Therefore,

leg—2(S") = l<q_o(S) + k272
> (g 5(S) + (s4-1(8)/3 —2/3) - 2742
= l<a-2(S) + (2/3) - La—1(5) — (2/3) - 2772
> (2/3) - leg_1(S) — (2/3) - 272

Since d > 4, the assumption that f<4_1(S) > 1/4 4 ¢ is equivalent to
(g 1(S)>1/44 427D
S0,
leqgo(S)>(2/3) - (14 +e -2 D) =1/4— e+ (1/3) - (1/16 =272y > 1/4 — ¢

where the last inequality holds because d > 6. This, together with the facts that £(S5") = £(5)
and S = 5, yields that S is left-heavy.

(b) Since S is not left-heavy, part (a) yields ¢<¢_1(S) < 1/4 + €; so (since £(S5) > 1),
s¢(S) > 3. Let T be the partition obtained from S by splitting one block of depth £(S) and
merging two blocks of depth £(9); i.e.,

T = Ves)-1-¢(5)(5)
Note that £(T") = £(S5) + 1, and
lee 1 (T)=1-2-2750) > 1/4 ¢

so, by part (a), T' is left-heavy. Hence, there is a partition S” such that S’ <7 < S, and S’
is either thick-tailed or normal-tailed, and £(S") = &(T") = £(5) + 1. [
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Figure 5.1: Relationship between the various classes of partitions.

We say that a partition is fat-tailed if
Egg_g > 1/4+ 2e

So, every fat-tailed partition is also thick-tailed. A partition is called short-tailed if it is not
fat-tailed (i.e., l<¢_o < 1/4 4 2¢) and

p>§—2logé

A partition S is almost-safe if S = S’ for some short-tailed S’. Note that we do not explicitly
require that £(S") = £(S), as in the definition of a left-heavy partition. However, the next

lemma shows that this condition is implicit in the definition of an almost-safe partition.
Lemma 5.3. If S € S is almost-safe then S = S’ for some short-tailed S" such that £(S") =
£(5).

Proof Sketch. We show that for any short-tailed 7' € S such that 7" < S and &(T') > £(S),
T = Sg_g M¢(T) is also short-tailed and 7" < S. Then, we construct S” starting from any
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short-tailed partition < S and iteratively applying to it the pair of operations Sg_g M, until
the resulting partition has & = £(.9). [ |

5.4 From a thick-tailed to a normal-tailed partition

In this section and the next, we prove two results that we use in Section to establish a
probabilistic upper bound on the number of steps required in an S-process until we reach
an almost-safe partition, starting from an arbitrary initial partition. Informally, here we
show that if we start from a thick-tailed initial partition and A, is sufficiently large then,
with high probability, it takes at most O(£;2%) steps until either we reach a normal-tailed
partition, or all smallest blocks of Sy have been merged. The formal statement of this result

is as follows.

Lemma 5.4. For any long enough S-process such that Sy is thick-tailed, with probability
1 — 0(502606—(1/4+5)>\+(§o))

there is T < c€y2%°, where c is a positive constant, such that

(i) all the blocks that are split in the first T steps have depths < &y — 2, and
(ii) S. is normal-tailed, or S, is left-heavy and &, < &.

The proof of this lemma is quite straightforward. Roughly speaking, by the Coupon
Collector’s Problem [60] it takes O(£32%) steps until all smallest blocks of Sy are merged,
provided that no blocks of depth & or £y — 1 are split during that time. But, by the result in
Section [4.4], (for large A, ) with high probability no blocks of depth > &, — 2 are split when
l<eo—2(S:) > 1/4 + e. Therefore, in O(£;2%) steps, either all blocks of depth & have been
merged, or f<¢,_2(S;) is decreased to 1/4+ ¢, and, thus, a normal-tailed partition is reached.

The actual proof is similar in structure to that of Theorem [£.1. We begin by introducing

a variation of the concept of R-times.

5.4.1 R-times

Recall from Section .5l that the R-time of (S, W), where o(S) < 2, is, roughly speaking, the
maximum number of RMBLKg operations required to merge all smallest blocks of S, when

the sample points used are those in W. A RMBLKg operation takes effect only if it merges
blocks of depth £(S) or £(S) — 1, and any number of blocks of depth < £(S) — 2 may be
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split between two RMBLKg operations. Here we consider the variation where all RMBLKg
operations take effect, regardless of the depth of the blocks they merge. Also, we allow S to
be an arbitrary partition; i.e, we drop the requirement that o(S) < 2.

More formally, let S € S and W be as in ([L38)), i.e.,

W= {(W,....W,), where W, = (Wy1,...,Wy,)€I"™, foreacht=1,...,1, (5.3)

and h,, is large enough that the operations we describe below are well defined. We denote

by ﬁng the class of all sequences of partitions (T, ..., 7}, ) such that

s ift=0
' RMBLKg (7] _;,W;), otherwise

where
T{ = Syt - - +Sge, (T3),  for some m;y > 0, and Kook < €(S) -2

s vy

The R-time of (S, W) is the supremum of

inf{t : £(T3) = £(5) — 1}

taken over all (Tp,...,T;,) € 7%5'7‘/[/.

Note that the definitions of 7~€ng and the R-time of (S, W) are completely symmetric to
that of Agw and the A-time of (S, W), respectively.

The next result is the analogue of Lemmata and [4.9

Lemma 5.5. Let 7 be the R-time of (S, Z), where S € S and Z = (Zy,Z,,...) is a large
enough random point-array, and let v > 0. (v may be a function of S.) Then,

Prir <4289 =1 - 0(|S|e”?)
Proof. The proof is similar to the proofs of Lemmata [£.6] and L9 Let
K =¢(5)

For each W as in (5.3]), where [, = |Z| and h,, = |Z;|, we define the sequence of partitions
(I5(W),..., T (W)) by

S, ift=0
Ty (W) =< M (Ty (W), ift#£0and W,y >1—£,(T7 1 (W))
T (W), otherwise
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We also let
(W) =inf{t : ET7(W)) =k — 1}
and (W) be the R-time of (S, W).
The next two results are the analogues of Claims [4.7 and [4.8] respectively. The proof for
the first is very similar to that of Claim [4.7] and it is omitted.

Claim 5.6. For all W, (W) > 7(W).
Claim 5.7. Pr[t*(Z) < 42| =1 — O(|S|e ")

Proof. Consider the following coupon collection process. There are 25! types of coupons.
Initially, coupons of all but s,(5)/2 types have already been collected, and in each step a
new coupon is chosen at random. Each random coupon is equally likely to be of any of the
25~1 types, and the random choices are independent. We are interested in the number of
steps J required until coupons of all types have been collected.

Clearly, for all i < |Z|, Pr[J =i] = Pr[r*(Z) = i]; so, since |Z| > 72~,

Pr[r*(Z) < 42" = Pr[J < ~2"] (5.4)

In each step of the above process, a coupon of a fixed type is collected with probability
1/2571. Thus, the probability that a coupon of this type is not selected in the first |2~ ]
steps is

(1—1/20"Hb2 <o e
Therefore, the probability that coupons of all types have been collected in the first |2 ]
steps is
Pr[J <42%] > 1 — (5.(5)/2)-e-e® =1-0O(|S]e™®)

This and (5.4)) yields the desired result. B {of Claim (5.7}

Combining Claims [5.6] and [5.7, we can obtain the desired lower bound for Pr[r < 42*].
|

5.4.2 Proof of Lemma 5.4

As in the proof of Lemma [£.15] we identify two events, & and &, such that if both these
events occur then the event we are interested in (i.e., that (i) and (ii) hold for some 7 < ¢£,2%)
also occurs; then, we compute a lower bound for the probability of £ N&,, instead. Roughly

speaking, £ says that each of the first ©(£,2%) ADDBLKg operations splits a block of depth
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< & — 2, if the partition it is applied to has f<¢,_o > 1/4 + &; and &, says that, in O(£2%)
steps, either all blocks of depth &, have been merged or some block of depth > &, — 2 is split.
As in the proof of Lemma AT5 we will assume (without loss of generality) that N is
larger than the upper bound for 7 — large enough that the definitions we describe later
on in the proof are valid. (We will implicitly make this assumption in the proofs of many
subsequent results in this chapter, as well.)
We define n;, 1}, Z;, and Z! as in the proof of Lemma T35} i.e., n; is the step when the

i-th ADDBLKg operation occurs, 7. is the step when the i-th RMBLKg operation occurs, and

Zi — <Zi71, ZZ'72, . > — Y

i

Zz( = <Zz(,1’ Zz{72’ .- > = Y;ﬁ

Let
K =M (§ —1)- 2071 k=K + 28071

Let &, be the event:
“forall i <k, min{Z;; : j <A (& —1)}<1/4+4¢”

and &, be the event:

447,, S l‘{,/”

where r is the R-time of (Sy, (Z},...,Z.)). (Again, without loss of generality, we assume
that n; < oo for all i < k, and 7, < oo for all i < k'; we can always achieve that by
appropriately modifying the adversary for ¢ > x 4+ «/.) Since the Z; are random point-
vectors,

Pr&] > 1—r-(1—1— o@D > 1 e (/Ao
Also, since (Z1,...,Z',) is a random point-array, applying Lemma[5.5] (for v = £/27%) yields
Pr(€) = 1 — O(|Sple~ 0
Therefore,
Pr[& N &) = 1 — O(ke” W4+ 0=y — 1 _ (g 250 e (/4 (&0—1)y
Combining this with Claim that we show below, yields the desired result.
Claim 5.8. If &, N &, occurs then (i) and (ii) hold for some T < Kk + K'.

Proof. The proof is similar to that of Claim [4.16l Let
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— J be the earliest step when a block of depth > &, — 2 is split,
— K =min{n,,, J -1}, and
— M be the total number of ADDBLKg operations performed in the first K steps.

Since the number of S operations required to split all blocks in Sy of depth < &, — 2 into
blocks of depth > & — 2 is smaller than 2%~!, and the number of RMBLKg operations in the

first K <, steps is at most x/,
M <207l 4 =g (5.5)

Suppose that & N &, occurs. We distinguish two cases depending on which of n/, or J —1 is

smaller.

If K =mn,, then (So, Sy, .. ~>Sn;,> € Rs,z1,..2', y; 80, by &,

If K =J-1<n,, instead, then J = 41 < 1, by (B0). So, & yields min{Y;; : j <
A& — 1)} <1/4+ ¢, and, by Lemma [A.5](a),

legy—2(Sy-1) < 1/4+¢

(since otherwise the block split in step J would have depth < &, — 2).

Combining the above two cases, we have that
gK < &) —1 or €S50—2(SK) < 1/4+€

Let
T = Il’llIl{t . gt S &) —1or €S50_2(5t> S 1/4"‘5}

Since l(<¢,—2(5y) > 1/4 — e and 7 < K < J, we have that either

f(ST) = fo and gggo_g(ST) = 1/4 +¢

or

5(57) = fo —1 and fgfo_g(s.r) > 1/4 + e
So, if £(S;) = & then S; is normal-tailed, while if £(S,) = & — 1 then, by Lemma [B.2(a), S,

is left-heavy; thus, condition (ii) holds. Since 7 < K, condition (i) is also true. Finally,

T<K<M+K <rk+FK

by ([B.3). n
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5.5 From a normal-tailed to a short-tailed partition

Roughly speaking, we show that in an S-process that starts from a normal-tailed partition
and has sufficiently large sampling-size functions, with high probability, it takes at most
O(|So|) steps until one of the following three events happens: we reach a short-tailed parti-
tion, or we reach a fat-tailed partition, or all smallest blocks of Sy have been merged. The

formal statement of this result is as follows.

Lemma 5.9. Consider an S-process such that Sy is normal-tailed and, for all k > 2,
At (k) > 8(n2)k and A_(k) > 8k (5.6)
If the S-process is long enough then, with probability
1 — O(2%0e~ /472924 (%0)) (5.7)

there is T < 250, where ¢ is a positive constant, such that

(i) all the blocks that are split in the first T steps have depths < &, — 2, and
(i) S; is short-tailed, or S, is fat-tailed, or S, is left-heavy and & < &.

The proof of this result is based on the observation that for a normal-tailed partition
with u < &, (1) the number of ADDBLKg operations required to increase p by one is smaller
than the number of RMBLKg operations required to merge a single pair of blocks of depth
< ¢ — 2 (since l<¢c—o < 1/4+ ¢); and, (2) the ADDBLKg operations split blocks of depth
< ¢ — 2, with high probability (since f<¢_5 > 1/4 — ¢). So, starting from a normal-tailed
Sp, if ADDBLKg operations occur “sufficiently often” then a short-tailed partition is reached,
while if mostly RMBLKg operations take place then either a fat-tailed partition is reached
or all smallest blocks are merged.

We begin by revisiting the notion of A-times and showing a related result.

5.5.1 More on A-times

Let S € S and W be as in (48), i.e.,
W= (W,....W,), where W, = (Wy1,...,Wy,)€I™, foreacht=1,...,1, (5.8)

Recall from Section [L.5 that the A-time of (S, W) is, roughly speaking, the maximum number

of ADDBLKg operations required to split all largest blocks of S, when the sample points used
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are those in W, and any number of pairs of sibling blocks of depth > 1(.S)+2 may be merged
between two ADDBLKg operations. We define the A-time of (k, k', W), where k,x" € N, as
the supremum of the A-time of (S, W) taken over all S such that

u(S)=r and £(S) =+

The next lemma provides an upper bounds on the A-time of (k,x’, Z), where Z is a

random point-array, that holds with probability > 1/2.

Lemma 5.10. Let 7 be the A-time of (k, k', Z), where k, k" € N and Z = (Z1,Z5,...) is a
large enough random point-array. Then,
Pr [T < Rl 4 2<2+lng)] > 1, where o = M
o o 2 28
Proof. The proof is similar to that of Lemma [4.6l For each W as in (5.8)), where [,, = | Z]
and h,, = |Z,|, we define the sequence (T5(W),..., T} (W)) as in (EI2), letting S be the
partition that has

We also let
(W) =inf{t : p(I7(W)) =r+ 1}

and 7(W) be the A-time of (k, &', W). Then,
Claim 5.11. For all W, 7*(W) > 7(W).

The proof of Claim [5.11]is similar to that of Claim [4.7] and is omitted. The next result is
the analogue of Claim 4.8 Notice, however, that the bound we show below holds even for

small values of k, while the bound in Claim (4.8 is asymptotic, as kK — o0.
Claim 5.12. Pr [77(Z) <2""'+ 2(24+In2)] > 1

Proof. Let

2 2
b:2“+1+—<2+ln—>
o o

Similarly to (4.25]), we have that

Pr[r(2) <8 > Pr | Y7 <] (5.9)

i=1
for 7y,..., 7o independent geometric random variables such that, for each i, E[r;] = 1/p;,

where
p; = 1— (1 _ i/2f€))\+(li+1) Z 1— e—iO'
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By applying Markov’s inequality to the right-hand side of (5.9]) we obtain

Prr*(2) < b >1— %]E [Zﬁ] (5.10)

1=1

We now bound from above the expected value of 222; Ti.

2N 2I‘€ 2N 2I‘€ .
1 1 . e
B[y n] =2 <Y i = i
i=1 =1 i=1 i=1
Since
2K [e%)
e e 1 1 1
. dr = |—In(l —e* =—1
iz_:l—e—w_/l 1—eor |f7 n(l—e )L o T e
we have

oK

]E[ZT,-]§2“+1€ PES N (5.11)

, —e % g 1l—e°
=1

We distinguish two cases depending on the value of o.
If 0 > 1 then

1 e ‘¢ e
1 —1 (1 )<
nl—e—" o +1—e‘“ —1—e°

e ? e~ ! 2 2
e

<
“1l1+o

and

IN

Therefore, (5.11]) yields

oK

e’ 1 2 1 2 b
B[} n| <2 (1+-) <2 (1+-)=2+= <2
;T - +1—e_" _'_O' - +1—|—O’ _'_O' +a 2
If 0 < 1, instead, then
_ o? o
e”<1—a—|——<1—§
so, (5.I1]) yields
z~ 1—0/2 1 2 1 2 b
E[ i]<2” Sl =24 S(24+o)—1< -
dom| <2+ o2 to, +-@2+m) 1<

Therefore, in both cases E[> 7, 7] < b/2. Combining this and (EI0) yields the desired

1=

bound for Pr[t*(Z) < b]. B {of Claim 512}

The lemma now follows by combining Claims E.11] and 5.12 [
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5.5.2 Proof of Lemma

We describe three events, £, &, and &, such that if they all occur then (i) and (ii) hold for
some 7 < 2%, and we show that & N & N & occurs with the probability in (5.7). Roughly
speaking, & says that each of the first ©(2%) ADDBLKg operations splits a block of depth
< & —2, if the partition it is applied to has f<¢,_o > 1/4—2¢; for each depth d < &y —2&p, &
states a threshold for the maximum number of RMBLKg operations, among the first ©(2%)
such operations, that are applied to partitions of u > d and f<¢,_5 < 1/4 + 2¢, and merge
blocks of depth < &, — 2; and, for each d, & states a threshold for the maximum number of
ADDBLKg operations that are applied to partitions of u = d, provided that the thresholds
specified by & are not exceeded.

For i > 1, we define n;, 1., Z;, and Z! as in the proof of Lemma 5.4l Also, for d > 1,
we let n¢ be the i-th step when an ADDBLKg operation is applied to a partition of u = d.
Formally,

p=int{t [ <tV =+ and oy = d}] =)
If nd < oo, we denote by Z¢ the corresponding sequence of sample points, i.e.,

Z{ =Yy

(Without loss of generality, we assume that the adversary is such that n¢ < oo for all d, i
such that the definition of the events &, &, and & below are valid.)
We now define the events & &, and &5. Let

K = 2572 K = Kk 4 2%
&1 is the event:
“forall i <k, min{Z;; : j <A ({—1)} <1/4—2¢"

Define
Q1 — 1, ifmax{Z]; : j<A_(d)} <1/4+2¢
0, otherwise

and let & 4 be the event:
“Z Q;d < /{&77
i=1

The values of the «; will be specified later. Define also

de{ 1, itag; < (g

0, otherwise
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where aq; is the A-time of

d d d
<d? 507 <Z(i—l)Cd+17 Z(i—1)<d+2’ cety ZZ<d>>
and let & 4 be the event:
Kd
DICETERY

1=1

The values of the k4 and (4 will also be determined later. We define the events & and &3 as

v—1

v—1
Er=)&2a and & =[)&u
d=2

d=2
where

v==E§ — [2log&o]

Next, we compute the probability of the above events. For &, since the Z; are random

point-vectors, we have
Pr(€] > 1 — r(1 — 1/4 + 2e)* 07D > 1 — ge= (/4720024 (G0 =1) (5.12)

To establish lower bounds for Pr[&] and Pr[€;] we will use the following version of the
Chernoff’s bounds. By Bi(n,p) we denote a binomial random variable with parameters n

and p.
Lemma 5.13.
(a) Pr[Bi(n,p) > enp] < e
(b) Pr[Bi(n,p) < np/2] < e /8
Part (a) of the lemma follows from Theorem 4.1 in [60], and part (b) from Theorem 4.2
in [60].
First we bound Pr[€;4]. Note that, for each d, the Q, ..., Qf& are independent, since

the Z! are independent random point-vectors. Also, for each 1,

Pr(Qf = 1] = (1/4+ 2e)* @ < g7 G/17292-(@)

)

Thus,
Pr(& 4] = Pr [Bi(r/, Pr[Q} = 1)) < )] > Pr[Bi(x, p})) < x)] (5.13)

where

Pl = e~ (/42 @)
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(The second relation in (5.I3]) holds because Bi(n, p) is stochastically smaller than Bi(n, p’),

if p' > p). We set
kg = [max{er'p);, §olog&o}]

If ex'pl; > & log &y then
Pr[Bi(x', pj) < rq] = Pr[Bi(x', p) < er'p]
so, by Lemma [5.13(a),
Pr([Bi(x',p)) < k)] >1— e P > 1 — gboloako/e

If ex'pl; < &olog o, instead, then

Pr[Bi(x', py) < ry] = Pr[Bi(x', py) < &olog&o] > Pr(Bi(x', & log o/ (en’)) < &ologéo)

so, again, by Lemma [B.13|(a),
]P]I’[Bi(/{,,p:i) < KJZI] > 1 — ¢ ¢ologéo/e
Applying the above results to (5.13), we obtain

PE[gZd] >1— 6—50 logéo/e

thus,
Pr[£y] > 1 — ve Solosdo/e (5.14)
Next, we bound Pr[&; 4. We set
od-+1 9d+1
= |29 +7<2+1 7ﬂ
C [ M d+ D\ TN d+ D)
Then, by Lemma [5.10,
Pr(Q; = 1] = Prfaq; < ¢a] > 1/2
Note that, for each d, Q, ..., de are independent because their values are determined based
on non-overlapping parts of (Z¢, Z¢,...). So,
Pr(&34] = Pr [Bi(kg, Pr(Qf = 1]) > &}, + 1] > Pr[Bi(kg, 1/2) > &, + 1] (5.15)

We now set

ka = 4(k, + 1)
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Then, by Lemma [E.I3|(b),
Pr[Bi(kq, 1/2) > Kl + 1] > 1 — e~ "at/4 =1 _ O(eS0loaso/4)

From this and (5.15)),
]P]r[gad] =1- 0(6—50 10g§o/4)

thus,
Pr[&s] = 1 — O(ve~Soloss0/4) (5.16)

Combining (5.12)), (5:14)), and (5.16]), we obtain

Pr[€; N & NE;] =1 — 020 (/4720024 (&0 =1)

To establish Lemma [5.9] it remains to show the following result.

Claim 5.14. If event & N E N E; occurs then (i) and (ii) hold, for some T < Kk + K.

Proof. Suppose that & N & N & occurs. Since Sy is normal-tailed, f<¢,_2(Sy) > 1/4 — &,
and, so, for all t < n,,

l<gy—2(t) > legy—2(S0) — #2072 = 1/4 — 2¢

From that, £, and Lemmal[L.5|(a), we obtain that the first Kk ADDBLKg operations split blocks
of depth < & — 2. Therefore, (i) holds for 7 = 7,, and, thus, for any 7 < 7,. Note that the
number of RMBLKg operations during the first 7, steps is at most |Sp| + x < 2% + k = K/;
thus,

Ne < K+ K

Therefore, to complete the proof of the claim it suffices to show that (ii) holds for some

7 < 1n,. We distinguish two cases.

Case A: l<¢_2(S;) > 1/4 4 2¢, for some t < 7.
Let 7 be the smallest such t. Clearly, &, € {&,& — 1}. If & = & then S is fat-tailed; if
& =& — 1 then, by Lemma [5.2(a), S; is left-heavy. Therefore, (ii) holds.

Case B: (<¢,_5(S;) < 1/4+ 2¢, for all t < n,.

We show that the number of ADDBLKg operations that are applied to partitions of p < v
in the first 7, steps is strictly smaller than k. So, since (by definition) exactly x ADDBLKg
operations take place during the first 7, steps, there is some 7 < 7, such that pu, > v and,

thus, S; is short-tailed. Let K, for d > 1, be the number of RMBLKg operations that are
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applied to partitions of p > d and merge blocks of depth < &, — 2, during the first 7, steps.
By the case hypothesis, &, and Lemma [.5(b), we have that for each d € [2..v — 1],

K}y < wy (5.17)

Let K4 be the number of ADDBLKg operations that are applied to partitions of y = d in the
first n, steps. Let also, for i > 1,

A = [né—l)Cd + 1"77?@1]

(We define n¢ = 0.) Note that exactly (; ADDBLKg operations are applied to partitions of
1 = d during the steps in A;. If no blocks of depth d or d 4+ 1 are merged during these steps,
and Q¢ = 1 then all blocks of depth < d have been split by the last step in Ay; i.e., y; > d,
for t = nféd. Also if py, > d and py, = d, for some t; < ty, then, between steps t; + 1 and
to, at least one RMBLKg operation is applied to a partition of u = d + 1 and merges a pair
of blocks of depth d + 1. By these observations, for each d € [2..v — 1], there are at most
K, +1 distinct i such that A; N [1..7,] # 0 and Q¢ = 1. However, by & 4 and (517), Q¢ =1
for at least k), +1 > K/, + 1 among the i = 1,..., k4. Therefore,

Kq < Kalq
The total number of ADDBLKg operations that are applied to partitions of © < v during the

first 7, steps is then

v—1

v—1 v—1
Y Ki<> (kaCa) = Z (K, +1)C) (5.18)
d=2 d=2

By the definition of «/, and the assumption that, for all k> 2, A\_(k) > 8k, we have

Kl < & log & + er'ply = Eglog &g + e(1 + 4/e) ke D8 < ¢ 1log &y + 65ere™™

Also, by the definition of (; and the assumption that, for all £ > 2, A, (k) > 8(In2)k,

Ca <2 (1+1/4)

Applying the above two results to (5.18), yields

—_
AN
—_

Kq <) (4(&log &+ 65exe™™ + 1) - 2441(1 + 1/4))

AN

d=2 d=2
v—1 v—1
=10(¢log&o +1) Y 24+ 10 65ex Y (2%
d=2 d=2

< 10(& log &y + 1)2%011 /€2 + 650ek(2e7°)? /(1 — 2¢79)
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In the last line, the first term is in ©(2% log&/&y), and the second is < /2. So, for all
sufficiently large &g,

v—1

Z K;<k

d=2
Since the number of ADDBLKg operations applied to partitions of 4 < v in the first 7, steps
is smaller that the total number x of ADDBLKg operations during these steps, there is some

T < 1, such that p, > v. This, together with the case hypothesis and the fact that & < &,
yields that S, is short-tailed; thus, condition (ii) holds. [

5.6 From an arbitrary to an almost-safe partition

Here we combine the results of the previous two sections to show that, roughly speaking,
in an S-process that starts from any initial partition and has sufficiently large sampling-
size functions, it takes at most O(&2%°) steps, with high probability, until an almost-safe

partition is reached. The formal statement of this result is as follows.

Lemma 5.15. Consider an S-process such that, for all k > 0,
Ay (k) > max{8(In2)k, 5} and I_(k) > max{8k, 3} (5.19)
where (3 is a sufficiently large constant. If the S-process is long enough then, with probability
1— 0(502506—(1/4—26)A+(£o—2logfo)) (5.20)

there is T < c€y2%°, where c is a positive constant, such that
(i) Sy is almost-safe, and
(ii) for allt <,
&o, if So is left-heavy
& < .
& + 1, otherwise
We prove this result in two steps. First, using Lemmata 5.4l and 5.9, we show that if we
start from a partition that is not thin-tailed then, with high probability, it takes at most
O(&y2%) steps until we reach either a short-tailed partition or a partition that has & < &.

This result is formally stated as follows.

Lemma 5.16. For any long enough S-process such that Sy is either thick-tailed or normal-
tailed, and (5.0) holds for all k > 2, with probability

1 — 0(502606—(1/4—2€)>\+ (fo))
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there is T < c£y2%°, where c is a positive constant, such that

(i) all the blocks that are split in the first T steps have depths < &y — 2, and
(ii) Sy is short-tailed, or S. is left-heavy and & < &.

We then use this result to establish Lemma[5.15l The main machinery that we use in the
proofs of both lemmata (and that we have not used in any of the proofs we have described
so far) is that, roughly speaking, we formulate the transitions between partitions of different
types in the S-process as a Markov-chain, and use this Markov-chain to establish bounds on

the number of steps required until some partition of a desired type is reached.

Proof of Lemma [5.16

We assume that Sy is not short-tailed — otherwise, the lemma holds trivially (for 7 = 0).

Informally, the proof proceeds as follows. We consider the sequence of times (ry =
0,7y, 72,...), where 7,1 is the earliest step after step 7; when a normal-tailed partition is
reached, if S, is thick-tailed; or a thick-tailed partition is reached[] if S, is normal-tailed. We
focus on the prefix of this sequence until one of following two conditions is met: (a) we reach
a short-tailed partition or a partition with & = £, —1; or (b) a block of depth > &, —2 is split.
(Intuitively, (a) is the “good” outcome, and (b) the “bad.”) Using Lemma [5.4] (Lemma [5.9)])
we bound from below the probability that from a normal-tailed (thick tailed) partition
in step 7;, we reach a thick-tailed (normal-tailed) partition in step 7,1, or condition (a)
is met. Based on that, we compute a lower bound on the probability of the event that
either condition (a) is met in O(&2%) steps, or a larger number of steps take place without
condition (b) being met (event & ). We also compute a lower bound on the probability of
the event that a partition of & = &, — 1 is reached before that large number of steps takes
place (event &). Combining these two bounds we obtain the desired result.

We begin by introducing some useful notation. Let

Sior = {S € S : S is normal-tailed but not short-tailed, and £(S) = &}
Sink = {S € S : S is thick-tailed but not short-tailed, and £(S) = &}
St = {S €S : S is fat-tailed and £(S) = &}
T ={S €8S : S is short-tailed and £(5) < &, or S is left-heavy and £(5) < &}

Note that Sy € Sink U Spor- Note also that if (i) holds then (ii) is equivalent to S, € T.

4More precisely, a fat-tailed one.
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We define the following infinite sequence of times (g, 71, ...). We let 7 = 0, and for each
1 > 1, we let 7; be as follows, where ¢q is a positive constant we will determine later; ¢; is
equal to the constant ¢ of Lemma [5.4} and ¢, is equal to the constant ¢ of Lemma [5.9.
olfr,y=00o0r S, , €Tori>cyy then 7, = 0.

o Else if S;, , € Stk then 7; is the infimum of all ¢ € ;-1 + 1..7;_1 + 0150250] such that:
— S, €8S,,: UT, and
— all the blocks that are split in steps 7;,_1 + 1 to ¢ have depths < &, — 2.

o Else if S;, , € Spor then 7; is the infimum of all ¢ € [r;_; + 1..7;_1 + ¢22%] such that:
— S € S UT, and
— all the blocks that are split in steps 7;,_1 + 1 to ¢ have depths < &, — 2.

Clearly, for the above sequence of 7;, there is some index
K < oo

such that:
« forall 1 <i¢ < K, S, € Spor U Stat,
x for all t > K + 2, 1, = oo, and

* either 7,1 = 00, or T 1 < oo and S, , € T.

K+1
Specifically, for all i € [1..K], if Sy € Stk then for all even such i, S;, € Sg, and for all odd
1, Sr, € Spor; if Sp € Syor the reverse is true — i.e., for all odd 7, S;, € Sg,, and for all even
i, Sz, € Spor- (Recall that we assumed Sy € Sk U Spor.) To distinguish between the two

possible cases for i = K + 1, we define

eT)

K+1

0= 1, if 7541 < oo (and, thus, S,
0, if TK+1 = OO

Note that all the blocks that are split in the first 74, steps have depths < & — 2, and for

alli € [1.K + Q),

2%, if S, €8S
ﬂ—n-_lﬁ{cl&] 2o € Pk (5.21)

02250, lf STifl € Snor
Next, we describe two events, £ and &, which imply the event that we are interested in

(i.e., that (i) and (ii) hold for some 7 < ¢£2%). & is the event:

“Q=1or K = [coéo]”
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We can compute an upper bound for the probability that the complementary event: “Q) =0

and K < |coéo|” occurs, as follows.

Pr[&)] = Prl{Q = 0} N{K <[]} = > Pr{{Q=0}n{K =i}

0<i<|cobo]

< Y Pr{Q=0}n{K =i} | K > 1] (5.22)

0<i<[coéo]

Let A be the event:
{rn=t}n{S, =T}N{K >i}

where i,t € N and T" € S are such that Pr[A] > 0. Conditioned on A, (S.,, Sr41,...)
is the partition-sequence of an S-process (of initial partition 7', the same sampling-size
functions and precision as the original S-process, and length N —t). Also, since Pr[A] > 0,
T € Sihk U Spor. So, if T' € Sy then, by Lemma [5.4],

Pr[{Q =0} N {K =i} | A] = O(&2%e~(1/4+e)r+ (%))
while if T' € S, then, by Lemma [5.9]
Pr[{Q =0} N {K =i} | A] = O(2%e(1/472)A+(0))
Applying the above two results to (5.22)), we obtain
Pr[&,] = 0(00532506—(1/4+s)/\+(50) + C0502&06—(1/4—25)>\+(&o)) - 0(502506—(1/4—25),\+(50))

thus,
Pr[&)] = 1 — O(&2%0e (/472224 (60)) (5.23)

We now describe &. For i > 1, we define 1, and Z! as in the proof of Lemma [5.4. & is
the event:

447,, S l‘{,/”

where 7 is the R-time of (S, (Z},...,Z.,)), and
K= A6 — 1) 20

Since the Z! are independent random point-vectors, we can bound from below the probability

that & occurs by applying Lemma (for v = K'27%):

Pr[&)] = 1 — O(|Sple D) (5.24)
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By (5.23) and (5.24),
Pr{&, N &) = 1 — O(g280 (/=2 (€0)y

Combining this with Claim [5.17] that we show next, yields the desired result.

Claim 5.17. If & N & occurs then (i) and (ii) hold for some T < c£y2%, where ¢ is a

constant > 0.

Proof. Suppose that & N & occurs. We will show that
Q=1 and 7K1 < 050250

for some constant ¢ > 0. From this, it is then immediate that (i) and (ii) hold for 7 =
TR+ < 050250.

By &, there is some step
T < 2R 42507 =207 (2X (S — 1) + 1)

such that
&0 <& or ablock of depth > & — 1 is split in step 7’

(Because if all the blocks that are split in the first 2x’ 42571 steps have depths < & —2 then

at least x" RMBLKg operations are performed in these steps, and, thus, (So, Sy, ..., Sy,) €

......
T < 2071201 (&% — 1) + 1) (5.25)
We can now show that @ = 1 as follows. For all i € [2..K],
T — T > €207

since £2¢072 is the minimum number of S operations required to get from a fat-tailed partition
of £ = £, to a normal-tailed partition of the same £ (and, thus, it is also the minimum number

of M operations to achieve the reverse result). Therefore,
T > (K —1)e2%72
Combining this and (5.25]) yields

K< (2/e)- (2xe(éo—1)+1)+1
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Therefore,
K < |coéo]

if ¢g is a sufficiently large constant (since Ay (k) = ©(k)). From this and &;, we have that
Q = 1. It remains to show that 741 < c£,2%°. Since Q = 1, by (E.21)),

Ta1 < T + max{01§025°, 02250}

so, by (B.25),
T+ < 2§0_1 (2)\4_(&] - 1) + 1) + max{01£02§°, 022&)} < 050250

for a sufficiently large constant c. [ |

Proof of Lemma

Informally, the proof proceeds as follows. As in the proof of Lemma (.16l we define a
sequence of times (1 = 0,7y, 7,...), such that we can apply Lemma to each of the
sequences of partitions (5., Sr,41,...,55,,). (In the proof of Lemma[5.16], the corresponding
sequence of times was such that Lemma [5.4] or could be applied to each such sequence
of partitions.) Here, however, there is the complication that Lemma can only be used
when the starting partition S, is thick-tailed or normal-tailed (like Lemmata [5.4] and [5.9])
will be

thick-tailed or normal-tailed (or short-tailed). We overcome this problem as follows. If .S, is

but (unlike them) it does not ensure, with high probability, that the resulting S,
thin-tailed then, instead of (S;,, s, 41, ...), we consider a (less balanced) partition sequence
(denoted (T3, Ti+t, . ..)), that is obtained if we replace S,, by a thick-tailed or normal-tailed
partition, denoted h(S,,), and then apply to it the same sequence of operations as in the
original S-process. h(Sy,) is such that h(S;) =S, and &(h(S;,)) = &, or &, + 1. Roughly
speaking, 7;11 is the earliest step after step 7; when (a) an almost-safe partition is reached,
or (b) all blocks of depth d = &, (or d = £(h(S5,)), if Sy, is thin-tailed) have been merged,
or (c¢) a block of depth d or d—1 is split. Outcomes (a) and (b) are the “good” ones, while (c)
is the “bad” one. (We denote by G; the indicator random variable of the good outcomes.)
Next we express the event whose probability we want to bound in Lemma [5.15] in terms of
an event (denoted &) on the sequence of 7;. Then we show that this new event is implied
by two simpler events, £ and &. Intuitively, £ says that all partition sequences that start
from a sufficiently large partition have a good outcome (G; = 1); and &, says that most of

the partition sequences that start from a smaller partition also have a good outcome. We
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then show that the probability that & N &; occurs is as in (5.20), which implies the desired
result.

We begin with some definitions. We let h be a function that maps each partition S to
a partition h(S) < S that is thick-tailed or normal-tailed, and has the smallest possible &.
Formally, let h : S — S such that, for each S € S,

o if £(5) < 6 then h(S) =S,
o if £(5) > 6 then h(S) is thick-tailed or normal-tailed, h(S) < S, and

£(9), if S is left-heavy
£(S) +1, otherwise

§(h(5)) = {

Note that, for the case where £(S) > 6, if S is left-heavy then, by the definition of a left-
heavy partition, there is h(S) with the required properties; if S is not left-heavy then A(S)
exists because of Lemma [5.2(b). If £(5) very small, it is possible that there is no partition
=< S that is thick-tailed or normal-tailed; this is the reason why we treat partitions of £ < 6
as a special case in the definition of A. An important observation for our analysis is that if
£(5) < 6 and S is thin-tailed, then S is almost-safe.

We denote by 7(S,t), for t € [0..N] and S € S, the sequence of partitions we obtain if we
start from S and apply to it the same sequence of operations that are applied to partitions
St, Siy1, - .. in the S-process. Formally, 7(S,t) = (Ty, ..., Ty_¢), where

(

S, if j=0

ADDBLKg(T}j_1,Y:1j), if j# 1 and Viy; =+
RMBLKg(Tj_1,Y:4;), ifj#1and Viy; =— and |Tj4] > 1
T4, if j #1and Vy; = — and |1;4| =1

\

The last case in the above definition ensures that we never attempt to apply a RMBLKg
operation to a partition of size 1; it is used only when |S| < |S;|. A useful property of
7 (S,t), which follows from Lemma B14] is that if S < S, then, for all j,

T; X Sty

Consider now the following finite sequence of times (7, ..., 7,), for some sufficiently large

k (such that the arguments we make later on apply.) We let 7o = 0, and, for i > 1, we define

T, = Ti—1 + 04,
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where §; is the smallest positive integer such that at least one of the conditions (a)—(d) below
apply. For j > 1, let
<T0j, lev - > = T(h(STjﬂ)? Tj—1>

a) Tj is almost-safe.
b) Ty is left-heavy and £(T}% ) < &(T5).

(a)

(b)

(c) A block of depth > £(T¢) — 1 is split in step 6; of (T¢, T%,...).
) 0

(d H(E(TE)), for some function ¢ : IN — IN that will be specified later.
Note that the sequence of the 7; is determined from the sequence of partitions (S, T}, . .., T 611,
T¢,...,T;, TP, . ..), instead of directly from the partition-sequence of the S-process — as in

the proof of Lemma [5.16]
It is straightforward to show that the following facts hold, for all 1 < i < &:
(1) Forall j <6;, T} = Sr_,+j

(2) 1<6; < 9(E(T))
(3) For all j < ¢, £(T}) < &(T5)
, E(T) — 1, if condition (b) holds
h 7
W EhlTa)) < { §(Ty) + 1, otherwise

(5) &(T3) < &(13), if condition (a) holds
(6) &(T5™) < &(M(TY))
We denote by £ the event that an almost-safe partition is reached (in the modified

sequence of partitions) in O(£,2%) steps, and all intermediate partitions have £ < &, (more

correctly, £ < &(h(Sp))). More formally, let
= inf{i : condition (a) holds}

£ is the event:
{K < oo} n{rx <c&2%} N {&(TH) < &(h(So))} N ﬂ {&(n(T5,)) < E(M(So)) }

where ¢ is a constant we will specify later.
We now argue that if £ occurs then conditions (i) and (ii) of Lemma hold, for some
7 < c€p2%. Suppose that £ occurs. Then, by (3) and (6), for all i < K and j < §;,

E(T;) < €(h(Sh))
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(The case (i,j) = (K, k) is explicit in the definition of £.) So, by (1) and Lemma [3.4] (ii)
holds, for 7 = 7. Also, by (1) and the fact that if S > S’ and S’ is almost-safe then so is
S, we have that (i) holds for 7 = 7, as well. Finally, by the definition of &, 7 < c£y2%.
Consequently, to prove the lemma it suffices to show that Pr[€] is equal to the probability
in (5.20); we show this in the rest of the proof.

We describe two events, £ and &, such that their intersection implies £. For 1 <1 < k,

let
o — { 1, if (a) or (b) holds

0, otherwise

Let also
A be the set of the £ smallest 7 such that &(T3) > & — 2log &

and
Aj be the set of the £ smallest 7 such that £(T)) < & — 2log &

(Without loss of generality, we assume that there are always enough i of each type to populate
both A; and As.) &; is the event:

“forallie Ay, G; =1
and &, is the event:

ch Gz Z 2 gn

i€Ao

We now compute the probability of the above two events. Let A be the event:
{rii=t}n{Sy=5}NH

where ¢, € IN, S € S, and ‘H is an event on the first ¢ steps of the S-process such that
Pr[A] > 0. Then, conditioned on A, the sequence (Ty,T},...) is the partition-sequence of

some S-process (of the same sampling-size functions as the original S-process). So, if we set
¢(j) = [c52] (5.26)
where ¢’ is the constant ¢ of Lemma 510, then, by Lemma [5.16],
Pr(G; =1 | A] =1 — O(d2%~1/4722+(d)) (5.27)
where d = £(5). From this and the fact that, if d > {, — 2log &y then

O(dee—(1/4—2€)>\+(d)) — O((?fo/&)) . 6—(1/4—26)>\+(€o—210g€0)>
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we obtain that
Pr[&] =1— 0(502506—(1/4—2€)>\+(€0—2logfo)) (5.28)

By (5:27), we also have that, for all A as above such that d = £(S) > d, for a large enough
constant dj,
Pr(G; =11] A >7/8

We can make the above relation hold for d < dg, as well, by choosing the constant 3 in (5.19])
to be sufficiently large. From that, using Chernoff’s bound (Theorem 4.2 in [60]), we can
show that

Pr[&] > 1 — e 6%/(78)

Combining this and (5.28), yields
Pri&N&)=1— 0(502606—(1/4—26)/\+(£o—21og£o))
To establish Lemma [5.15] it remains to show the following result.
Claim 5.18. If &, N &, occurs then £ occurs.
Proof. Suppose that £ N &, occurs. Let
J = min{&}, K}

For each j € {0,1}, we define

aj=|{i < J : &(Ty) > & — 2log& and G, = j}

by =i <J: &(T5) < S —2log&o and G; = j}

Clearly,
ag + a1 + b(] + bl =J (529)

By (4) and (6), we have that for all 1 <i < K,

. T —1, ifG; =1
E(T5H) < STy =1, (5.30)
E(T¢) + 1, otherwise
From this it follows that
ai + bl S f(h(So)) + (Cl() + bo) (531)

Since J < &, we have, by &;, that ag = 0, and, by &, that by < (1/4)&2. Combining these
two results with (5.29) and (5.31]), yields

J < €(h(So)) + 2(ag + bo) < &(R(Sy)) + (1/2)&2 < &
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and, thus,

K <& < oo

Since ag = 0, we have, by (B.30), that for each d such that { — 2logéy + 2 < d < &(h(Sh)),
there is at most one i < K such that £(T¢) = d; so, by (2) and (5.26),

&o+1

< Y () +E& P —2log &+ 1) < 2%

J=80—|2log&o]+2

for ¢ sufficiently large. Since ay = 0, by applying (4) and (6) inductively, we obtain that, for
all i < K,

E(h(T},) < €(h(So))

Finally, by (5), (6), and the above inequality, we have

E(T5) < €(h(S0))

Therefore, £ occurs. |

5.7 From an almost-safe to a safe partition

Informally, in this section we show that in an S-process that starts from an almost-safe
partition and has sufficiently large sampling-size functions, it takes at most O(|Sp|) steps,
with high probability, until a safe partition is reached. The formal statement of this result

is as follows.

Lemma 5.19. For any long enough S-process such that Sy is almost-safe, with probability
1 — O(log & - 2506—(1/4—€)>\(50—210g§0))

there is T < 250, where ¢ is a positive constant, such that
(i) S; is safe
(i) for allt <7, & <& + 1.

The proof is similar to that of Lemma [5.10] and it is based on two results we describe in
Sections [5.7.1land 5.7.2] The first result is analogous to Theorem [4.1], but it concerns short-
tailed partitions instead of safe ones. The second is a generalization of the upper bound for
A-times we showed in Section [4.5]
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5.7.1 From a short-tailed to a short-tailed partition

In this section, we consider a generalization of the class of short-tailed partitions, that consists
of all S € S such that

S is not fat-tailed and p > & —€(§)

where €(k) = o(k). (Recall that the original definition of an almost-safe partition requires
that p > £ — 2log¢ instead of u > & — €(£).) We show that if an S-process starts from
such a partition and has large enough sampling-size functions then, with high probability, in
©(]So|) steps, it reaches another non fat-tailed partition that has £ < &, + 1, and no blocks
of depth < &y — 2 are merged during these steps — so, the “tail” of the initial partition does

not get bigger. The formal statement of this result is as follows.

Lemma 5.20. For any long enough S-process such that Sy is not fat-tailed and py > & —

0(&o), with probability
1— 0(2606—(1/4—€)>\(u0))

there is T € [¢12%..co2%°], where c1, ¢o are positive constants, such that
(i) Sy is not fat-tailed
(ii) for allt <,
— if 2 < ley(So) < 3 then & =& and 3 —e < Le(Sy) <2 +¢
— if Ley(So) > 3 then & € {&, & + 1} and ley11(S) < 34 ¢€ and (e, (S;) > 3 —¢
— if lgy(So) < 1 then & € {& — 1,&} and Ce)(S)) < % +¢€ and lg,—1(Sy) > 1 —¢;
i particular, if no blocks of depth > &y — 1 are split in the first T steps then
& =8& — 1.
(iii) for allt <7 andd e N,

— if Vi =+ and l<4(Si—1) > 7 — € then the block split in step t has depth < d

1
4
i — € then the blocks merged in step t have depth > d.

— if Vi=— and l>4(Si-1) >

The above result can be viewed as the analogue of Theorem (1] for the generalized class

of short-tailed partitions. Note that Lemma seems to provide more guarantees than
Theorem E.1] does. Even though it is not explicitly stated in the statement of Theorem [4.1],
in its proof we show that similar guarantees apply. In fact, it is immediate from the proof
of Theorem [4.] that Lemma holds when Sy is safe. The proof of Lemma is very
similar to that of Theorem ] (see Section [4.6]). Intuitively, the tail of Sy does not essentially
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affect the analysis because: (1) since the tail is not fat, Sy is similar to a safe partition; and
(2) since the tail is short, the number of random probes executed for each ADDBLKg or
RMBLKg operation may be smaller that Ay, ,_(log|S;|), respectively, by only a negligible
factor — of order o(1). The details of the proof are omitted.

5.7.2 A,-times

Let S € S and W be as in (48], i.e.,
W= (W,...,W,), where W, =W,,,..., W, )€™, foreacht=1,...,1, (5.32)

Recall that the A-time of (S, W) is, roughly speaking, the maximum number of ADDBLKg
operations required to split all blocks of S of depth (at most) k = p(S), when the sample
points used are those in W, and any number of sibling blocks of depth > k + 2 may be
merged between ADDBLKg operations. In this section, we consider a generalization of the
above definition, where k is a parameter, and we prove a result analogous to that we showed
in Section for A-times.

We denote by Ay sw, for k > u(5), the set of all sequences in Agy such that no blocks
of depth < k + 1 are merged between ADDBLKg operations. The Ag-time of (S, W) is the

supremum of

inf{t : w(Ti) > k}

taken over all (T, ..., T}, ) € Arsw-.

The next result is the analogue of Lemma H.6l By sp,(S) we denote the number of S
operations we must apply to partition S to achieve p > k. It is straightforward to verify
that

spe(S) =D (s;(9) - (27 — 1)) (5.33)

J<k
Lemma 5.21. Let 7 be the Ag-time of (S, Z), where S € S, k > p(S), and Z2 = (Zy, Z, .. .)

1$ a large enough random point-array, and let v be a positive constant. Then,
IPH'[T S Spk(S) 4 72k+1] — 1 - O(2ke—’y(1—0(1/1nk)))\+(k+1))
Proof. (Similar to the proof of Lemma [4.6l) Let T" be the partition such that

pwT)=k+1, &T)=k+2, and sp41(T) = sp,(5)
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(By (5.33), sp,(S) < 2! so, T is well defined.) For each W as in (5.32), where [,, = |Z]|
and h,, = |Z1|, we define the sequence of partitions (Tg(W),..., T;* (W)) as

T, ift=0
T W) = 3 Sun (T (W), i ¢ 0 and min{ Wi i < A (u(T)} < Lugry (T, (W)
Tr (W), otherwise

(5.34)
Note that the above definition is almost identical to (4.12); it differs from that only in the
starting partition, and in the condition of the middle case, where “A, (u(77))” is used instead
of “Ay(u(T)+1).” We let

(W) = inf{t : p(T; (W) = u(T) + 1)

and 7(W) be the Ag-time of (S, W). Then,

Claim 5.22. For all W, 7*(W) > 7(W).

Proof. (Similar to the proof of Claim [£.7]) Suppose for contradiction that 7*(W) < 7(W),
for some W. Then, for this W, there is a sequence (Ty, ..., 1},) € Aksw such that

(W) <inf{t : u(T3) > k}
Below we write T to denote T} (W), for the above value of W. Let
to =min{t : sp1(T};) <spp(Ty)}

(Clearly, there is such a ty.) Then,

k1 (T, 1) = 0y (Thp-) (5.35)
Sk (T5) = s (Thy1) — 1 (5.36)
Pi(Tiy) = sp4(Tig 1) (5.37)

By (£.33) and (5.33),
e (Tio) = Y (55(Thgr) - (2577 = 1)) /254 <7 (85(Thg-1)/27) = Li(Tiyr)  (5.38)

The rest of the proof is analogous to the corresponding part of the proof of Claim [4.7] using

relations (5.38), (5:36), and (5.37) in place of (LI3]), (£14) and (ZI5), respectively.
B {of Claim [5.22]}
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We remarked earlier that definition (5.34)) is almost identical to ([d.I2). In fact, the two
definitions become ezactly the same if we make the following two changes to (LI2]): we set

S =T, and we let the underlying sampling-size function be X, (d) = A;(d — 1) (instead of
Ay (d)). Claim (.8 then yields

lP]I'[T* (Z) < Spk(S) + 72k+1] >1— O(le—'y(l—o(l/lnk)))\+(k+1))

Combining this with Claim [5.22] yields the desired result. [ |

5.7.3 Proof of Lemma

In the proof we describe below we assume that Sy is short-tailed and that it is not safe. If Sy
is safe then the lemma holds trivially (for 7 = 0). If Sy is not short-tailed then we consider the
partition-sequence (S{, ..., Sy), instead of (Sp, ..., Sy}, where S} is a short-tailed partition
such that

Sh =Sy and £(S)) =&

and, for t > 1,

5 = { ADDBLKg(S]_1,Y:), if V, =+
RMBLKg(S]_,,Y:), ifV,=—
(By Lemma (53] S exists.) The corresponding result for the original partition-sequence
can then be obtained by observing that (by Lemma BI4) S; < S;, for all ¢, and applying
Lemmata [4.2] and 3.4
The proof has a similar structure as the proof of Lemma [5. 16} here we use Lemma [5.20in
place of Lemmata [5.4] and 5.9, and Lemma [5.21] in place of Lemma [5.5l Roughly speaking,
we consider a sequence of times (19 = 0,7y, 7,...), such that we can apply Lemma
to each of the sequences (S, Sr41,...,5%,,). Intuitively, 7,1, is the earliest step 7, + 7
such that 7 € ©(|S,,|) and 7 satisfies conditions (i)—(iii) of Lemma [(.20; if no such a step
exists then the sequence of 7; stops (more correctly, 7; = oo for all j > i). Based on the
sequence of 7;, we describe two events, £ and &, such that if they both occur then the
event we are interested in also occurs; so, we compute a lower bound for the probability of
& N &, instead. Roughly, & says that unless a safe partition is reached, the length of the
sequence of 7; exceeds some O(&) threshold. &, describes, for each depth k, a threshold on
the maximum number of RMBLKg operations required until all blocks of depth < k have been

split, provided that no blocks of depth < k are merged during those steps; the thresholds are

®Note that (S}, ..., S is in fact the sequence 7 (0, S}), where 7 was defined in the proof of Lemma [5.15]
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chosen based on Lemma[5.2T] The intersection of & and &; yields that ADDBLKg operations
increase j; much faster than they increase &;, while RMBLKg operations may only decrease
&, and they do not affect smaller blocks. Therefore, a safe partition is finally reached.

More precisely, let
T={SeS: Sissafeor £(5) > & + 2 or u(S) < po}

We define the following infinite sequence of times (1, 71,...). We let 7 = 0, and for each
1 > 1, we let 7; be as follows, where ¢y is a positive constant we will determine later; and
c1, ¢y are the constants of Lemma [5.201
olfr,_y =000r S, , €Tori>cylogéy then 7; = oo.
o Otherwise, 7; is the infimum of all ¢t € |1, + 12571 i + 0225”*1] such that (recall
conditions (i)—(iii) of Lemma [5.20):
(a) S; is not fat-tailed.
(b) For all j € [r;_1..t],
— if 3§ <Le(S, ) <3then & =&, , and 1 —e < l(S;) <2 +¢
— if e(Sy, ) > 3 then & € {&, .6, , + 1} and L, 4(S;) < 1+ ¢ and
le, (8;) =]
— if Le(Sr,_,) < 7 then & € {&,, — 1,&, .} and l;, (S;) < 1+ ¢ and
le,  —1(S5) = i — ¢; also, if no blocks of depth > &, — 1 are split in steps
Ti—1 + 1..t then f.r = 50 — 1.

— £

(c) Forall j € [r_;+1..t] and d € N,

— if V; =+ and {<4(S;-1) > i — ¢ then the block split in step j has depth < d

— if V; = — and {>4(S;_1) > 1 — € then the blocks merged in step j have depth
> d.

Similarly to the sequence of 7; we described in the proof of Lemma [5.16, there is some
K < ¢ylogé&p

such that: for all 0 <i < K, S, is a non fat-tailed partition and S, ¢ T; for all i > K + 2,

7; = 00; and either 741 = 00, or T4, < o0 and Sy, € T. Again we define

+1

eT)

TK+1

0= { 1, if 7411 < oo (and, thus, S

0, if Tky1 =00
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Next we describe two events, & and &, (similar to those described in the proof of
Lemma [5.16]) and compute the probability that they occur. We then show that their inter-

section implies the event we are interested in. & is the event:
“Q =lor K = |_CQ log g()J”

Similarly to (5.22),
Pr(é)] < Pr{{Q = 0} N {K =i} | K > 1] (5.39)
0<i<[co log &o |
Let A be the event:
{r=t}n{S, =T}N{K >i}

where ¢, € N and T' € S are such that Pr[A] > 0. Conditioned on A, (S;,, S5 +1,...) is
the partition-sequence of an S-process (of the same sampling-size functions as the original
S-process). Also, since Pr[A] > 0, T is not fat-tailed, u(7") > uo, and &(T") < & + 1. So, by
Lemma, [5.20]

Pr{Q =0}N{K =i} | Al = O(2§(T)€—(1/4—€))\(M(T))) — O(2§0€—(1/4—5))\(u0))
Applying the above to (£.39), we get
Pr[&] = O(log &, - 280e(1/4=2) ko))

S0,
Pr[&y] = 1 — O(log & - 20 e~ (/479 ko)) (5.40)

We now describe &. For i > 1, we define 7; and Z; as in the proof of Lemma 5.4l For
k > 1o, we let &, be the event:

“a;k S I{;k”

where ay, is the A-time of (Sy, (Z1, ..., Zy,)) and
K = spy(Sy) + 2871

We let

&o—2

&= () &

k=po
By Lemma [5.21] (applied for v = 1/4), we obtain

Pr[£y] = 1 — O(2Fe~1-00/mmDA+(+1)/4)
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S0,
Pr[&]=1— O((fo — 1) - Quoe—(l—o(l/lnuo))k+(uo+1)/4> (5.41)

By (5.40) and (5.41)), we have
Pr[€; N &) =1 — O(log &, - 20 1/472)M o)y

Combining this with Claim [5.23] that we show next, yields the desired result.

Claim 5.23. If £,NE, occurs then (i) and (i) hold for some 7 < ¢2%, where ¢ is a constant
> 0.

Proof Sketch. Informally, we proceed as follows. For j > 119, let C; be the step when the
r;-th ADDBLKg operation occurs, and, for j < &, D; be the earliest step when & = j and
(;(S;) < 1/4 —e. By &, &¢; > j if no blocks of depth < j + 2 have been merged until step
Cj; and, by &1, no blocks of depth < j have been merged until step D;. We let L be the
largest depth j such that C; < D;,9, and we consider the latest step G' among Cr, and Dyy3.
Then, pug > L and £ < L + 3. We argue that a safe partition is reached either before step

G, or soon afterwards.

For j > 1, let
CJ: 77@» 1f]2M0
0, otherwise
and
D; =inf{t : {& < jand ¢;(S;) <1/4—¢}
Note that

Clz"':CMO—1:O<CNOSCNO""lS‘.'

D1>"'ZD§0ZO:D§0+1:D§0+2:"'

(C; = Cj4q, for some j > pyp, iff C; = oo; and D; = D,_4, for some 1 < j < &, iff D; = 00.)
Let
L=max{j : C; < D,s}

Note that ug —1 < L <& — 2. Let
G = max{C’L, DL+3}

Then,
G < CL+1 and G < DL+2 (542)
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Let also
F =inf{t : S, is safe}

and J be such that

TJ_1<II1i1’l{G,F}§TJ, if G >0

and J =0, if G=0.
Suppose that & N & occurs. Based on (5.42) and the fact that, for 1 < i < K + @,

T — Tz > 12571, we can show (inductively) that

2

J—=1<—(§— L) <cologo—2

&1

for a large enough ¢q. Combining this, event &, and (5.42)), we can show that
J<K+Q
and that, for all ¢ < min{G, F'},
§<&+1 and p > po

So, if I' < G the lemma holds. Suppose now that G < F. Since G < Dy s, no blocks of
depth < L 4 2 are split up to step G; hence, by &, ug > L. Also, since Dy.3 < G < CpLyq,
we can show that, by &, ¢ < L+ 2. By considering each of the two cases: C, > Dy 3 and
Cr, < Dp.3, we can show that in both cases either a safe partition is reached between steps
G+ 1 and 7y, or

J<K+Q

and

1 1 1
MTJ:L+1 fTJ:L—F?) Z+€<€L+1(STJ)§Z+2€ €L+3(STJ)<1_€

In the latter case, a safe partition is reached by step 7;,1. [ |

5.8 Proof of Theorem [5.1]

The proof of Theorem [5.1]is based on Lemmata [5.15] and [5.19, and it is similar to the proof
of Lemma [5.15 Informally, we consider the sequence of times (1o = 0,7y, 7, .. .), where 7,4
is the earliest step after 7; such that an almost-safe partition is reach, if S;, is not almost-

safe; or a safe partition is reach, if S;, is almost-safe; or a maximum number of steps has
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occurred. The first two represent the “good” outcomes for 7;,1, and the third represents
the “bad” outcome. Lemmata and provide bounds for the probability of these
outcomes (lower bounds for the probability of the good outcomes, and upper bound for the
probability of the bad outcomes). We express the event whose probability we want to bound
in Theorem [B.1], as the intersection of four events on the sequence of 7;, denoted &;, &,
1, and &, and we establish lower bounds for their probability, instead. Roughly speaking,
these events describe thresholds for the ratio of good over bad outcomes for the 7;; each
event concerns one of the four subsets of the 7; such that S;, is or is not almost-safe, and ¢,
is or is not close to &.
More formally, consider the following finite sequence of times (7, ..., 7.), for some suf-
ficiently large x (such that the arguments we make later on hold.) We let 75 = 0, and, for
each 7 > 1, we define 7; as follows, where ¢; is equal to the constant ¢ of Lemma [5.15, and

¢ is equal to the constant ¢ of Lemma [5.19]

o if S, , is not almost-safe then
T = min{ti, Ti—1 + 0157—1;125”*1}

where

t; = inf{t > 7,y : S, is almost-safe or &, =&, | + 2}

o if S, | is almost-safe then

T = min{ti, Ti—1 + 0225”*1}

where
ti =1inf{t > 7, : S, issafeor &, =&, |, +2}
Let
A ={S €S : S isalmost-safe}
L={5€8S:¢(5) =& —log&}
Let also

A'=S—-A L'=S-L

For each 0 <1 < k, we define the indicator random variables

Gi=

1, ifé,, <& +land S, €A
0, otherwise
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and

o - { 1, if&,,, <& +1and S, is safe

0, otherwise

Consider now the following four events. & is the event:
“foralli € Ay, G; =17

where

Ay is the set of the 3\ (&) smallest 7 such that S,, € A’NL,

&, is the event:

“for the smallest ¢ such that S;, € ANL, H; =1"

&1 is the event:

DGz Al = 3A (&)

i€ Al
where

Al is the set of the 6\, (&) smallest i such that S,, € A’'NL’

Finally, &) is the event:

13 7
where

Aj is the set of the 3\, (&) smallest i such that S,, € ANL/

(Without loss of generality, we assume that there are enough i of each type to populate
the sets A N L and A}, — we can always achieve that by manipulating the strategy of the
adversary for large t. However, we cannot make the same assumption for A4; and A). Indeed,
for any given starting partition, we can devise a strategy of the adversary that guarantees
that an almost-safe partition (of a given &) is reached in a bounded number of steps; but
there is no strategy of the adversary such that a non almost-safe partition is always reached.
So, instead, we let A; be the set of all the i such that S, € A’ N L, if there are fewer than
3+ (&) such ¢; and similarly for Af.)
Next we compute the probability of the above events. Let A be the event:

(r=t'n{S, =Sy NH

where 7, € IN, S € S, and H is an event on the first ¢ steps of the S-process such that
Pr[A] > 0. Conditioned on 4, the sequence (S.,, S7,+1, - . .) is the partition-sequence of some
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S-process (of the same sampling-size functions as the original S-process). So, by Lemma[5.15],
Pr[G;=1] A =1- 0(5(5)26(5)6—(1/4—26)/\+(5(5)—210g£(3))) (5.43)
If S € L, the above gives
Pr(G;i=1] A =1- 0(2506—(1/4—26)/\+(£o—3logfo))

and, thus,
Pr(&]=1- 0(502506—(1/4—25))\+(50—3logﬁo)) (5.44)

Similarly, for S € A, Lemma yields
Pr[H; = 1| Al = 1 — O(log£(S) - 28(5) e~ (1/4=e)ME(S) =2 1og £(5)) (5.45)
So, for S € A N L, the above gives
Pr&] = 1 — O(log & - (2% /&p)e /1N Eo3losko)y (5.46)

To compute a lower bound for Pr[€]] we observe that, by (5.43)), for all A such that £(.S) > d,

for a large enough constant d,

We can make the above relation hold for £(S) < dp, as well, by choosing the constant (3
in (5.0 to be sufficiently large. From that we can show, using Chernoff’s bound (Theorem
4.2 in [60]), that

Pr[€] >1— e~ B/96A+(£0)-(1/3)%-(1/2) _ 1 _ o=+ (%0)/4 (5.47)

Similarly, by (5.45), we have that (for a large enough f3)
Pr[H, = 1| A >1/3

and, thus,
Pr(&] =1— (1 —1/3)3+®0) > 1 — ¢=M+(&) (5.48)

By (5.44), (5.46), (5.47), and (5.48)), we have
Pr[& NENE NEY =1 — O(§20e (/472G =8los ko))

Combining this with Claim [5.24] that we show next, yields the desired result.
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Claim 5.24. If £, N E N E N E} occurs then (i) and (i) hold for some T < c&,2%°, where c

18 a constant > 0.

Proof. (Similar to the proof of Claim [B.18) Suppose that & N & N E N ES occurs. Let
K =inf{i : 5, issafe} and J=min{K, k}
Define

Dlz{z'<J:STiEA'ﬂL} DQZ{Z<JS—QEAHL}
Di={i<J:S,eA nL'} Dy={i<J:S,eANnL’}

Note that { Dy, Do, D7, D4} is a partition of {0,...,J — 1}, so,
|D1| + | Ds| + |Dy| + |Dy| = J (5.49)
From &, and &) it is immediate that

|Ds| <1 (5.50)
|Da| + | D3] < 3X;(&) (5.51)

Also, if any of the above relations holds as equality then max Dy U D) +1 = K = J. The
next two relations follow, respectively, from &£ and (5.51]), and from &;, (5.51]), and the note

after (5.51)):
|D1 <3A1(&) and |Di] < 6A+(6) (5.52)

By the definition of the 7;, for all i € D} U D} and t € [7;..7;41], since &, < & — log &
Tis1 — 7o < max{c1&,, 257, 25} < 529 and & < €. 42 < & —log& + 2 (5.53)
Also, for all i € Dy — {0}, &, < & —log& + 2, since i — 1 € D} U D}; so,
Tio1 — T S 16,25 < 2% and & <&, +1 <& —logéy+3 (5.54)
for all t € [r;..7;11]. If 0 € Dy,
=70 <1620 and & <&+ 1 (5.55)
for all t < 7. Finally, if ¢ € Dy then &, < &, + 1, so,

Tigl — Ti < 2257 <2052 and & <&, +1 <& +2 (5.56)
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for all t € [r;..7;41]. By (549), (551), and (5.52)),

J <120, (&) < K

for a large enough k. So,
K =J < 12X (&)

Combining (5.50), (5.51) and (5.52) with the bounds for 7,1, — 7; from (B.53)-(5.50), yields
T < 9AL(&0) - €52%° 43X (&) - €42 4 €1602% 4 26227 < 62
for a sufficiently large ¢. Finally, combining the bounds for the & from (E53)—(5.56), yields
& <& +2

for all + < 7x. Therefore, (i) and (ii) hold for 7 = 75 < c&2%. [



Chapter 6

Analysis — Part IV: Putting the pieces
together

In this chapter we complete the analysis of our key-space partitioning scheme by com-
bining the results of the previous three chapters. Specifically, using Theorem [B.10, which
establishes a coupling of B-processes and S-processes, we show that Theorems [A.1] and [5.1],
which we showed for S-processes, readily apply to B-processes, as well. Also, combining these
two results we establish a lower bound on the expected fraction of the binary partitions in

a B-process that have o < 2.
We derive the versions of Theorems [4.1] and [B.1] for B-processes in Section [6.1] and the

bound on the fraction of balanced binary partitions in a B-process in Section [6.2]

6.1 From a safe/non-safe to a safe binary partition

Theorems [4.1] and B.1], which we showed for S-processes, carry over directly to B-processes.
So, starting from a safe By (i.e., one such that srt(By) is safe), if A\, and A_ are sufficiently
large then, with high probability, all binary partitions reached in a number of O(|Byl|) steps
have o < 2, and the last of them is safe. If, instead, By is not safe then a safe binary partition
is reached in O(&(By)2¢(50)) steps, with high probability. The proofs are straightforward
applications of Theorem [3.10L

More formally, we extend the definition of “safe” to (non-sorted) binary partitions in the

117
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natural way. B € B is safe if
o(B) <2, or p(B) =2 and max{{,(B), le(B)} <1/4+¢

where € = 1/16. So, B is safe iff srt(B) is safe. By analogy to the previous two chapters, for

a given a B-process, we let

pe=pw(Be), & =¢&(By), and o = o(By)
for each t > 0. Also, for k > 0, we let
A(k) = min{ A, (k), A_(k)}
The analogue of Theorem [4.1] for B-processes is as follows.
Theorem 6.1. For any B-process such that By is safe, with probability
1 — O(Quoe—(l/4—6)/\(uo))
there is T € [¢12M0..c92M0], where ¢y, co are positive constants, such that

(i) B, is safe, and
(ii) for allt <1, 0y <2 and & < & + 1.
Proof. Let Pg be a B-process such that By is safe. By Theorem [3.10] there is an S-process
Ps such that:
— Ps has the same Ay and A_ as Pg, Sy = srt(By), and

N > 250

where ¢, is the constant of Theorem [£.I} and

N

— we can construct a coupling (753,755) of Pg,Ps such that, for all t € [0..N], S;
srt(By).

PN

By applying Theorem A1l to Ps, we obtain that: with probability
1 — O(2#(5‘0)e—(1/4—5)>\(u(§0)))
there is 7 € [¢;24(50) _¢,20(5)] such that

(") S, is safe, and

(i") for all t <7, 0(S;) < 2 and £(S;) < &(Sp) + 1.
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Combining the above result and the three simple facts
1. 1u(So) = p(Bo) and £(Sp) = £(By) — since Sy = srt(By).
2. forallt € [1..N], £(S;) > &(B,) and o(S;) > o(B;) — by Lemma 34 since S, = srt(B,;).
3. for all t € [1..N], if S, is safe then B, is safe — by Lemma A2, since S, > srt(B,).
yields: with probability
1— O(2#(30)6—(1/4—€)>\(H(Bo)))
there is 7 € [¢12°(50)_¢,21(B0)] such that
(i') B, is safe, and
(it') for all t < 7, o(B,) < 2 and £(B,) < &(By) + 1.

This and the fact that 753 has the same distribution as Py yields the desired result. n

The version of Theorem [B.1] for B-processes is also almost identical to the original. The

proof is similar to that of Theorem and is omitted.

Theorem 6.2. Consider any B-process such that, for all k > 0,
At (k) > max{8(In2)k, B} and A_(k) > max{8k, [}

where 3 is a sufficiently large constant. Then, with probability

1— O(gé)(l)2506—(1/4—25)>\(§o))

there is T < c£y2%°, where c is a positive constant, such that
(i) B, is safe, and
(ii) for allt <71, & <& + 2.

6.2 From a safe to an unbalanced to a safe binary par-
tition

In this section, we combine Theorems and to show that all but a negligible fraction
of the binary partitions in a B-process have ¢ < 2 (provided that the sampling-size functions
used are large enough). More specifically, we typically have long intervals during which
all binary partitions have o < 2, interrupted by much smaller intervals where o > 2 for

some binary partitions. We quantify that by establishing a lower bound on the expected
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value of the ratio 7/r, where 7 is the number of steps required to get from a safe initial
partition to a binary partition B with ¢ > 2, and r is the number of subsequent steps to
get from B back to a safe binary partition. We show that E[r/r] = Q(|B,|'~"/7/log|Bo|),
where 7 is a constant that can be made arbitrarily large by choosing large enough A, A_.
This result holds regardless of the strategy of the adversary. In the special case where the
adversary is not allowed to reduce the system size below some threshold m > |Boy|'/7, we
have E[7/r] = Q(m"~!/logm); so, if m = O(|By|) then E[r/r] = Q(|Bo|""'/log|By|). The
formal statement of this result is as follows.
Theorem 6.3. Consider any B-process such that:

(1) By is safe,

(2) for all k >0,

A(k) > max{8k, f}

where (8 is a sufficiently large constant, and

(8) for allt >0,
Pr[|By| >m| =1

for some m € [1..|Byl].

Let
1 f ) > ]_ N BT g , ) <
T = inf{t D op > 2} and 1= n {] = +j 18 safe} zf7' o0
L, otherwise
Then,
n m?
]E[T/T] = Q(nl/ﬁ/ logn + mlogm>

where n = |By| and v = (1/4 —¢) - (loge) - inf {\(k)/k}.

A “malicious” strategy of the adversary, i.e., one that results in asymptotically small-
est |[r/r], is, roughly speaking, to quickly reduce the system size to |By|'/7 (or to m, if
m > |By|'7), and then keep the size roughly the same. On the opposite side, there are
“helpful” strategies of the adversary, for which E[7/r] is unbounded. We can show that,
when ADDBLK operations occur sufficiently more often than RMBLK operations then, with
positive probability, all binary partitions have p < 2.

We describe the proof of Theorem in Section [6.2.2l Before that, in Section [6.2.1],
we derive an upper bound on the average number of steps to reach a safe binary partition
from a non-safe binary partition; i.e., an “expected-value” version of the “high-probability”
bound of Theorem [6.2]
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6.2.1 Expected time to reach a safe binary partition

Based on Theorem [6.2, we show an upper bound on the expected number of steps required in
a B-process until we reach a safe binary partition, starting from a non-safe initial partition.

Specifically,
Lemma 6.4. For any B-process such that By is not safe and condition (2) of Theorem[6.3
holds, if r = inf{t : B, is safe} then

Elr] = 0(&2)

Proof. Consider the following infinite sequence of times (79, 7,...). Let 79 = 0, and, for
1> 1,

T = min{t,-, Ti—1+ 01571.7125”*1}
where

ti =inf{t > 7,1 : Byissafeor & =¢&,, |, + 3}

and c¢; is the constant ¢ of Theorem Note that if B, is safe then 7; = 7;, for all j > 1.

We can write r in terms of the 7; as

r= Z(TZ’+1 —7) (6.1)

i>0
We will compute an upper bound on the expected value of . (711 — 7i). Let
J =inf{i : B, is safe}

For every k > 0,

> Elr—nl= Y (Elrqg—n|J>i P[] >i]) (6.2)
0<i<k 0<i<k
since 7,41 — 7 = 0 if J < 4. We now establish upper bounds for E[r;41 — 7 | J > 4] and
Pr[J > i]. From the definition of 7; it follows (by induction) that &, < &, + 3i, and
Tivl1 — Ti < Clgn2§7i < Cq (&) + 3i)2£0+3i
So,
Elriys — 7 | J > ] < (& + 3i)20F% (6.3)
The probability that J > ¢ can be expressed as

]Prr[J>z’]:ﬁ]Prf[J>j|J>j—1] (6.4)

J=1
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For j > 1, conditioned on any fixed value B for B,,_, and any event on the first 7;_; steps
of the B-process, (B;,_,, By, 41, ...) is the partition-sequence of some B-process (of initial
partition B and the same sampling-size functions as the original B-process). Alsoif J > j—1,
B;,_, is not safe. So, by Theorem [6.2]

Pr(J>j|J>j—1, B, , = B]=0(&B)°W28B)e-(1/1=2AE®E)

Tj—1

Since, for all d, \(d) > 8d, the right-hand side of the above relation is o(1). Thus, for large
B,
Pr[J>j|J>j—1, B, =B <1/2°

We can make the above relation hold for small |B|, as well, by choosing the constant 3 (in

the condition on A) to be sufficiently large. Therefore,
Pr[J>j|J>j—-1<1/2°
By applying the above to the right-hand side of (6.4]), we obtain
Pr[J >i] < 1/2% (6.5)
Applying now ([6.3]) and (6.5]) to (6.2), yields
Z Elri — 7] < Z (er(&o + 30)2%07%/2%) = ¢16y2% Z (1/2% + 3i/(£02*))

0<i<k 0<i<k 0<i<k

< 4ep&y2%

Letting k — oo we obtain
Z E[rit1 — 7i] < 461£02%°

i>0

Therefore, (6.1) yields

Elr]=E [Z(Ti+1 — Tl)} = ZE[TZ'_H — 73] < 4c1£p2% [ |

i>0 i>0

6.2.2 Proof of Theorem

If E[r/r] = oo then the theorem obviously holds; so, we assume that E[r/r] < co. Note
then that, by Markov’s inequality, Pr[r/r = oo] = 0 and, thus,

Prir =00] =0
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We begin by using Lemma [6.4] to bound E|[7/r] from below by the expectation of a quantity
that depends only on 7 and £, (and not on 7). Conditioned on any fixed value for B, and
any event H on the first 7 steps of the B-process, (B,, B, 1, ...) is the partition-sequence of
some B-process. So, by Lemma [6.4] for any & such that Pr[{{, =k} NH] > 0,

Elr | & =k, H] < k2

for some constant ¢’. By the convexity of function 1/x then and Jensen’s inequality,

BIL/r | & = b W) 2 1/ Bl | & =k, H] 2
Therefore,
Elr/r] =E [E[r/r | &.7]] =E[r-E[l/r | &,7]] > E [C%;&] (6.6)

Next we derive a lower bound for 7, by partitioning [0..7] into a number of smaller intervals,
and applying Theorem to each of these smaller intervals. More precisely, consider the

following infinite sequence of times (7, 71,...). Let 79 = 0, and, for each i > 1, let
T = min {T, Ti—1 + 022672'*1, tl}

where

)

_ inf{t > 7,_y + 25172 : B, is safe}, if B, _, is safe

B { inf{t > 7,_, : B, is safe}, otherwise

and ¢y, co are the constants of Theorem It is easy to see that there is an index J < oo
such that the sequence of 7; is strictly increasing for i < J, and foralli > J, 7, = 7. (J < o0
because we assumed that 7 < oo with probability 1.) We can show that for every i < J, and

all ¢ such that 7, <t < 744,

-+ 2, if B, is safe
00 <2 and & < . ' (6.7)
& otherwise
Also, if B;, is safe then
Ory S2and &y <& +2, or oy, =3 and &y, <& +3 (6.8)

If B,, is not safe (and i < J) then

Ory S2and &y <&y, or oy, =3and &y, <&+ (6.9)
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We can express 7 in terms of the 7; as
T= Z(Ti—i—l — i)
i>0
So, if
D={i: S, issafe and i # J — 1}

then

T2 Z(Ti+1 —7;)

ieD
and, since Tip —7; > ;25572 for all i € D,
T > Z 2572
ieD

Applying this to (6.6)), yields

__a Er,—2

E[r/r] > E[R], where R = g o8 22 i (6.10)
€D

Next we compute a lower bound for E[R]. We distinguish two cases, depending on whether

m < n'7 or m > n'/7.

Case A: m < nl/7.
Roughly speaking, we consider the event (denoted &) that, for every (not very small) depth
k, if & = k then the minimum number of elements i € D such that &, > k exceeds some
threshold v,. We show that this event implies R = Q (n/(n'/7logn)), and that it occurs
with a constant probability.
Let

ko = logn'/7 = %logn

For each k > ko and j > 1, let 7 ; be the index of the j-th smallest among the 7; for which

B, is safe and &;, > k; if no such 7; exists then 7, ; = co. We denote by & the event:

“for all i € {mp1,..., Ty, } such that i # oo, B, is safe”
where
n k
— . 6.11
Yk n1/7k0 403 ( )

and c3 is a positive constant we will determine later — see (6.13). Let

E=()&

k>ko
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Let also
K=¢ -3

If K > ko and & occurs then, using (6.7)—(6.9), it is easy to show that
€D : & > K} >w

So,

B> Ve 2572 .. n . _a
T (K +3)- 2583 T pllvky 29¢3c
If K < ky and &, occurs then

R> 01250_2 > n ' (8]
= C'(K+3) L9K+3 — nl/-yko 27¢!

for large n. Therefore, if £ occurs then (for any value of K)

R >

Z Ca—77
n1/7k0

where ¢4 is a positive constant. So,

E[R] > E[R | £] - Pr[€] Pr[€] (6.12)

S n
T
We now compute a lower bound for Pr[£]. For each ¢ > 0, conditioned on any fixed value for
B., and any event H; on the first 7; steps of the B-process, (B;,, By, 11, ...) is the partition-

sequence of some B-process. So, by Theorem [6.1] for any k such that Pr[{B,, is safe} N
{zi,, =k} NH;| >0,

Pr[B,,,, is safe | B,, is safe, &, =k, H;] > 1 — ¢32Fe~ (/192"

> 1 — 5280 (6.13)

Ti+1

where c3 is a sufficiently large constant. (To obtain the second inequality we used the
assumption that A(k) > 8k.) Note that v > 1, so, the above probability goes to 1, as
k — oo. By (6.13), for all k£ > ko,

Pr[&] > (1 — cz2F1=7))w (6.14)

We can obtain a lower bound for the right-hand side of the above relation as follows. Note
that
Dpeg2b 1) = kﬁ glk—ko-(1=m) _ 1| ( k .2—(k—ko)'(’y—2)>2—k+ko
0

1
4 4 \k
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Since v > 8(1/4 —¢)loge > 2, if ky is large enough then (k/ko) - 2=#=#0)(:=2) ig a decreasing
function of k, for k > ky. So, for all k > ky,

Vk632’f(1—“/) < 1 . <@ . 2—(k0—ko)'(7—2)>2—k+k0 — }2—k+ko
— 4

ko 4

So,
(1 — 2Py > 1 — peg2P=7) > 1 — 22—“’%

Combining this and (6.14]) yields

1
Pr[&] > 1— Z2—’f+’f0

Therefore,

By applying the above to (6.12), we obtain

n
E[R] > ¢j———
[ ] o 642711/7]{30
hence, by (6.10),
Elr/rl = egoimg,
Since m < n'/7, nl/ﬁko > mﬁ;m, so, the above relation yields
n m7
E[r/r] = Q( )
/7] n/7logn + mlogm

Case B: m > n'/.
This is very similar to Case A: In (G.I1]) we substitute n'/7 for m, thus,

m7 k
V. = -
P m logm 4csg

and then we proceed in the same way. The details are omitted.



Chapter 7

Greedy routing in

uniformly-augmented rings

In this chapter and the next, we study the complexity of a natural decentralized routing
protocol, in a broad family of random networks. Specifically, the network model we consider
is the directed ring that is augmented by adding links from each node to a number of
randomly selected “long-range contacts” of the node, such that, for each node, the set of
ring distances to its long-range contacts is chosen independently from the same distribution.
(The distribution is a parameter of the model.) The routing protocol we consider is the greedy
protocol with respect to the ring distance. This combination of network topology and routing
scheme captures many designs proposed for P2P networks, and models for social networks.
We show that for any network in this family with n nodes and on average ¢ long-range
contacts per node, the expected number of steps for greedy routing is Q((log®n)/fa'e™ "), for
some constant a > 1. This result improves an earlier lower bound of Q((log? n)/¢loglogn) by
Aspnes et al. [6] and is very close to the upper bound of O((log?n)/¢) achieved in Kleinberg’s

(one-dimensional) “small-world” model [39], a particular instance of the model we study.

7.1 Introduction

Consider the following model of random graphs on the set of nodes [0..n — 1]. We start
with the nodes forming a directed ring, where each node u is connected to its successor node
(u+ 1) mod n. We define the ring distance from node u to node v as the number of edges

along the ring from u to v, i.e., (v —u+n) mod n. Then, from each node u, we add directed

127
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links to the nodes in a random set of nodes, called the long-range contacts of u, that are
chosen as follows. Independently for each u, we choose A, according to some probability
distribution ¢ (the same for all u) on the powerset of [2..n — 1]. (Note that [2..n — 1] is the
set of all possible ring distances from a node to the remaining nodes, excluding the node’s
successor.) The long-range contacts of u are the nodes whose ring distance from w is in A,
i.e., the nodes (u 4+ d) mod n, for all d € A,. We denote this model by G(¢), and we call the
random graphs generated according to this model uniformly-augmented rings, or augmented
rings, for short.

The above model captures a wide range of different graph topologies. Depending on
the distribution ¢ used, the resulting construction may be deterministic (when one subset
of [2..n — 1] has probability one, and all others have probability zero), or randomized. In
the latter case, the number of long-range contacts per node may vary between nodes. Also,
in general, the long-range contacts of the same node are not chosen independently of each

other. An example of a deterministic augmented ring is the Chord ring [77], where
o(A) =1, for A= {|n/2"] : 1<i<logn—1}

An example of a randomized augmented ring is Kleinberg’s one-dimensional model for “small-
worlds” [39], where each node u has ¢ long-range contacts and the ring distance from u to
each of them is chosen independently at random such that it is equal to 7 with probability

x 1/j%, for a constant o > 0l E.g., for £ =1,

SO(A):{ 1/(Gof), if A={j} forj=2....n—1

0, otherwise

where f is the normalizing constant Z;:; (1/7%). A simple example where the out-degree of
nodes vary and the long-range contacts of the same node are not chosen independently of each
other is as follows. Each node u with probability p € (0,1) has no long-range contacts, and
with probability 1—p it has two: node (u+ R,) mod n and node (u+ R, +@,,) mod n, where
R, and @, are chosen independently and uniformly at random from the set [2..|n/2| — 1].
A natural decentralized routing scheme for augmented rings is the following greedy pro-
tocol: A node forwards a message for destination ¢ to its neighbor v (successor or long-range
contact) that minimizes the remaining ring distance to t. As we discuss in Section [[.2] the
combination of augmented rings and greedy routing provides an attractive model for the de-

sign of P2P networks, and it also captures models used for social networks. We investigate

1Strictly speaking, if £ > 1 a node may have fewer than ¢ long-range contacts, since the ¢ distances to its
long-range contacts are chosen independently with replacement from [2..n — 1].
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the complexity of routing in this model. More precisely, we focus on the expected delivery
time, that is the expected value of the average number of steps required to route a message
between nodes, where the average is taken over all possible source—destination pairs, and the
expectation is over the random construction of the graph. We establish a lower bound on
the expected delivery time, as a function of the number of nodes n and the expected number
¢ of long-range contacts per node. This bound holds for all possible distributions .

In his seminal work on routing in social networks [39], Kleinberg described a simple
instance of G(y), where the expected delivery time for greedy routing is O((log®n)/f). In
this model, each node u has the same number ¢ < logn of long-range contacts, and the
ring distance from u to each of them is chosen independently according to the harmonic
distribution. No augmented rings that achieve better than ©((log®n)/¢) have been described
yet. On the other hand, Aspnes et al. [6] proved that, for any distribution ¢, the expected
delivery time for greedy routing in G(i) is Q((log®n)/¢loglogn).

We reduce the gap between the two results above by improving the lower bound to
Q((log? n)/a'e" ™), for some constant a > 1. Note that the quantity a'°8" ™ grows slower than
any constant number of iterative applications of log to n — it is “practically” a constant.
The proof of this result proceeds by deriving a recursive formula that bounds the expected
delivery time for greedy routing in any augmented ring of a given size in terms of that in an
exponentially smaller augmented ring. Our analysis suggests general structural properties of
an asymptotically optimal augmented ring that are similar to those observed by Kleinberg for
the class of graphs he studied. We conjecture that the lower bound can be further improved
to Q((log®n)/f) — i.e., that Kleinberg’s model is in fact asymptotically optimal for greedy
routing in G(y).

In the rest of this chapter, we discuss the advantages of the model we study and survey
related work in Section [T.2] and we state our result formally in Section [[.3l The proof of

this result is described in Chapter [8

7.2 Discussion and related work

Our results are limited by two assumptions: First, we focus on uniformly-augmented rings;

second, we focus on greedy routing. We now explain the benefits of these assumptions.
Despite its simplicity, G(¢) can describe a wide range of graphs, by suitable choice of the

probability distribution ¢ used to determine the long-range contacts. For example, we can

describe deterministic constructions (where one subset of [2..n — 1] has probability one, and
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all others have probability zero), as well as probabilistic ones. Moreover, we can describe
both homogeneous probabilistic networks, where all nodes have the same number of long-
range contacts, and heterogeneous ones where the number of long-range contacts can vary
(a little or a lot) from node to node. The “uniformity” property, i.e., that each node uses
the same distribution to determine its long-range contacts, is also beneficial. It implies that
a node’s position in the ring doesn’t influence its choice of long-range contacts (i.e., their
number, and their ring distances from the node.) Since nodes are effectively equivalent, it is

harder for an adversary to disrupt the system by attacking critical nodes.

The advantages of greedy routing are well-known, and reflected by its popularity: Rout-
ing decisions are made locally and independently in each node. These decisions are also
independent of the routing path up to the current node, so, messages need not store routing
information other than the destination node. As a result of these two properties, greedy
routing is easy to implement. Also, it is inherently fault-tolerant since as long as each node
has some edge towards the destination, the message will reach it. Bidirectional greedy rout-
ing is a variation of the (unidirectional) version that we consider in this paper, where a node
forwards a message for node t to its neighbor v that minimizes the “absolute ring distance”
to t: min {(¢ — v +n) mod n, (v —t + n) mod n}

In view of the advantages of the two assumptions underlying our analysis, it is not sur-
prising that the designs of many P2P systems fall within the purview of these assumptions.
There have been proposed deterministic designs with ¢ = ©(logn) employing both unidirec-
tional and bidirectional greedy routing (Chord [77, 26]); there are also probabilistic designs
with ¢ ranging from 1 to O(logn) using either version of greedy routing (Kleinberg’s small-
world networks [39], Symphony [52], Randomized-Chord [29] 84]). In all of these systems the
expected delivery time is ©((log®n)/¢). (For the tightness of this bound for the probabilistic
designs above see [11] 53].)

On the lower bound side, the following facts are known about the number of steps re-
quired for unidirectional greedy routing in augmented rings. Xu [83] has shown that for
any deterministic construction with ¢ = ©(logn), the number of steps required is {2(logn)
in the worst-case — i.e., for some source—destination pair routing takes Q(logn) steps.
Aspnes et al. [6] have shown that, for any distribution ¢, the expected delivery time is

Q((log®n)/lloglogn). We improve this bound to Q((log®n)/¢a'°¢" ™), for some constant

2To ensure that in augmented rings bidirectional greedy routing can always reach the destination, we
slightly modify our model by requiring that, in addition to its successor, each node u is also connected to its
predecessor (u — 1+ n) mod n in the ring.
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a > 1. For bidirectional greedy routing in augmented rings, Aspnes et al. [6] showed that
under some assumptions on ¢, the expected delivery time is Q((log?n)/¢?loglogn). Also,
Flammini et al. [19] have shown that in the special case where each node has exactly one
long-range contact and certain assumptions on its distribution apply, the maximum expected
number of steps over all source-destination pairs is Q(log?n).

In a balanced tree of degree ¢ spanning n nodes, the average distance of a node from the
root is ©(logn/log ). Thus, this bound represents the optimal expected delivery time in an
n-node network of degree ¢. Note that this bound is (asymptotically) better than the lower
bound for greedy routing in augmented rings. In particular, the lower bound of Aspnes et al.
implies that, for £ = o(logn), the combination of augmented rings and greedy routing cannot
achieve an optimal tradeoff between node degree and routing paths length. Our improved
lower bound establishes that this is also true when ¢ = ©(logn), a case of practical interest
since many P2P designs have degree ©(logn).

In view of the lower bound showing that the combination of augmented rings and greedy
routing cannot achieve an optimal degree-routing paths length tradeoff, designs that achieve
such an optimal tradeoff must abandon at least one of the assumptions underlying that
bound: Either they must be based on constructions that are not augmented rings, or they
must use non-greedy routing — or both. As we argued earlier, these assumptions have
considerable advantages, and so the gain of more efficient routing has to be weighed against
the loss of these advantages.

We now give some examples of proposed designs that achieve more efficient decentral-
ized routing than is possible with greedy routing in augmented rings. Papillon [3] is an
example of a network that achieves optimal routing by abandoning only the first assump-
tion. It uses greedy routing but the underlying graph is a non-uniformly augmented ring (a
ring-embedded butterfly-like network). A similar construction is also described in [19]. The
so-called “neighbor-of-neighbor” approach of [I5] 53] is an example where better routing per-
formance is achieved by abandoning only the second assumption. Using a non-greedy algo-
rithm (where the routing decision at each node is based not only on the node’s neighbors, but
also on their neighbors) it improves routing performance in Kleinberg’s small-world model.
Finally, several deterministic and randomized designs have been proposed that achieve opti-
mal routing by abandoning both assumptions: They use non-greedy routing in constructions
that are not augmented rings, such as the de Bruijn graph, randomized versions of it, or
randomized versions of the butterfly; e.g., [48] [34] 49| 62].

We conclude this section with a brief survey of results in two related research areas:
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routing in small worlds, and networks for DHTSs.

7.2.1 Decentralized routing in small worlds

The small-world phenomenon — the premise that almost all pairs of people in a society are
connected by short chains of acquaintances, was first verified experimentally by Milgram [57].
Milgram’s experiments also revealed that individuals are able to find such short paths effi-
ciently using only local information. Kleinberg [39] proposed a simple framework to model
this routing aspect of the small-world phenomenon. He modeled the graph of acquaintances
as a d-dimensional n-node grid augmented by adding links from each node to a small number
¢ of long-range contacts selected independently at random; each long-range contact of a node
u is chosen to be node v with probability o 1/dist(u,v)®, for a constant «, where dist(u,v)
is the grid distance between u and v. Kleinberg showed that for o = d greedy routing, with
respect to dist, achieves expected delivery time O((log”n)/¢), while for a # d the expected
delivery time for any decentralized routing algorithm is polynomial in n.

Kleinberg’s work inspired a large body of subsequent research. Variations and extensions
of his model were proposed where different base structures than the grid were used: trees [40),
8], sets of groups [40], or the grid with non-uniformly populated lattice points [46]. Also
variations of the greedy routing strategy were studied [24] [54] [42] [53]; in all these variations
improved routing performance is achieved by allowing each node to “consult” a small number
of nearly nodes for free. For the diameter of Kleinberg’s grid-based family of networks
see [54, 55]. Finally, lower bounds for the complexity of greedy routing were derived for
variations of Kleinberg’s model where more general distributions for choosing the long-range
contacts of each node are used [0}, [19, 28]; these results suggest that the distribution Kleinberg
proposed is possibly (asymptotically) optimal. Our work can be viewed as part of this last
volume of work.

A number of recent papers study the problem, proposed by Fraigniaud in [20], of whether
it is possible to construct random graphs that support efficient greedy routing (i.e., that re-
quires at most a poly-logarithmic number of steps) by augmenting an arbitrary base graph.
In particular, each node of the base graph is augmented by a long-range contact selected
independently from some distribution over the remaining nodes (possibly, a different distri-
bution for each node). In the greedy routing scheme considered, a node forwards a message
to its neighbor that has the shortest path to the destination in the base graph (not in

the augmented one). This question was answered in the affirmative for certain classes of
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graphs [20] 18| [75], 23], and in the negative for the general case [23].
For a more detailed survey of work in decentralized routing in small worlds see [41]
and [21].

7.2.2 Routing networks for DHT's

Recall from Chapter [Il that a main component of a DHT is an overlay routing network,
which facilitates efficient decentralized routing from any node to the node responsible for
any given key in the key-space. The connections in this network are determined by the
position of nodes (i.e., of their blocks) in the key-space. The standard approach used in
designing networks for DHTs is to, first, find a static family of graphs that support efficient
decentralized routing, and then show how to construct in a distributed manner a network
with a topology that “approximates” the topology of this static family of graphs.

Routing networks for DHTs can be broadly classified into two categories: deterministic
and randomized. The topology of a deterministic routing network is a function of the current
partition of the key-space into blocks, while the topology of a randomized routing network
depends also on additional random choices — other than those made to determine the
partition of the key-space.

Deterministic routing networks for DHT's are typically based upon classical parallel inter-
connection networks, such as the hypercube, the butterfly, and the de Bruijn graph [43].
Examples of early such designs include CAN [68], whose routing network is an adaptation
of the d-dimensional torus, and Chord [77], Pastry [72], Tapestry [31], and Kademlia [56],
all of which are variations of the hypercube. (Pastry, Tapestry, and Kademlia were inspired
by a prefix-based routing scheme proposed in [64].) In all these DHTSs the routing schemes
used are greedy with respect to some distance function in the key-space. CAN achieves
routing paths of length O(n'/ d)H with ©(d) links per node, in an n-node system; and the
other four DHTs achieve routing paths of length O(logn) using ©(logn) links per node.
More recently, a number of designs that are based on high-degree de Bruijn graphs were
proposed [62], 2], 34, 22]. The routing schemes they employ are non-greedy, and they achieve
an optimal tradeoff between node degree and path length: for ©(k) links per node the
routes are of length O(logn/logk). Two deterministic variations of the butterfly, proposed
in [19] 3], also achieve optimal routing performance, using greedy routing.

A variety of randomized routing networks have been designed for DHTs. These in-

3For all source-destination pairs.
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clude Viceroy [48] and Mariposa [49] [51] (two randomized butterfly networks), Randomized-
Chord [29, 84], Randomized-Hypercube [29], Skip-Graphs [7, 30] (an adaptation of skip-
lists [65]), and Symphony [52,[6] (an adaptation of Kleinberg’s small-world construction [39]).
Viceroy achieves routes of length O(log n)H with only O(1) links per node, which is optimal.
Mariposa also achieves optimal degree-routing paths length tradeoff using k links per node,
where k is a parameter of the model. Randomized-Chord, Randomized-Hypercube and
Skip-Graphs have a node degree of O(logn) and achieve routing paths of length ©(logn),
when greedy routing is used. By employing the neighbor-of-neighbor approach the length of
the routing paths becomes optimal, i.e., O(logn/loglogn) [53]. Symphony achieves greedy
routing paths of length O(log”? n/k) using k links per node; using the neighbor-of-neighbor
approach routing paths of length O(log®n/(klogk)) are achieved, which is optimal when
k = logn.

For a more detailed survey of work on routing networks for DHTs see [47].

7.3 Rigorous statement of our result

Let G be an instance of an n-node augmented ring. For every u,v € [0..n — 1], the delivery
time from node u to node v in G, denoted L(G,u,v), is the length of the greedy routing
path in G from source u to destination v. Recall that the greedy routing path in G from u
to v is the path (ugp = w,uq,...,ur = v), such that, for each i < k, u; # v and wu;y; is the
neighbor of u; that is of minimum ring distance (v — u;41 + n) mod n to the destination v.
For every n > 2 and ¢ € [0,n—2], we denote by ®,, , the set of all probability distributions
¢ on the powerset of [2..n — 1] such that the expected number of long-range contacts per

node in G(p) is ¢; i.e.,

ST(IAlp(a) =

AC[2.n—1]
The expected delivery time in G(yp), denoted T'(p), is the expected value of the average

delivery time in G(p), where the average is taken over all source—destination pairs; i.e.,
1
T(@)=E|— 3 LGuv)
0<u,v<n

where G is randomly generated in G(p). Finally, by T'(n, {) we denote the optimal expected

delivery time in G(p), over all ¢ for n nodes such that the expected number of long-range

4For all source-destination pairs, with high probability.
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contacts per node is ¢; i.e.,
T(n,£) = inf{T(p) : ¢ € Pre}

We can now state our main result. Below we assume that ¢ is a non-decreasing function
of n, perhaps a constantH The asymptotic notation we use is for n — oo.
Theorem 7.1. If { = Q(1) then T'(n,f) = Q((log>n)/la'*s" ™), where a is a constant > 1.
The corresponding upper bound, which follows mostly from previously known results, is
Theorem 7.2. If { = O(logn) then T(n,{) = O((log>n)/¢).

We describe the proofs of these results in Chapter [8

STechnically, the following weaker condition on ¢ suffices: £ = O(g), where g is a non-decreasing function
of n.



Chapter 8

Proof of the lower bound

In this chapter we describe the proofs of Theorems [7.1] and [7.2] stated in Section [[.3] In
Section B.1] we state four auxiliary result and use them to derive Theorems [.1] and [7.2l. We
prove these results in Sections[8.3 8.5 and[8.7 In Section[8.2] we introduce some terminology.
In Sections 8.4 and we define the routing tree of an augmented ring — a structure we

use in our analysis, and discuss some of its properties.

8.1 Statement of auxiliary results and derivation of

Theorems [7.1] and

We begin with three lemmata that allow us to bound 7'(n, ¢) in terms of T'(n/, ('), for n’ # n
or ¢' # (. The first lemma states the intuitive result that 7'(n, ¢) is a non-increasing function
of /.

Lemma 8.1. If ¢ < (' then T'(n,¢) > T(n,l').

The next lemma says what happens to T'(n,¢) for fixed ¢, as n increases. One might
expect T'(n,?) to be a non-decreasing function of n. This is not necessarily the case, since
some “convenient” values of n (say, powers of 2) may result in smaller 7" than smaller values

of n. We show the following weaker result, which, however, suffices for our analysis.
Lemma 8.2. Ifn > n' then T'(n,0) > (n'/n)-T(n',?).

The third lemma is more interesting than the previous two. Lemma 81l shows that, for

fixed n, as ¢ increases T'(n, {) decreases; Lemma B3] says it does not decrease too much.

136
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Lemma 8.3. If{ > (' then T'(n,0) > (¢'/¢) - T(n,t').

The main part of our analysis is the proof of the following result, which gives a lower
bound for 7" when ¢ = 1. We use T'(n) as a shorthand for 7'(n, 1).

Theorem 8.4. T(n) = Q((log®n)/a'¢" ™), for some constant a > 1.

Before we proceed to prove the above results, we show how we can use them to derive
Theorems [7.1] and

Proof of Theorem [7.1]. Since ¢ is a non-decreasing function of n, we have that, for all
sufficiently large values of n, it is £ < 1, or £ > 1, or £ = 1. If £ < 1 then, by Lemma 8]
(applied for ¢/ = 1) and Theorem R4l we have

T(n,0) = Q((log*n)/a"*")

Combining this with the fact that ¢ is larger than some positive constant (since ¢ = (1)),
yields the desired bound for T'(n,¢), when ¢ < 1. If £ > 1 the desired bound follows from
Lemma (applied for ¢ = 1) and Theorem [84l Finally, the case where ¢ = 1 is handled
in Theorem [8.4] |

Proof of Theorem [7.2. Kleinberg [39] showed that in the n-node augmented ring where
each node u has a single long-range contact, and this long-range contact is selected to be
node v with probability inversely proportional to the ring distance from u to v, the expected
delivery time is O(log?n). Using a similar technique, Aspnes et al. [5] showed that if each
node chooses k long-range contacts, each selected independently with replacement from the
same distribution as in Kleinberg’s model, then the expected delivery time is O((log?n)/k),
for all integers k£ such that 1 < k < lognll Note that in the family of augmented rings that
Aspnes et al. analyzed the expected number &’ of long-range contacts per node is & < k,

since for each node the same long-range contact may be selected more than once. Therefore,
T(n, k) < T(n, k') = O((log®n)/k) (8.1)
where the first relation holds because of Lemma 81l Also, by Lemma [R1], for all real ¢ > 1,

T(n,?) < T(n,|min{¢,logn}])

IThese results were shown for a slightly different model than ours. Specifically, the links to successors
are bidirectional; the absolute ring distance is considered when choosing the long-range contacts of a node;
and bidirectional greedy routing is used. Also the long-range contacts of a node form a multi-set, and a
long-range contact may be at ring distance 1 from the node. Despite these differences, essentially the same
proofs can be used for our model.
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Combining the above two results, yields the desired bound for T'(n,¢), for all ¢ that take
real values such that 1 < ¢ = O(logn). For £ < 1, the bound follows by combining (81]) (for
k = 1), and the fact that T'(n,¢) < T'(n)/¢, which follows from Lemma |

8.2 Definitions

We now describe some definitions we will use in the rest of this chapter. For n > 2, we
denote by G, the set of all directed graphs on the set of nodes [0..n — 1] that contain as a
subgraph the directed ring 0 - 1 —2 — -+ — (n — 1) — 0. Thus, G,, consists of all the
graphs that are instances of some n-node augmented ring. For every G € G,, and node u of
G, we call the set of ring distances from u to its long-range contacts the delta-set of u in G.
E.g., for the graph in Figure BT|(a) on page [[4I] the delta-sets of nodes 1 and 2 are () and
{3, 4}, respectively.

Recall from Section that the expected delivery time in G(y) is the expected value of
the average delivery time, where the average is taken over all the n? source-destination pairs
of nodes (n is the number of nodes in G(p)). Because of the way the long-range contacts
of nodes are selected, it is equivalent to consider, instead, the average of the delivery times
from a fixed source, say node 0, to all (the n) possible destinations. Furthermore, instead of
the average over the n possible destinations, we could take the expectation for a destination

selected uniformly at random. Formally, for any G € G,,, let

L(G) = > L(G,0,v)
Then, :
T(¢) = E[L(G)] (82)

where G is randomly generated in G(y). Also, if X is a uniform random variable over

[0..n — 1] that is independent of the construction of G then
T(p) = E[L(G,0, X)] (8.3)

where the expectation is over the random construction of G' and the random selection of X.

8.3 Proofs of Lemmata 8.1 and

We now describe the proofs of the first two of the auxiliary lemmata in Section .1l Both

proofs employ the same technique, which is based on the coupling method [79]: For an
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arbitrary ¢ € ®,,, we construct a coupling (G,G’) of G(¢) and G(¢'), for some ¢’ €
®,, p (for suitable n', ¢', depending on the lemma) — i.e., we describe a joint construction
of random graphs G and G’ such that their marginal distributions are the same as the

distributions of G(p) and G(¢'), respectively. For this pair of graphs, we show that
L(G) > aL(G") (8.4)
(for a suitable «, depending on the lemma). So, by (8.2),

T(p) > aT(¢)

and since we assumed an arbitrary ¢ € ®,, 4,
T(n,0) > aT(n', 1) (8.5)

Specifically, in the coupling construction we generate G first, according to the G(¢) model,
and then we construct G’ based on the G constructed and, possibly, on some additional
random choices. Below we denote by A,, for 0 < u < n, the delta-set of node u in G, and

by Al for 0 <wv < n’, the delta-set of node v in G'.

Proof of Lemma [8.1l. For this lemma n’ = n and a = 1. We let ¢ be a distribution
obtained from ¢ by reducing the probability associated with (some of) the proper subsets
of [2..n — 1], and correspondingly increasing the probability of the entire set [2..n — 1], such

that the resulting distribution is in ®,, . For instance, one such ¢’ is defined by

: _{ (1—q)-»(A), if A C[2.n—1]
¢'(A) = o
P20 =1]) + 42X acpnyed), ifA=[2.n—1]
where
v —v
(n—2)—1¢

It is straightforward to show that the above is a valid distribution, and that

Yo (Al ) =¢

A

q:

G’ is then generated as follows. For every u € [0..n — 1] such that A, = [2.n — 1] (i.e.,
node u has outgoing edges to all other nodes in G), we let A, = A,; for each of the
remaining u, we let Al = A, or Al, = [2..n — 1] with probabilities ¢'(A,)/¢(A,) and
1 —¢'(Au)/p(A,), respectively — the random choice for each u is made independently. It
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is straightforward to verify that G’ has the same distribution as G(¢’). Also, for any u # 0,
if (vg = 0,v1,...,v, = u) is the greedy routing path in G’ from 0 to w then (vg, ..., vp_1) is

a proper prefix of the greedy routing path from 0 to u in G. Thus, for all u,
L(G,0,u) > L(G',0,u)
which yields (84), for « = 1. Hence, by [83), T'(n,¢) > T(n,?). |
Proof of Lemma [8.2. We define G’ as a function of G. For each u € [0..n' — 1], we let
Al =A,N[0.n" —1]

Note that the greedy routing path in G’ from 0 to each u is identical to the corresponding
routing path in GG, and, thus,
L(G',0,u) = L(G,0,u)

So,
L(G) = (1/n) Y L(G,0,u) < (1/n') Y L(G,0,u) = (n/n') - L(G)

u<n’ u<n

— i.e., (84) holds for @« = n’/n. Note also that G’ has the same distribution as G(¢’) for
some ¢’ € ®,, » where
U= Y (IAnf0.n —1]]- Q) <¢
AC[0..n—1]

Therefore, by (83,
T(n,t) > (n'/n)-Tn' ") > (n'/n) - TN 1)

where the second inequality holds because of Lemma [81] (since ¢ < /). [ |

8.4 Routing trees

In this section, we describe a structure we will use in the proofs of the remaining two
auxiliary results, Lemma and Theorem R4l For every G € G, the routing tree of G
is the subgraph of G that consists of the greedy routing paths from node 0 to all the other
nodes. An example is illustrated in Figures BIl(a) and (b)/d The next lemma states an
invariant of routing trees. (The proof follows from the properties of greedy routing and is
omitted.) By (i, k), for i, k € Z, we denote the set [i..0i + k — 1].

ZNote that for each u € [1..n — 1], we can similarly define the routing tree where the source of the routing
paths is node u (instead of 0). However, in all the routing trees we consider in our analysis we assume that
the source is node 0.
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0 0
1 5 1
2 5 5
3 6 7 2
4
(b) (c)

Figure 8.1: (a) Example of a G € Gg; (b) the routing tree of G; (c¢) the 2-prefix of G’s

routing tree.

Lemma 8.5. Let R be the routing tree of a graph in G,,. Then,

(a) R is a tree, and

(b) for every node u, the subtree of R rooted at w consists of the nodes in ((u, s)), where s

is the size of the subtree.

Note that the depth of each node w in R is the delivery time L(G,0,u). So, the average
node depth in R is equal to L(G), and if G is randomly generated in G() then the expected
average depth is equal to T'(¢). Note also that part (b) of the lemma can be equivalently
stated as: a pre-order walk of R visits the nodes in increasing order. (We assume that the
children of each internal node of R are sorted from left to right in increasing order.)

Suppose now we have only partial knowledge of G; specifically, suppose we just know
its size n, and the delta-sets of the first ¢t € [0..n] nodes, 0,...,t — 1. (For ¢ = 0, we do
not know the delta-set of any node.) What can we infer about the routing tree R of G?
Consider the subgraph of R induced by the nodes 0, ...,t—1 and their children in R; we call
this subgraph the t-prefiz of R. (For t = 0, the t-prefix of R consists only of node 0.) An
example is shown in Figure 8T](c). Based on Lemma we can show the following result.

(The proof is by induction on t and is omitted).

Lemma 8.6. Let G € G,,, R be the routing tree of G, and R be the t-prefix of R, for some
t € [0..n]. Then, R' is a tree, and is completely determined given n and the delta-sets of
nodes 0,...,t — 1. Each node of G that is not in R' is in a subtree of R rooted at some leaf
of R'. For each leaf u of R', the subtree of R rooted at u has size uw — u', where u' is the

smallest node of R' that is larger than u, or ' = n if no such node exists.
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8.5 Proof of Lemma

As in the proof of Lemmata [8.1] and 8.2, we employ a coupling argument. For an arbitrary
v € ®, 4, we describe a coupling (G, G') of G(¢) and G(¢'), for some ¢’ € ®,, », such that

E[L(G)] > a E[L(G")],  fora =10/t (8.6)

So, by ([82), we have T'(¢) > oT'(¢"), which yields the desired result, T'(n,¢) > oT'(n, ') —
since ¢ is an arbitrary distribution in ®,, .

Below we denote by R and R’ the routing trees of G and G’, respectively. Also, for each
u € [0..n — 1], we let A, and A/, be the delta-sets of u in G and G’, respectively.

We begin with an informal description of the coupling. We generate G first, according
to the G(p) model. Then, based on the G constructed we construct G’ inductively by
considering each node u = 0,1,...,n — 1 in turn. With each node u of G’ we associate a
node C, of G (this association is not necessarily one-to-one). We initialize the inductive
construction by setting Cy = 0 — i.e., associating with the root of R’ the root of R. For the
node u of G’ under consideration, we define A!, and, simultaneously, define the association
of w’s children in R’ to nodes in R. Specifically, we choose A!, = () with probability 1 — «,
and A!, = Ag, with probability a. So, in the first case u has no long-range contacts in G’
and (if u is not a leaf of R’) its only child in R’ is u+ 1. In this case, we associate with u+ 1
the node in G to which wu is already associated, i.e., 11 = C,. In the second case, u has
long-range contacts in G at the same ring distances as the corresponding node C,, does in
G and this defines the set of u’s children in R’. In this case, we associate with each child
u~+ 6 of uin R’ the corresponding child of C, in R, i.e., Cyys = C, + 6.

We now describe the coupling construction more formally. We choose Ay, ..., A,_; inde-
pendently at random, each according to distribution ¢ — as in G(y). Also, we independently
choose n random bits By, ..., B,_1, such that, for each 0 < u < n, Pr[B, = 1] = a. Then,
for each u=0,...,n— 1, A, is defined inductively by

A 0, if B,=0
“ Ag,, if B, =1
where
0, ifu=0
C,=1< Cp, if u>0and Br, =0

Cp,+(u—F,), ifu>0and Bp, =1

and F), is u’s parent in the u-prefix of R' — which is also u’s parent in R.
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That G’ is well defined is immediate from the fact that the u-prefix of R’ is completely
determined given Ay, ..., A! , (by Lemma [B.6), and from the following claim. (The proof

of the claim is by an easy induction and is omitted).
Claim 8.7. For allu e [0.n—1],0<C, <.

The next result gives more insight into the construction of G'. (The proof, by induction,
is omitted). .S, and S! denote the sizes of the subtrees of R and R', respectively, rooted at u.

Recall (from Lemma B3] that the sets of nodes of these subtrees are ((u,S,)) and ((u,S!)),

respectively.

Claim 8.8. For all u € [0.n — 1],
(a) S/, < Se,.
(b) For allvw € [u+1,n— 1],
— If ' <u+ S, then C, € (Cy, Sc,)); in particular, if B, =1 then Cy # C,.
— Ifu' >u+S! then Cy > C, + Se,

Part (b) says that if ' > u then C,y > C,, (where the inequality is strict if B, = 1), and C,
is in the subtree of R rooted at C,, iff v’ is in the subtree of R’ rooted at w.

We now show that the marginal distribution of G’ is the same as the distribution of
G(¢'), for some ¢' € ®,, ». For that, it is convenient to think of the construction of G’ as
a random process consisting of n steps, 0 up to n — 1, where in step t we decide the value
of A}, and the value of each B, and A, is generated right before it is about to be used —
not earlier. Clearly, B; is generated in step t. Let U; be the set of nodes u for which A, is
generated in some of the steps 0,...,t — 1. Note that U, = {C, : v < t, B, = 1}, so, by
Claim B8(b), C; ¢ Uy; i.e., Ag, is not generated before step t. Therefore, in each step t: we
first choose B; (independently of past choices); if B, = 0 we set A} = (); otherwise, we choose
A¢, (again independently of past decisions) and let A} = A¢,. Consequently, Ay, ..., Al _,

are generated independently at random, each according to the distribution " defined by

s ) oap(A), if A#£0D
SD(A)_{ago(@)—l—(l—a), if A=10

Note that ¢’ € ®,, », since

S (A @A) =3 (1A (A) =a Y (1Al p(A) =at =1

A A#D A£D
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It remains to prove (8.0), i.e., that E[L(G)] > a E[L(G")]. Roughly speaking, we describe
a sequence Ly, ..., L, of progressively more accurate estimates of L(G’), where estimate L,

is based on GG and the binary string
A= (By,..., Biy)

The first of these estimates is Ly = ™' L(G), the last one is L, = L(G’), and for all ¢ < n,
we have E[L;;1] < E[L;]. Combining these three facts yields the desired result.
For every t € [0..n], we let R be the t-prefix of R’ and V' be the set of nodes of R, and

we define

L:l L(G',0,u ' L(G,0,u) + ot L s U

Con ue[oz;—l] o uevtg[o:.t—l] S HE G ve((%;%)) (€ Gt
Before we explain the above formula, we establish that L; = L;(G, A;). Recall that [0..t—1] C
V', and that, for all u € V', L(G',0,u) and S/, are a function of R (by Lemma B.6]). Also,
since R' is a function of Ay, ..., A}_; (by Lemma 8], and these delta-sets are a function
of G, A; (by the coupling construction), we have that, for all uw € V!, L(G’,0,u) and S! are
a function of G, 4;. Also, for all u € V', C, = C,(G, A;) (by the coupling construction).
Therefore, L, = L,(G, Ay).

In the definition of L;, the first sum accounts for the lengths of the greedy routing paths
from 0 to the first ¢ nodes of G’; the second sum is an estimate of the lengths of the routing
paths to the remaining nodes of G’ — by Lemma [8.0] these nodes are in the subtrees of R’
rooted at all u > ¢ that are leaves of R'. Specifically, inside this second sum, the first term
accounts for the lengths of the routing paths up to u for all (the S!) nodes in R"’s subtree
rooted at u; the second term is an estimate of the lengths of the routing paths from u to
these nodes; this estimate is proportional to the sum of the lengths of the routing paths in
G from C, to the nodes C,,C, + 1,...,C, + S/, — 1, which, by Claim B.§(a), are all in the
subtree of R rooted at C,,.

Note that

Ly=a'L(G) and L,=L(G) (8.7)
Let Zi1 = n(Li1 — Ly). Tt is straightforward to show that

Sé—].—Oé_lL(G,Ct,Ct—‘—Sé—l), if Bt =0
Ziy1 = :
C(a = 1) (S 1), itB =1
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We then have

E[Zi1 | G, A] =E[Zy1 | G, A, B, =0]-Pr[B, =0 | G, A
+E[Zu | G A, B, =1]-Pr[B,=1| G, A
= (85, -1-a'L(G,C,,C;+ S, - 1)) - (1 — )
—(@' =1 (S-1-a
= —(a'=1)-L(G,C,,C, + S — 1)
<0

Therefore, E[Liy1—L; | G, A;] < 0. Taking the expectation of both sides yields E[L; 1 —L;] <
0, or, equivalently, E[L,, 1] < E[L;], which implies that

E[L,] < E[L]

Substituting the values of L,, and Ly from (81), we obtain (8.4).

8.6 More on routing trees

We now describe some additional concepts and terminology about routing trees. Let G € G,,
and R be the routing tree of G. Also, for every u € [0..n — 1], let R, be the subtree of R
rooted at node u, and s, be the size of R,. Recall from Lemma [8.5(b) that the set of nodes
of R, is ((u,s,)) = [u..u+ s, —1]. A node v of G is called an r-descendant of u, for some
r > 1, if v is a node of R, and v — u < r; or, equivalently, if v € ((u, min{r, s,}). If the
parent of v in R is an r-descendant of u, but v itself is not then v is called an r-successor
of u. Examples of these definitions are illustrated in Figure B2(a). If s, < r, all the nodes
of R, are r-descendants of u; i.e., u has no r-successors. If s, > r, the following picture
emerges: Let p = (uo, ..., u;) be the path in R, from u to the largest r-descendant of u, i.e.,
node u+r—1; we call p the r-path of u. For example, the 7-path of node 1 in Figure 82(a) is
(1,5,7). The r-descendants of u are the nodes along p, plus the nodes of the subtrees rooted
at the children of nodes ug, ..., ui_1 that lie to the left of p on the plane; the r-successors of
u are the children of nodes uy, ..., ux_1 that lie to the right of p, plus all the children of uy.
Note that the r-successors of u form a “frontier” between the r-descendants of u and the other
nodes of R,: The path from u to each of its r-descendants consists only of r-descendants of

u; and the path to any other node of R, consists of one or more r-descendants of u, followed
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Figure 8.2: (a) The 7-descendants of nodes 1 and 15 are the nodes 1,...,7, and 15,16, 17,
respectively; the 7-successors of node 1 are the nodes 8,9, 13; (b) the 4-significant nodes are
marked with filled circles; the (12, 4)-partition is {[0..3], {4}, [5..8],[9..11]}.

by one r-successor of u, and then zero or more nodes that are neither r-descendants nor
r-successors of u.

Consider now the set of nodes that consists of node 0, 0’s r-successors, the r-successors
of them, and so on. We call the nodes in this set the r-significant nodes of GG. Also, if v
is an r-descendant of some r-significant node u, we say that u is the r-ancestor of v. Let
2o =0 < 2zp < -+ < 2.1 be the r-significant nodes of G, and z, = n. Then, for each
k € [0..x — 1], the r-descendants of zj (or, equivalently, the nodes whose r-ancestor is zj)

are the nodes in [zj..2x41 — 1]. For every m € [1..n], the partition [0..m — 1] into the sets
[Z(]..Zl — 1], [Zl..Zg — 1], ey [Z,@/_l..m — 1]

where k' = min{k : z; > m}, is called the (m,r)-partition with respect to G. An example is
described in Figure B2|(b).

From the above, it follows that the routing path in G' from node 0 to any node consists
of one or more r-significant nodes, each followed by zero or more r-descendants of it. For
example, in the path (0,1,5,9, 10, 12) of the routing tree in Figure B2[b), nodes 0,5,9 are
4-significant nodes, node 1 is a 4-descendant of 0, and nodes 10, 12 are 4-descendants of 9.

For every node v of GG, it is possible to identify the r-significant nodes in the routing path
from 0 to v in an “on-line” fashion as we perform greedy routing from 0 to v — we assume

that initially (when at node 0) we have no knowledge of G other than its size n, and we
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learn the delta-set of each node in the path when we visit that node. We can achieve that

using the following simple algorithm. Below by A, we denote the delta-set of node u.

e Let S denote the set of r-significant nodes identified so far; initially, S = 0.
e We add 0 to S — we do not know A, yet.
e Each time we add a node u to S:
o If v —u < r the algorithm ends.
o Otherwise:
— we learn A, (and, thus, the next node in the path to v)

— while the next node in the path is < u + r we move to that node, and learn its
delta-set

— let w be the first node in the path such that w —u > r — we do not know A,,, yet
— we add w to S.

It is straightforward to verify that when the algorithm ends the nodes in S are the r-
significant nodes in the routing path from 0 to v. For each u € S, we can also compute the
number of its r-descendants, based only on the delta-sets of the nodes that precede u in this
path; it is equal to min{r, v’ — u} where v’ is the smallest among the neighbors that are
greater than u of the nodes that precede u in the path; or ' = n, if no such node exists.
The next lemma is immediate from the above discussion. It says that the r-ancestor z of
v and the number m of the r-descendants of z are completely determined by the delta-sets
of the nodes that precede z in the routing path from 0 to z. Also, knowing these delta-sets
(and, thus, z and m) does not reveal any information about the delta-sets of the remaining

nodes in the graph.

Lemma 8.9. Let G € G, v € [0.n — 1], z be the r-ancestor of v in G, for some r € [1..n],
and m be the number of r-descendants of z in G. Let also (ug,...,u) be the prefix of the
greedy routing path in G from 0 to v, up to (but not including) z. Then, for every G' € G,
such that nodes uqg, . ..,u, of G' have the same delta-sets as the corresponding nodes of G,

the r-ancestor of v in G' is z, and the number of r-descendants of z in G’ is m.

8.7 Proof of Theorem

Let ¢ be an arbitrary distribution in ®,,;. For every m € [l..n], we denote by A,, the

expected value of the average of the delivery times in G(¢) from node 0 to the first m nodes;
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le.,

A, =E [% > L(G,O,u)}

o<u<m

where G is randomly generated in G(p). Note that A,, = E[L(G)] = T ().
Informally, the proof proceeds as follows. First, we observe that for any triplet m,r,n € IN
such that n < r < m < n, A,, is bounded from below by the sum of the following two

terms:

(1) E[L(G,0, Z)], where Z is the r-ancestor of a uniformly-random node in [0..m — 1J;
(2) q - A+, where ¢ is the probability that Z has at least n r-descendants in [0, m — 1],

and m* € [n..r] is such that A,,+ is minimal.

Roughly speaking, term (1) accounts for the number of steps until we get within distance
r of the average destination, and term (2) bounds from below the remaining number of
steps to the destination. By recursively apply this result, we then obtain a lower bound for
T(p) = A,. Specifically, in each recursive step we take r ~ m/log’ n and n ~ m/log’™ n,
for some constants 3,y > 0. For these values of r and 1 we show that each term of type (1)
is bounded from below by T'(n’)/\, where n’ is polylogarithmic in n, and A is proportional
to the expected number of long-range contacts a node has at ring distances between r and
m. We also show that the probabilities ¢ in the terms of type (2) are very close to 1. So, the
lower bound we obtain for T'(¢) looks roughly like: T'(n’)-)".(1/);), where ¢ ranges from 1 to
the total number of recursive steps, which is ©(logn/loglogn), and JA; is the value of A that
corresponds to step 4. Then, by observing that ). A; is bounded from above by a constant,
we obtain that T(¢) > ©(log® n/log®logn) - T'(n'); thus, T'((n) > ©(log®n/ log*logn) - T'(n’).
Finally, since n’ is polylogarithmic in n, recursive application of the last inequality yields
the desired bound for T'(n).

Our proof suggests that to achieve (asymptotically) optimal routing performance, ¢
should be such that a node in G(p) has roughly the same expected number of long-range
contacts in all intervals of ring distances that are of the form [u..ulog®n], for a constant
c. Note that Kleinberg’s construction has the property that a node has ezactly the same
expected number of long-range contacts in all intervals of ring distances of the form [u..cu].

We now present the detailed proof. Let G be a randomly generated graph in G(¢), and
fix r,m € IN* such that »r < m < n. Let Z be the r-ancestor in GG of a uniformly-random
node in [0..m — 1], selected independently of the choice of G. Let also M be the number of

r-descendants of Z in G that are in [0..m — 1]. We can express A, in terms of Z and M
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as follows. Let H be an arbitrary possible instance of G(p), and I15 be the (m, r)-partition
with respect to H. Then,

%ZLHOU ZZLHOu (8.8)

0<u<m bEHH u€b

Given G = H, the probability that (Z, M)) is equal to any fixed block of I1y is proportional

to the size of that block; formally, for every b € Iy,
b
Pel(2, M) =b| G = 1] = 11

Applying the above to the right-hand side of (8.8)) yields

—Z (H,0,u) Z(PE[((ZM»—MG H|. |b|ZLHOu))

0<u<m belly u€b

:E{%u > L(G,0,u) ‘ G:H}

Therefore,

Combining this and the fact that

> L(G0u)=M-L(G,0,2)+ > LG, Zu)

ue((Z,M) ue((Z,M)
we obtain
A IE[L(GOZ)]+IE[1 Y LGz )} (8.9)
m — s Vs e 5 ,u .
M
ue((2,M)

We now focus on the term E [(1/M) > ueqzy LG, Z, u)] on the right-hand side of (83).
By Lemma [8.9] knowledge of the values of Z and M does not reveal any information about
the delta-sets of the nodes in ((Z, M)). More formally, let A,, for each u € [0..n — 1],
denote the delta-set of node u. Let also E,,, denote the event: “(Z, M)) = ((z,m’)).” For
any z,m’ such that Pr[E,,,] > 0, we have that, conditioned on E, ./, AL, ..., A i1
are independent, and each has distribution ¢. From this, it is immediate that for every
u € (z,m'),

E[L(G, Z,u) | E, ] = E[L(G,0,u — 2)]
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So, we have

E {% ue«;M»L(G, z u)] _ Z (lE {mi «sz/» (G, 2 u)

/

=Z( 2 ELG 0w P SizAm)
=> (Am/ : lP]r[EZ,m/])

z,m/

= Y (A -Pr[M=m)

1<m/<r

Ez7m/:| . P]I‘[Ez’m/])

In the last sum, if we restrict the range of m’ to [n..r], for some n € [1..r], and replace each

Ay with A+, for some m* € [n..r] such that A« < A, for all m’ € [n..r], we obtain
1
E {M > >L(G, Z, u)] > Ay - Pr[M > 1]

By applying the above to (89), yields
A > E[L(G,0,Z)] + Ape - Px[M > 1] (8.10)

Then next lemma provides lower bounds for E[L(G, 0, Z)] and Pr[M > n]. (Its proof is
described at the end of this section.)

Lemma 8.10.

(a) Let 6 € [2..r — 1], and X be the expected number of long-range contacts of a node at

ring distances between 0 and m — 1, i.e.,
A=E[|[AgN[0..m —1]|]

There are constants ¢ > 0 and b > 1 such that if m/r > b then

sico.2) 2 ey Lr( 2 )

(b)
Pr[M >n] > 1 - 777_1 (E[L(G,0,r — 1)] + O(1))

Based on (8.10) we can bound T'(¢) from below as follows. First we define quantities n;,

ri, Mis Oi, Ni, Z;, and M;. The definition is recursive:

Nog=mn
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and for each ¢t = 0,...,7 — 1, where
7 =min{j : n; <log” 7 n}

we let:
r; be the d € Hni/logﬁ n)..[2n;/ log” n]] such that E[L(G,0,d—1)] < E[L(G,0,d —1)],
for all d' € [[n;/ log® n]..[2n;/ log? nl]
;. = [ni/log” " n]
0; = [n;/log’ ™ n]
ni+1 be the d € [n;..r;] such that Ay < Ay, for all &' € [n;..r;]
A =E [|A N [0;..n; — 1]]]
Z; be the r;-ancestor of a node chosen independently and uniformly at random from
0..n; — 1]
M; be the number of the r;-descendants of Z; that are in [0..n; — 1].

0, 7, and ¢ are constants such that
2<0<p<v-3

(Note that all quantities defined above, except for the Z; and M;, can be computed directly
from ¢ — they are not random variables.) Now, by recursively applying (8I0) for & times,
where k € [0..7], we obtain the following bound for T'(¢) = A,:

1(0) 23 (BiLG.0.2) - T[22 o)) + Ao T[Pe0 2 0] 1)
i<k j<i i<k
Next, we use Lemma B0 to derive lower bounds for the E[L(G, 0, Z;)] and Pr[M; > n;].
By Lemma BI0(a),

E[L(G,0, Z;)] Zc.min{eiri I %T<\‘TZTQZJ>}

(We can use Lemma BI0(a), because for i < 7, n;/r; = O(log’ n), and, thus, n;/r; > b for

all large enough n.) Note that since %logﬁ n—1< 2 < log” n, we have, by Lemma B2,
that
n; 1 1
1(|757)) 2 (G -ow) - 7([gle"n 1))
ri+6;1/ 7 \2 o(1) 20gn
Also,
T

o1 210g5n210g2n
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since 0 > 2. Therefore,

E[L(G,0,Z;)] > ¢ - min { log® n, )\% : T( B log’ n — IJ )} (8.12)

for some constant ¢ > 0. For Pr[M; > n;], by Lemma [BI0(b), we have that

Pr[M; > 7] >1— L L. (E[L(G,0,m; — 1)] + O(1))

i

Note that, by the definition of r;,

(L;Zﬂ - [bg;n} + 1) CE[L(G, 0,7, — 1)] < niA,,

which implies that
E[L(G,0,7; — 1)] <log’n - A,,

Also,
m—1 1 1
ri o~ log'n T log?tin
since v > 3+ 3. Therefore, A

. 8.13
log®n ( )

for a constant ¢ > 0.
We now combine results (811])—(8I3)) to derive a lower bound for T'(¢) in terms of T'(n'),
for some n’ that is polylogarithmic in n. We assume that n > 7, where 72 is a constant such
that 7 > 0 for all n > n. Note that
I logn B
B+~ loglogn

We distinguish two cases.

O(1) <7< (3 n o(1)) loz)ign (8.14)

Case 1: max {Ani, %E[L(G, 0, ZZ)]} > log®n, for some i < 7.
Let k be the smallest such i. Then, by (813)), for all i < k,

A

logn
If A, > log?n then, by (811,

o k
T(o) > A, - | [ Pr[M: > n;] > log? -(1— C)
() > k g ull 3_773]_08;” log

Likewise, if E[L(G,0, Z;)] > ¢ log®n,

Aok
> . > 1> log?n, - __c
T(p) > E[L(G,0, Z)] EPE[MJ > ;] > 'log”n (1 logn)
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Since k < 7 = O(logn/loglogn) (by (814)), we have that in both cases
T(p) > cilog*n (8.15)

for some constant ¢; > 0.

Case 2: max {Ani, ﬁlE[L(G, 0, ZZ)]} < log®n, for all i < 7.
By 813), for all ¢ < 7,

A~

Pr[M; >n] >1-—

logn
So, by ([BI1), applied for k = 7, we obtain

>Z< L(G,0, Z;)] -HlPrf[sznj])

1<T j<i

= (1 B 1o§n>TZE[L(G’O’ 2|

1<T

> Y E[L(G,0, Z)]
1<T
for a constant ¢’ > 0. Note that, by (8I2) and the case hypothesis that E[L(G,0, Z;)] <

¢ log®n we have that, for all i < T,

Therefore,

T(p )>cc”TQ log” n—lJ)Z)\

i<T
Recall now that \; = E [|Ag N [6;..n; — 1]|], and note that, since 3 > 6, each d € [0..n — 1]
belongs to at most two of the sets [¢;..n; — 1], for ¢ = 0,...,7 — 1. Therefore, >, __ A <
2 E[|Ap|] = 2. Because of the convexity of 1/x, the last result yields

25257 2 3 e )

P B+ ) loglogn

by (814). Thus,

T(p) = o log >2~T<Elogﬁn—1J> (8.16)

log logn
for some constant ¢y > 0. {end of Case 2}
Since ([8I5) and (BI6) hold for all ¢ € ®,,1, we have that, for all large enough n,

T(n) > min {c; log*n, g(n) - T(a(n))} (8.17)
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where )
log”n

g(n) = and a(n) = E log® n — 1J

“ log?logn
We can now obtain the desired bound for T'(n) as follows. Let n be a large enough constant
such that (8I7) holds for all n > n. Let also k be such that

ol (n) < i < a(n)

(By f®(z) we denote the function f(z) iteratively applied k > 0 times to an initial value
of x.) We recursively apply (8I7) until some of the following two conditions is met:

(i) in some recursive step the first argument of min{-, -} is smaller or equal to the second;

(ii) w’ steps have been performed, for some x’ < k that we specify later.

So, there are k' + 1 possible cases: one for each of the k steps in which condition (i) may
be satisfied, and the case where condition (i) is never satisfied. The corresponding bounds

obtained for T'(n) are Ty, ..., T, where

T, = { (Hi<k g(a(i)(n))) cerlog?(a®(n)), f0<k<r
([Tick 9P (n))) - 3, if k= r

(To obtain T,, we used the trivial fact that T'(m) > 2, for m > 3.) Thus,
T(n) > min{Ty,..., T} (8.18)

Note that a(n) > logn, for all n > 8; so, if we stipulate that n > 8 we have that, for all
k <k,
a®(n) > log®™ n

Thus, for every k € [0..x" — 1],

T > (Hg(log(i) (n))) - ¢y log?(log®™ (n)) = e1cklog? n

i<k

and, similarly,
logn

Tw > —
(log(“ +1) n)g

2
3%
By letting

k' = min{x, log"(n) — 1}

we obtain that, for all k € [0..x'],

log?n
Tk Z Cgm (819)
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for some constants ¢3 > 0 and a > 1. (Note that

log™ " n < max{log"*" n, log"*® ™ n} < max{a"*(n),1} < 7.

Combining (8I8) and (8I9J), yields T'(n) = Q(log® n/a'e ™).

Proof of Lemma B.10(a)

Recall that G is a randomly generated graph in G(¢), where ¢ € ®,, 1, and Z is the r-ancestor
of a uniformly-random node in [0..m — 1].

Let G* be the m-node augmented ring such that, for each k € [0..m — 1], the delta-set of
node k of G* is

AL = Ay N [0.m — 1]

(Ag is the delta-set of node k in G.) Note that the routing tree of G* is identical to
the subgraph of the routing tree of G' induced by the nodes in [0..m — 1]. So, Z can be
equivalently viewed as the r-ancestor of a uniformly-random node in G*, and E[L(G, 0, Z)] =
E[L(G*,0,2)].

The proof proceeds roughly as follows. Based on GG, we describe the construction of an
m’-node augmented ring G', where m’ ~ m/(r+6). Roughly speaking, G’ is a “scaled-down”
version G*. We then compute a lower bound for E[L(G*,0, Z)] in terms of E[L(G")]. To
make the lengths of the routing paths in G’ comparable to those in G* we assign to each
node u of G' a positive weight W,, and consider, instead, the “weighted” length of each
routing path in G' — i.e.; the sum of the weights of the nodes along this path. We show
that E[L(G*,0, Z)] is bounded from below by the expected weighted length of the routing
paths in G’, and then we bound the latter in terms of E[L(G")]. We complete the proof by
deriving a lower bound for E[L(G")] in terms of T'(m').

Before we describe how graph G’ and the node weights Wy, ..., W, _1 are generated in
terms of G*, we describe the distribution they will have. We also compute some quantities
related to this distribution. The size of G’ is

m' = {@/J, where ' =7 40
r

We require that m > 3r/, which is true when, say,

“>p=¢

r
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For each u € [0..m' — 1], let A/, denote the delta-set of node u of G'. The pairs (A, Wo), ...,
(A

m/—1

roughly as follows. Recall from Section that the r-path of node 0 in G* is the routing

W—1) are mutually independent and they have the same distribution, which is

path from 0 to its largest r-descendant, r — 1. Consider the prefix of this path until we reach
a node Y such that either (i) some of the long-range contacts of Y is at ring distance > 6
from Y, or (ii) some of the neighbors of Y (successor or long-range contact) is > r. Let W
be the length of this prefix, and D be a “scaled-down” version of A} (which we describe
later). Then, for each u, (A], W,) has the same distribution as (D, W).

More precisely, let (X, Xs,...) denote r-path of 0 in G*. We will assume that the
sequence of X; is infinite, and that X; = r — 1 for all ¢ after the destination r» — 1 is reached.
Let 7 be the earliest step when a node with some long-range contact at a ring distance > 6

is encountered; i.e.,

o =min{t : A%, N[0.m—1] #0}

Let also 75 be the earliest step when a node with a neighbor that is > r is reached; i.e.,
m=min{t : (AL, U{1H)N[r—X;.m—1] #0}

We define
W =min{r, 72} and D =V(AY )

where

v(A) =2 =10 | ﬂdJ I 5:—1,0,1,2}

7!
deAN[h..m—1]

Note that W(A) =0 iff AN[f.m — 1] = 0; and A% N [0.m —1] =0 iff 3 > 7. So,

b YA, ) #0, ifn<mn
@, if’Tl > To

We denote the joint distribution of (D, W) by ¢, and the marginal distribution of D by ¢'.
Note that ¢’ € ®,,/ 1, where
' =E[D]]
For each u € [0..m — 1], ¢ will be the joint distribution of (A, W,,) (and ¢’ the marginal of
Al).
Claim B.IT], below, provides an upper bound for ¢, and a lower bound for the conditional

expectation of W given D. Recall that A is the expected number of long-range contacts a
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node in G(y) (or, equivalently, in G*) has at ring distances between 6 and m — 1. Let 7 be

the probability a node has at least one such long-range contact; i.e.,
m=Pr [AjN[0..m — 1] # 0]

(Note that A > 7.)
Claim 8.11.
4\
(a) If m # 0 then ¢’ < —

1
(b) EIW | D] > ¢, min{ﬁ, —}, for some constant c; > 0.
-1

Proof. For part (a) we have
I'=FE [\@(A}ﬁ)\ | 71 < 1] - Prin < 7

<E[Jw(Ay )] | 1 <7
= E[[W(AY)] | A 8o — 1] # 0]

Ry
Pr[AyN[0..m — 1] # 0]
= B[] (8.20)

where the second-to-last equality holds because W(A}) = 0 if Aj N [0..m — 1] = 0. By the
definition of W,
B(AY)] < 4A5 0 [f.m — 1]
S0,
Bl w(a5)] < 4B[A; 0 [6.m — 1]]] = 42
Applying this to (8.20) yields ¢ < 4\/7.
We now proceed to part (b). Let
P= {9 . J

For the case D = () we have
EW | D=0]=E[rn|n>n]>p (8.21)

where the first relation holds because D = () iff 7; > 7; and the second relation holds
because if 71 > 7 then X311 — Xy <0 —1forallt € [l.1], and r — X,, <6 — 1, and, thus,
T >r/(0—1).
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Next, we consider the case D = A, for some A # (). We have

EW |D=Al=E[W |D#0]=E[n | n <7
= E[r | i < min{p, 72}] - Pr[r; < min{p, 72}]

+E[n|p<n <m] -Prlp<mn <mn
Since E[ry | 7 <min{p,»}| <p<E[n |p<n <mn,
EW | D=A]>E[n | n <min{p, n}| =E[n | 1 <p (8.22)

where the second relation holds because if 71 < p then 73 < 7 (since 71 > 75 yields 71 > 75 >

p, as we argued earlier). We have

T

P
Elr [ n<p=)Y jPrn=j|n<p=

I| Mb

Jj=1 j=1
where ¢ = 1 — 7. After some computations we obtain
1—¢’(1+7p)
I <pl = 8.23
nln <= e (323)
Since (1 —¢”) <1 and ¢* < e ™,
1—eP(1 0.18
Bl | n<p > i AT S 018 s 08 (8.24)
T T

For smaller values of mp we obtain a lower bound for E[r; | 77 < p| as follows. By dividing

both the numerator and denominator on the right-hand side of (823) by (1 — ¢”) we get

L+mp—mp(l—¢")~"

Eln | n<p=
T
and since, for mp < 1, ¢* <1 —7p+ %(ﬂp)Q,
1+7p—7mp(rnp— L(mp)?)~! 1—
Ein | n < g > oo = 5(mp)) = s ”220.18/), itrp <078 (8.25)
T -7

By (824) and (8:27), for all values of mp,
1
Elr | 7 < p] > 0.18 min {p, _}
T

So, by (8:22]),
1
E[W | D =A] > 0.18mm{p, %}

Combining this and (8.21]) yields part (b) of the claim. [ |
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We now describe how we generate G' and Wy, W1, ..., W, _; from G*. The construction
has similarities to that we used in the proof of Lemma [R3. We denote by R and R’ the
routing trees of G* and G’, respectively.

We begin with an informal exposition. We generate the pairs (A!, W,) inductively by
considering each node v = 0,...,m' — 1 in turn. If u is a leaf of R, we choose (A!, W,)
independently at random from ¢. With each u that is not a leaf we associate a node C, of R.
As in the construction in the proof of Lemma 83, Cy = 0, and for u # 0, C,, is determined
when the delta-set of the parent of u in R’ is determined. A! and W, are defined similarly
to D and W, using the r-path of C, in G* instead of the r-path of 0. Let Y,, be the node in
the r-path of C, whose delta-set is used to compute A!. With each non-leaf child u 4 § of
u in R’ we associate a distinct child C\, 5 of Y, in R, such that C,,s ~ Y, + or'.

We now give a formal description of the construction. For each k € [0..m — 1], let Ay be

the r-ancestor of node k in G*, and

Ay, if Ay, =k
By, = '
Ay + 7', otherwise

So, if k is an r-significant node of G* then By, = k; otherwise, By, = Ap+r' > Ap+r > k > A;.
For each u = 0,...,m' — 1, (Al ,W,) is defined as follows. Let S be the size of the subtree
of R’ rooted at u.
oIf S/, > 1 then

A, =V(A},) and W, = L(G*,C,,Y,)+1

where:

— Y, is the first node in the r-path of C, in G* such that some of the following conditions
holds: (i) Ay, N[f.m —1] # 0, or (ii) a child of Y, in Ris > C,, +r.
— 0y, =0, if u=0; and if u > 0, Cy is the largest child of Yg, in R that is < B¢, +

(u—F,) -, where F, is u’s parent in R'.

o If S/, =1 we choose (A!, W,) independently at random according to ¢.

Note that, given G, the above construction is “almost” deterministic: R = R'(R) and for
every node u that is not a leaf of R/, A!, = A! (G*) and W,, = W,(G*). The only randomness
introduced (other than the choice of G*) is in the selection of the delta-sets and weights of
the leaves of R'.

The next result is the analogue of Claims[R.7]and 8.8 (The proof is omitted.) For k < m,
we denote by Sy the size of the subtree of R rooted at k.
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Claim 8.12. For alluw € [0.m' — 1], if S|, > 1 then

(a) 0<C, <Y,<C,+7 and Be, < ur'.

(b) Be, + S.r' < Cy+ Se, =Yy + Sy,.

(¢) Forallu € [u+1.m—1],
— Ifu' <u+ S, and S/, > 1 then Cy € ((Ya, Sy,)) — {Yu}
— Ifu' >u+ S, and S!, > 1 then Cyy >Y, + Sy,.

We now show that G’ and Wy,...,W,,,_; have the distribution we described at the
beginning of this proof; i.e., (Aj, Wo),...,(A!, |, Wys—1) are mutually independent, and
each pair has distribution ¢. As in the proof of Lemma R3] we think of the construction as
a random m/-step process, where in step ¢ we determine the value of (A}, W;), and each A}
is generated right before it is about to be used for the first time — not earlier. Let U; be
the set of nodes k for which A} is generated in some of the steps 0,...,¢ — 1. Note that U;
consists of the nodes in the routing paths of G* from C, to Y,,, for all u < ¢ such that S/, > 1.
So, by Claim RI2[(c), if S; > 1 then k ¢ Uy, for all £ > C}, and, thus, the delta-sets of the
nodes in the path from C; to Y; are generated in step t. It is now easy to see that (A}, W)
is constructed independently of choices made in previous steps, and has distribution ¢.

Next we bound the expected “weighted” delivery time in G’ in terms of the corresponding

“unweighted” quantity. For each w,v € [0..m' — 1], let

LY (u,v) = Z Wy

UIEPum

where p,, is the set of all the nodes in the routing path from u to v in G', excluding the last

node v. Let also
m/—1
w 1 w
L =— > L"(0,u)
u=0

So, L"(u,v) and L" are the weighted versions of L(G’,u,v) and L(G"), respectively. Let H
be any (fixed) possible instance of G(¢'), and let pg,, A be the corresponding values of
Do, AL. Then,

E[L(0,u) | G’ = H] :]E[ Sow, G’:H} =Y EW, |G =H
VEPO,u vEpgu
=Y E[W|D=A"]

vEpé{u
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where the last relation holds because of the independence of the (Al W;) pairs, and the fact
that they are distributed like (D, W). By Claim BIT(b) then,

1 1
E[L*(0,u) | G =H] > ¢ min{ﬁ, ;} Al = min{ei—l, ;} - L(H,0,u)
Taking the average over all u < m/, and the expectation over all H, yields
r 1
-1'x

E[L"] > ¢, min { ; } "E[L(G")] (8.26)

Now, since G’ is a random graph in G(¢'), and ¢’ € ®,,y », E[L(G")] > T(m’,{'). So, if
7 > 0 then, by Claim BI1(a) and Lemma [8T],

E[L(G)] > T<m/, min {%, m' — 2})

and by applying Lemma to the right-hand side, we obtain

Using the above and the trivial fact that 7'(i) > 2/3, for all i > 3, (8.20) yields

r

E[L"] > ¢, min{e — % -T(m’)} (8.27)

for some constant ¢y > 0.
The last piece of the proof is to bound E[L(G*,0, Z)] in terms of E[L"]. We use the

following result.

Claim 8.13. Let H be a (fized) possible instance of G* and u € [0..m’' — 1] be such that if
G* = H then u is not a leaf of R'. Then,

r’-lE[ S L(u,w) ‘ G*:H} < Y L(H.C, A
vel(usi) ke(Bogr'SL)

(The proof is by induction on S!; the details of the proof are omitted.)
By Claim B.I3] applied for u = 0,

N L(H,0,A) = 'E [ S 10(0,0) ‘ G = H}
k<r'm/ v<m/
and taking the expectation over all H, yields

E[ 3 L(G*,O,Ak)] > r'm! E[LY]

k<r'm’
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So,
BILG0.2)] =~ B[ Y 1@ 0.4 > ~E] Y Lm0
m k<m m k<r'm’
r'm/ 2
> vl > = w
> LB 2 S B

where the last relation holds when m/r" > 3r’. Substituting E[L"] above with the right-hand
side of (8.27) yields the desired bound for E[L(G,0, Z2)] = E[L(G*,0, Z)].

Proof of Lemma [8.10(b)

Recall that 1 <n <r <m < n, G is a randomly generated graph in G(¢), where p € ®,,1,
and M is the number of nodes in [0..m — 1] that are r-descendants of Z in G, where Z is
the r-ancestor of a uniformly-random node in [0..m — 1].
For each node u of G, let D,, be the number of nodes in [0..m — 1] that are r-descendants
of the r-ancestor of u. (So, if u is an r-significant node then D, is the number of its r-
descendants that are in [0..m — 1].) Let S be the set of the r-significant nodes that are in
[0..m — 1], and
S*={uesS:D,=r}

Then,

IPIr[M<77]:]E[]PIf[M<n|G]]:]E[%-Hu:Du<77}|

< L.E[s - |5 (8.28)

—1
<E[" -\{ueS:Duq}@
n

We now describe an upper bound for |S|. For each node u, we define N,, as follows: if u € S*,
N, is the total number of long-range contacts of the nodes in the r-path of u (i.e., the path
from w to its largest r-descendant u + r — 1 — see Section B.6)); if u ¢ S*, N, = 0. Note
that every node in S — {0} is an r-successor of some node in S*. Note also that if u € S*
then the number of its r-successors is at most equal to N, plus 1 (for the ring successor of
u+r —1). From these two observations it follows that

S| = 1<) (N +1) =[S+ D N,

ueS*

Combining this with (8.28)) yields

lPIr[M<n]§n_1(1+lE[ZNu]) (8.29)

m
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In the rest of the proof we establish an upper bound for E[> " N,]; we show it is at most
2(1 4 E[L(G,0,r — 1)]). Roughly speaking, this is true because, for every u € S*, the
expected value of N, is E[L(G,0,7—1)]+1, and |S*| is at most m/r. Combining this bound
for E[Y", N, and ([829) yields the desired bound for Pr[M < n]. The next claim computes
the expected value of N,. For each node u, let A, denote the delta-set of u. Note that, by
Lemma 8.6, Ao, ..., A,_; completely determine which of the nodes in [0..u] are in S*.

Claim 8.14. Ifu € S* then E[N, | Ao,...,Ay_1] = E[L(G,0,7 — 1)] + 1.

Proof. Conditioned on the event “u € S*)” N, is independent of Ag,...,A,_; (since
Ay, ..., Ayyr—q are independent of Ag,...,A,_1). Also, the conditional distribution of
N, given u € S* does not depend on the value of u (since A, ..., A, .1 are independent,

each with distribution ¢). Thus,
E[Ny | Ao, ..., Ay_1] = E[Ny]

Let (vo,v1,...,v,) be the r-path of node 0. For each j > 0, we define K; as follows: if
Jj < o, Kj is the number of long-range contacts of v;; if j > o, Kj is chosen independently
at random according the distribution of |Ag|. Let A be the set of all possible values of o.
Note that

E[K; | o =] = E[|Ao]], forj>ie A (8.30)
Also,

E[K; | 0 > j] = E[|Ao]], for 0 <j <maxA
Combining the above two results yields that, for all 5 > 0,
E[K;] = E[[Ao] (8.31)

Now, we have

EN =Y (E[NO | o =] Prfo = i])

_ ZZ (BIK; | o =1] Prlo =1))
- (BlKI- S (Bl |0 =i Prio =)
= >~ (B2l - Bl - Prlo < 1)

=3 (1 - Prfo < j))

J=0
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where the second-to-last line is obtained using (83I) and (830), and the last line holds
because E[|Ag|] = 1. Therefore, by letting j' = 7 — 1, we obtain
E[No] =14 (1 —Prlo < j]) = 1+ E[o] = 1+ E[L(G,0,r — 1)] |
Jj'>0
We now derive the upper bound for E[>  N,]. We do that by describing a sequence
Xo, ..., Xy, of progressively more accurate estimates of Y N, such that X,, > > N,
Xo = 2(E[L(G,0,r —1)] + 1), and, for all t < m, E[X;.] < E[X,]. We define the sequence
if X; as follows. For each t € [0..m],

Xi= Y Nu+m_Zt(1+lE[L(G,O,r—1)])

,
0<u<t
where
0, ift=0
Zt —
max{uES* : u<t}+7’, ift >0
For all t € [0..m — 1], we then have
0, if ¢ ¢ S
Xeyp — Xy = Zi—Z :
Ny — =21+ E[L(G,0,r - 1)]) ifte S

Note that if ¢ € S* then Z;, — Z;y1 > r, and, by Claim BI4, E[N; | Ao,..., A1) =
1+ E[L(G,0,r —1)]. So, if t € 5%,

E[Xip — X | Aoy, A1) <0

The above also holds (as equality) if ¢ ¢ S*. Therefore, for allt € [0.m—1], E[X;4;] < E[X}],
which implies that E[X,,] < E[X,]. Substituting the values of X,, and Xy, we obtain

E [ZNu + = ;Zmu +E[L(G,0,r — 1)]] < %(1 + B[L(G, 0,7 — 1)])

and, since Z,, < m, we have

B> N.] <70+ BLG.0.r - 1))

This, together with (8.29), yields

n—1
,

Pr[M <] < "mi(l + 21+ EIL(G,0,r = 1) =

(% +1+E[L(G,0,r — 1)]))

which yields the desired bound for Pr[M > 7], since r < m.



Chapter 9

Concluding remarks and future work

We conclude with a brief summary of our results and an outline of some open research

problems that are closely related to them.

9.1 Adversarial load balancing in DHT's

We proposed the first key-space partitioning scheme for DHTs that provably maintains
bounded ratio of largest to smallest block sizes, in the face of adversarial node arrivals and
departures. All other key-space partitioning schemes that have been proposed so far rely on
the assumption that either there are no departures, or that nodes leave the system randomly.

Our scheme requires ©( R logn) messages per arrival and departure of a node, in an n-node
system where routing requires R messages. It would be interesting to investigate whether
it is possible to achieve load balancing against an adversary using a more efficient key-
space partitioning scheme, or if our scheme is (asymptotically) optimal in terms of message
complexity. Note that the most efficient key-space partitioning scheme for a non-adversarial
setting that has been proposed so far ([50]) requires only ©(R + logn) messages per arrival

and O(logn) messages per departure.

9.2 Complexity of greedy routing in augmented grids

We have shown that the expected number of steps for greedy routing in augmented rings of
n nodes with on average ¢ long-range contacts per node is Q((log”n)/fa'*¢" ™). This improves

a lower bound by Aspnes et al., and shows that the combination of augmented rings and
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greedy routing cannot achieve an optimal tradeoff between degree and routing paths length,
even when ¢ = O(logn), a case of practical interest.

Our lower bound is very close to the upper bound of O((log?n)/¢) that greedy rout-
ing achieves in Kleinberg’s (one-dimensional) small-world networks, a particular instance of
augmented rings. Our analysis suggests that an (asymptotically) optimal distribution ¢ for
choosing long-range contacts has structural properties similar to those of the distribution
used in Kleinberg’s construction. We conjecture that our lower bound can be improved
to Q((log?n)/¢), i.e., that Kleinberg’s construction is in fact (asymptotically) optimal for
greedy routing in augmented rings.

In our work we have focused on unidirectional greedy routing, where the distance from
node u to node v is the number of edges along the ring in, say, clockwise direction from
u to v. In bidirectional greedy routing, the distance between two nodes is the minimum
number of ring edges between them in either clockwise or counterclockwise direction. In
most actual designs, both versions of greedy routing give (asymptotically) the same results.
We conjecture that the same asymptotic bounds apply to both versions.

The augmented ring model naturally generalizes to more than one dimensions, by using
the d-dimensional torus (or grid) as a base graph instead of the ring. Kleinberg’s construction
also generalizes to higher dimensions resulting in the same O((log®n)/f) upper bound for
greedy routing. It is interesting to investigate whether the use of additional dimensions
improves the performance of greedy routing or if a lower bound similar to that for the

one-dimensional case applies.
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