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Models

Definition
A linear temporal model is a structure (N, V) such that:
o V:N — 24P



Linear temporal logic Models
Epistemic linear temporal logic Syntax and semantics
Interaction een knowle n Satisfiability problem
y Model checking

Example

Example (traffic light)
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Syntax and semantics

Temporal modalities of LTL

Xy @ is true at the next time

X

P

Fop @ is true at some point in the future

Fo

P

Gy @ is true in all points in the future

Gy

® ® ® ® 2 2
@U 1) holds in the future and ¢ is true until ¢ holds
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Vi, tEp if pe V(t)
JtE if (N,V),tEe
ViitEevy if (N V) tEgpor (N, V) tEy

t=Xop it N,V),t+1Ee
,tE Fop if thereis t’ > t such that (N, V), t' = ¢
tE Gy if forallt'>¢ (N,V), t'Eo
tl=pUy if thereis t’ > t such that (N, V), t' =
and (N, V), t" |= ¢ for all t € {¢,...,t' — 1},
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Satisfiabiliy problem

Definition
The satisfiability problem is:
@ input: a formula g;
@ output: yes if there is V such that (N, V), t = ¢

Theorem
The satisfiability problem is PSPACE-complete.
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Model checking

Definition
@ input: a transition system S; a formula ¢ of LTL;
@ output: yes, if all paths of S starting from an initial state of S
satisfy .

Theorem
The model checking of LTL is PSPACE-complete.
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Transition system S: ‘0

Example (paths of S starting from an initial state of S)

r———0—0—0————0—0

r—0—0——0——0——0———0

they all satisfy

G(:—> Xl)
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Epistemic linear = epistemic logic
temporal logic
K,

+

linear temporal logic

X,F,G,U
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Models
Definition
An ELTL model is a structure M = (TL x N, (~,)acacT, V) such that:
@ TL is a non-empty set of timelines;

o for all agents a,
~, is an equivalence relation on TL x N;
o V:TLxN— 24P
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Semantics

~

V(p, t)
(’f)%
M, (p:t) @ or M, (p,t) E ¢

M, (pt+1) o

there is t' > t such that M, (p,t') E ¢

forall t' > t, M,(p,t') E ¢

there is t' > t such that M, (p, t') E ¥

and M, (p,t") = ¢ for all t” € {¢t,...,t' — 1},

for all (p/,t") ~, (p,t), M, (', t') =
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Axiomatisation: fusion of EL and LTL

all classical tautologies

Ka(p — ¥) = (Kap — Ka)
Kap — ¢

K, T

Kap — Ka Kap

Koo — Kim Kap

G(p = ¢) = (G — GY)
X(p = 9) = (Xo = Xv)
X=p < = Xp

Gy — (¢ A XGyp)

G(p = Xp) = (¢ = Gyp)
(0Uy) = Fy

(pUy) < (¥ V X(pUy))
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Interaction between knowledge and time a
Impact on the complexity

Corresponding properties in the models

2 8 7
time time

No assumptions Synchrony.

[} 1 2 3 4 5 [ 7 8 ] L] i 2 a 4 5 L 7 8 9
time tima

Perfect Recall. No Learning,.
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Interaction between ki

Additional axioms for interaction

synchronous  agents know the time t (not an axiom)

perfect recall, K, Xp — XK, p
synchronous

perfect recall Koo A X(Kap A —=Kax) = =Ko (KapU(Kay U—y))

no learning (KapUK W) — Ki(Kap UKL )

no learning, XKy = Ko Xop
synchronous
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Complexity of the satisfiability problem

no interaction, or sync,

PSPACE-c
/ perfect recall, no learning,
perfect recall, no learning, svnc svnc
NON ELEM-c NON ELEM-c e “

\ / 2EXPTIME-c NON ELEM-c

. perfect recall, no learning,
perfect recall, no learning,

sync
EXPSPACE-c NON ELEM-c

[Halpern and Vardi, 1989]
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Model checking problem

Definition
@ Input: An epistemic transition system S, that is a transition system
augmented with epistemic relations (R,)acacT, with a set of initial
states; a formula ¢ of epistemic linear temporal logic;
o Output: Yes, if “Ms, (p,0) = ¢" for all paths p of S starting in an
initial state of S, no otherwise.

M should be defined...

29 /34
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Possible definitions of Mg

Definition
Given a transition system S,
we define Mg = (TL x N, (~,)acact, V) such that:

@ TL is the set of paths of S starting in an initial state of S;
e for all agents a, (p, t) ~, (o, t') if:

o t=1t; synchrony
o p[i]R.p'[i] for all i € {0,...,t} perfect recall

o V: TL x N — 24P defined by:

V(p, t) = set of propositions true at p[t]
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Possible definitions of Mg

Definition
Given a transition system S,
we define Mg = (TL x N, (~,)acact, V) such that:

@ TL is the set of paths of S starting in an initial state of S;
e for all agents a, (p, t) ~, (o, t') if:

o t=1t; synchrony

o plt]R.p'[t] memory less
o V: TL x N — 24P defined by:

V(p, t) = set of propositions true at p[t]



Example

Transition system S: ‘0

Example (Memory less)




Example

Transition system S: ‘9

Example (Perfect recall)

00— ——0——0———0——0
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Results

Theorem

The model checking memoryless and synchrony is PSPACE-complete.
[Engelhardt, Peter Gammie, and Ron Van Der Meyden, 2007]

Theorem

The model checking under perfect recall and synchrony is:
@ undecidable if CK and until
o NON ELEM-c if until but no CK
@ PSPACE-c if CK but no until

[van der Meyden and Shilov, 1999]

[Maubert et al. 1JCAI 2019]

Thanks to Bastien Maubert for discussions about knowledge and time.
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