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Abstract— This paper investigates the use of fuzzy logic mech-
anisms coming from the database community, namely graded
inclusions, to model the information retrieval process. Two
kinds of graded inclusions are considered. In this framework,
documents and queries are represented by fuzzy sets, which are
paired with operations like fuzzy implications and T-norms.
Through different experiments, it is shown that only some
among the wide range of fuzzy operations are relevant for
information retrieval. When appropriate settings are chosen,
it is possible to mimic classical systems, thus yielding results
rivaling those of state-of-the-art systems. These positive results
validate the proposed approach, while negative ones give some
insights on the properties needed by such a model. Moreover,
this paper shows the added-value of this graded inclusion-based
model, which gives new and theoretically grounded ways for
a user to easily weight his query terms, to include negative
information in his queries, or to expand them with related
terms.

I. I NTRODUCTION

Information Retrieval (IR) and Databases (DB) communi-
ties share the goal of providing the users with the information
they ask for. But, it is well-known that classical DB querying
mechanisms are not adapted to IR needs. First, they lack the
required flexibility for the approximate matching between
queries and documents. Secondly, they seldom provide a
means to rank the retrieved documents. However, recent
studies in the field of fuzzy database querying have provided
new mechanisms that may be adapted to the IR framework.
Following the recent work of [1], [2], this paper investigates
the use of one of these mechanisms, the graded inclusion, in
textual IR.

The first goal of this study is to provide some insights on
the practical use of the graded inclusions in IR, considering
that: “the more the set of words of the query is included into
the set of words of a document, the better this document”. In
this model, documents and queries are represented by fuzzy
sets of words. Then, documents and queries are matched
using graded inclusion and, for each query, documents are
ranked according to their inclusion degree.

Fuzzy extensions of the two classical views of the set
inclusion (implication-based and cardinality-based), are con-
sidered and compared in this paper. We have shown in
[1] that the implication-based approach corresponds to the
division of fuzzy relations. Thus, it is a fuzzy extension ofthe
Boolean model for Information Retrieval, which corresponds
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to the division of classical relations. We also have exper-
imentally validated this approach [3], through experiments
recalled and discussed in Section V, where numerous settings
were explored, using numerous pairs of implication and T-
norm.

Among other comparisons, it has been shown that, to
compute the matching degree, our implication-based model
focuses on the words from the query absent from the docu-
ments, while classical IR models focus on the query words
present in the documents. This led us to consider the other
view of inclusion, the cardinality-based one. This new ap-
proach is studied here, both theoretically and experimentally.
It is shown that it corresponds to the Vector Space Model
(VSM), which is a standard IR method.

The positive obtained results show that, with appropriate
settings, it is possible for our two fuzzy-based models to
mimic classical systems and thus to yield results rivaling
state-of-the-art ones. It is also possible to determine which
of the settings are suited or not to build a retrieval system
and, from negative obtained results, some insights are given
about the properties needed by such a model.

The paper is organized as follows: the next section reviews
some of the existing studies using fuzzy logic in information
retrieval and see how they are related to our approach. The
theoretical background of the graded-inclusion approach is
presented in Section III. The practical implementation and
the experimental results of this approach are detailed and
discussed in Sections IV and V, and several theoretical exten-
sions allowed by this framework are proposed in Section VI.

II. RELATED WORK

Parts of Fuzzy Logic (FL) have been introduced into IR
models, since the early 80s (e.g. see [4]). It is natural since
the Boolean IR model has been extended using degrees, and
FL generalizes Boolean logic with degrees. FL have different
uses in IR, as for instance, managing uncertainty in the term
representation [5], improving the ranking of the documents
[6], enhancing the expressiveness of the querying language. . .
Others have extended the classical IR model to take into
account particular situations, for instance to use ordinalterms
weights [7], or to use both possibility and necessity measures
for terms weights [8]. Most of these papers use parts of FL to
deal with particular problems, while our approach proposes
a comprehensive theoretical framework.

Among the studies using fuzzy logic in the matching
mechanism between a query and a document, one can notice
the recent papers of Herrera-Vielma et al. [9] or Oussalah
et al. [10]. The latter work is close to ours: it also proposes



the use of fuzzy implications to compute a similarity measure
between a document and a query. However, in their approach,
D → Q is computed, as usual in IR logical approaches [11],
while here the implication is used the other way round, for
reasons detailed in the next section.

III. IR AND THE DIVISION OF RELATIONS

Information Retrieval Systems (IRSs) are based on models
characterized by three main components: the representation
of documents, the query language, and the matching mecha-
nism. This section shows how our graded-inclusion approach
generalizes the IR Boolean model on these three components.
The next subsections show the link between the Boolean
model and the division of relations, how the extension to
fuzzy relations is linked to a graded IR approach, and the
theoretical basis of our IRS.

A. Division of relations and the Boolean IR model

In the relational model of data, a universe is modeled as
a set of relations, manipulated with operations known as
the relational algebra. Among these operations, the division
of the relationC(D, T ) by Q(T ) denoted byC[T ÷ T ]Q,
whereT is a set of attributes common toC and Q, aims
at determining theD-values connected inC with all the T -
values appearing inQ. This operation can be defined by:

d ∈ C[T ÷ T ]Q ⇔ ∀d ∈ Q, (d, t) ∈ C , (1)

or equivalently, withΩ−1(d) = {t|(d, t) ∈ C}:

d ∈ C[T ÷ T ]Q ⇔ Q ⊆ Ω−1(d) . (2)

Consider the Boolean IR model in which each documentd
is described as a set of termsd = {t1, . . . , tm}, with ti ∈ T ,
the set of the index terms, and a queryq is a set of expected
termsQ = {t′1, . . . , t

′

n}. If the collection of documents is
represented by a normalized (in a DB sense) relation (C)
where a documentd of m terms corresponds to them tuples:
〈d, t1〉, . . . , 〈d, tm〉, and a query is a unary relation (Q), then
the query may be answered by the division ofC by Q.

This Boolean approach, clearly related to DB querying
mechanisms, was at the origin of IR systems. However, it
has rapidly shown its limitations and is no more used in IR.
Among the reasons, the Boolean approach do not allow to
represent and use the relative importance of terms indexing
the documents or representing the queries.

B. A fuzzy extension

Most of the extensions of the Boolean IR model take into
account the relative importance of terms, through weighting
mechanisms. In FL, it naturally consists in representing
documents by a fuzzy set of terms [4]. Each termt belongs
to a documentd of the collectionC with a degreeµC(d, t)
assessing its significance [12], [13]. A queryq can also
be represented by a fuzzy set of terms, or a more general
expression structured with fuzzy operators (AND, OR, NOT)
[14]. Using weights (degrees) for terms in both documents
and queries raised the problem of their interpretation. This
problem is discussed further on.

There are two other classical steps in IRSs. The first
one consists in matching documents and queries, computing
individual scoresSq(d, t) for each termt in the queryq,
and each documentd ∈ C. The second one consists in
aggregating the scoresSq(d, t), ∀t ∈ q, to obtain a global
scoreSq(d) for each document, assessing the satisfaction
degree ofd w.r.t. q. This degrees allow to rank the documents
according to their relevance. Fuzzy IRSs can use matching
and aggregation functions defined on the unit interval.

This gradual extension of the Boolean IR model may
appearad hoc. However, generalizing the Boolean case
described above, the answer to a queryq can be obtained by
the division of two fuzzy relations, whose tuples are weighted
in the unit interval. Then, replacing the set inclusion witha
graded oneg, expression (2) becomes:

C[T ÷ T ]Q(d) = g(Q ⊆ Ω−1(d)) , (3)

whereΩ−1(d) = {µ/t|µ/(d, t) ∈ C} is a fuzzy set of terms.
The semantics of this division depends on both the inclusion
operator and the meaning of the weights associated with the
tuples in relationsC andQ [15].

The two classical views of the set inclusion are the
implication-based one:

A ⊆ B ⇔ ∀x, (x ∈ A ⇒ x ∈ B) , (4)

and the cardinality-based one:

A ⊆ B ⇔ card(A ∩ B) = card(A) . (5)

Fuzzy extensions of these two approaches are considered
for the inclusion operatorg. If it is represented by a fuzzy
implication→, (3) becomes:

C[T ÷ T ]Q(d) = min
t∈Q

(µQ(t) → µC(d, t)) , (6)

In this formula, the matching (→) and aggregation functions
(min) appear clearly. Thus, the extension of the Boolean IR
model is notad hocin our framework.

When g is a ratio of cardinalities, (3) is not a division
stricto sensusince its result is not a quotient in general [16].
However, the formula becomes:

∑
t∈Q

⊤(µQ(t), µC(d, t)) /
∑

t∈Q
µQ(t) , (7)

assuming thatΣt∈QµQ(t) 6= 0. Here again, the matching (⊤)
and aggregation functions (normalized sum) appear clearly.

C. Graded inclusion based on a fuzzy implication

In (6), the matching function is a fuzzy implication. The
semantics of inclusion degrees and queries terms weights
depends on the chosen implication, which may be either a
R- or a S-implication. Numerical examples are given in [1],
which illustrate the differences.



1) Threshold and R-implications:In the first case, the
degreeµQ(t) is seen as a threshold and the complete sat-
isfaction requires that this threshold is attained byµC(d, t))
for each termt of Q. When this threshold is not reached, a
penalty is applied.

This behavior is obtained using a residuated implication
(or R-implication) [17], denoted by→R. Any R-implication
may be rewritten:

p →R q = 1 if p ≤ q, f(p, q) otherwise, (8)

where f(p, q) expresses a partial satisfaction (a value less
than 1) when the antecedentp is not reached by the con-
clusionq. The threshold interpretation is clear from formula
(8), where the satisfaction degree is1 as soon asµC(d, t)
reachesµQ(t).

2) Importance and S-implications:In the second inter-
pretation,µQ(t) defines the importance of termt (and then
the degreeµC(d, t) is modulated). In the logical framework
imposed by an implication, the underlying notion is that
of a guaranteed satisfaction when this importance is under
1: when µQ(t) < 1 the requirement is not completely
important, and it can be forgotten to some extent. The
complete satisfaction requires thatµC(d, t) equals 1 for each
value t of Q whatever its importance. And a document
is totally unsatisfactory (µC[T÷T ]Q(d) = 0) only if for at
least onet in Q, both µQ(t) = 1 (the requirement has
the maximum level of importance) andµC(d, t) = 0 (the
tuple does not fulfill the requirement at all). This behavior
is modeled by using an S-implication [17] denoted by→S ,
as follows (⊥ stands for a triangular conorm):

p →S q = ⊥(1 − p, q) = 1 −⊤(p, 1 − q) (9)

One can notice that the regular division is recovered from
formulas (3) and (6) in the presence of regular relations.

3) Absorption effect:This approach is logical and con-
junctive but has an “absorption effect”. Indeed, the division
operator only retains the smallest degree of implication
betweenQ andC, due to themin aggregation in (6). This
is why (6) is to be relaxed using another T-norm in our IR
model.

D. Graded inclusion based on a ratio of cardinalities

One can also consider a set-based view for the graded
inclusion used as a matching function in (3). The classical
inclusion (5) can be extended to fuzzy sets as follows:

Inc(A, B) =
|A ∩ B|

|A|
if |A| 6= 0, 1 otherwise. (10)

where |E| is the (fuzzy) cardinality ofE. The notion of a
fuzzy subsethood measure generalizingInc and based on
the concept of fuzzy entropy has been axiomatized in [18].
Using the definition of the scalar cardinality of a fuzzy set
introduced in [19] and often called Zadeh’s cardinality:|E| =∑

x∈U µE(x), whereU is the universe ofE, and using a
triangular norm⊤ for the intersection, formula (10) becomes:

Inc(A, B) =

∑
x∈U ⊤(µA(x), µB(x))∑

x∈U µA(x)

if Σx∈UµA(x) 6= 0, 1 otherwise. (11)

Let us mention that adivision interpreted by means of
a cardinality-based inclusion cannot be called a division
stricto sensusince its result is not a quotient in general [16].
Anyway, in the framework considered here, this aspect is
not crucial and it is worth comparing the behavior of an IRS
based on such adivision-likeoperator with that based on a
logical division.

IV. I MPLEMENTATION AND EXPERIMENTS

A. Document collections

The two proposed IRSs have been tested using 2 collec-
tions of documents from IR evaluation campaigns. The first
one is theINIST collection: it contains 163,308 documents
(paper abstracts from various scientific disciplines) and a
set of 30 queries. The second is a part of the TREC-3
TIPSTERcollection, containing 173.252 documents from the
Wall Street Journal and 50 queries. For both collections,
documents and queries have been lemmatized. The queries
are composed of several files: a title, a subject, a description
and a set of associated concepts. In the experiments reported
below, only title and associated concepts fields have been
used as actual queries inINIST, and title filed only in
TIPSTER (associated concepts were not available).

B. General IRS features

Our IRS implements the two fuzzy approaches described
in Section III. Thus, the score of a documentd in front of a
queryq is computed either as:

S(d, q) = ⊤t∈q(wq(t) → wd(t)) , (12)

or as:

S(d, q) =
∑

t∈q
⊤(wq(t), wd(t)) /

∑
t∈q

wq(t) . (13)

In formula (12), several parameters must be set: the weights
of the terms in both the queries and the documents, and
the aggregation and matching operators. It is similar in (13),
except for the aggregation operator (sum).

C. Features of the implication-based approach

1) Aggregation operator:When⊤ is themin operation,
S(d, q) equals the inclusion degree of the termt ∈ q which is
the least included ind (the degree of the weakest term reflects
the acceptability of the document). As explained below, this
approach fails in IR. This is why a large range of T-norms
has been tested in (12).

2) Graded inclusion operator:As mentioned in Sec-
tion III, two classes of operators have been used: R-
implications and S-implications. The most representative
(and widely used) of each class have been chosen for
this first series of tests. Among the R-implications: Gödel,
Goguen, Łukasiewicz. Among the S-implications: Kleene-
Dienes, Łukasiewicz, Reichenbach, Willmott. See for in-
stance [17] for the definition of these operators.



3) Weights of the terms in the documents:In the context
of the division of fuzzy relations, the weights have to carrya
clear semantics (importance, threshold...). TheOKAPI-BM25
weighting scheme has been used, as it accurately carries the
notion of relative importance of terms:

wBM25(t, d) =
log(N−n(t)+0.5

n(t)+0.5 ) · (k1 + 1) · tfd(t)

k1 · ((1 − b) + b · Ld

Lavg
) + tfd(t)

, (14)

wherek1 = 2 andb = 0.75 are constants,Ld the document
length,Lavg the average document length in the collection,
N the total number of documents andn(t) the number of
documents containingt. However, in the context of fuzzy
computations, the weights must belong to the[0, 1] interval.
Thus, the OKAPI-BM25 weights wBM25(t, d) have been
normalized and bounded.

4) Weights of the terms in the queries:As for the term-
weights of documents (wd(t)), the term-weights of the
queries (wq(t)) have to carry a clear semantics. Specifically,
this is the case when one is dealing with R-implications,
in which wq(t) is a threshold to be reached bywd(t). For
now, this could only have been achieved by a manual terms
weighting of the queries. It would have been subjective, and
above all would not have allowed a fair comparison with
other IRSs. This is why an automatic (and classic) weighting
mechanism has been used in this first work, at the expense
of the semantics. The term weights rely on the frequency of
the terms in the queries, and are normalized and bounded.

D. From an implication- to a cardinality-based approach

Often in IR, a relevant document does not contain all
the terms of the query. In most vector-space models, the
absence of a query term in a document does not decrease the
score of this document; it is just neutral. This is why such
models use addition to aggregate the scores of individual
terms. By contrast, a very representative term (rare in the
collection, and frequent in the document) greatly increases
the score. Thus, from an IR point of view, the “best” terms
are more important than the “weakest”. Unfortunately, the
implication-based approach focuses on the terms inq absent
from the document, or on the least representative ones. This
behavior is due to the fuzzy implication, and the T-norm-
based aggregation. The implication gives anon-onedegree
only for unsatisfactory terms; the min keeps the weakest
degree; totally satisfactory terms obtain 1 which is absorbent
with any t-norm.

Moreover, in order to rank the documents, the document-
score should take into account each individual term-score,
while themin operator only considers one. This is why (6)
has been relaxed into (12). Then, each individual term score
takes part in the final score, leading to an accurate IR model.

However, this consideration led us to consider another
approach, more focused on the terms fromq present in
the documents: the cardinality-based approach. It consists in
computing the (fuzzy) cardinality of the intersection between
q andd, normalized by the (fuzzy) cardinality ofq. Thus, by

construction, this ratio focuses on the elements ofq present
in d, as in classical IR models.

E. Features of the cardinality-based approach

The remarks made above about the weights of the terms
in the queries and the documents also apply in this case. As
to the T-norm involved in formula (13), the same range as in
the previous case has been tested, i.e., min, drastic, Einstein,
Łukasiewicz, and product.

It is worth noticing that, when the product is chosen for⊤
in (13), the formula corresponds to the one of most Vector
Space Models used in IR:

S(d, q) =
∑

t∈q

wq(t) · wd(t) . (15)

In particular, using (14) forwd(t) and wq(t) = (k3 + 1) ·
tfq(t)/(k3 + tfq(t)) (with k3 = 1000), (15) correspond to the
best-scoring, state-of-the-art VSM known asOKAPI-BM25
[20]. In our model, this score has to be normalized.

This interesting result shows that our cardinality-based
approach can be viewed as a generalization of the IR Vector-
Space Models.

V. EXPERIMENTAL RESULTS

Experiments have been carried out varying the different
parameters. Then, in each case, the results have been com-
pared to those of anOKAPI-like IRS, which is considered
the best model for now.

A. Implication-based approach

This section shows both positive results, which validate the
proposed model, and negative ones, along with explanations
of the causes, for the implication-based model. Part of
these results have been given in [3]. Absorption, zero and
threshold properties are responsible for most of the poor
results obtained and are discussed hereafter.

1) Zero property of T-norms:Conjunctive aggregation
suffers from the zero property: if one term is scored 0, the
document gets 0, whatever the score of the other terms.

A term score is given by:wq(t) → wd(t). With most R-
implications, this score is 0 as soon aswd(t) is 0, i.e. the
term is absent from the document. The situation is better with
S-implications, as the score is1−wq(t) in this case. To deal
with this problem, the adopted strategy is the same than in
language modeling approaches with smoothing techniques: if
a word does not occur in a document, his weight is a small
predefined and strictly positive value. It means that a term,
even absent from a documentmay berepresentative of this
document (as it is the case for synonyms).

2) Threshold property of R-implications:With R-
implication, wq(t) is the required degree forµd(t) in to-
tally satisfactory documents. As a consequence, as soon as
wd(t) > wq(t), the score fort, namelywq(t) → wd(t) is 1.

And as a bad consequence, two documents with different
weights wd1

(t) 6= wd2
(t) both above the thresholdwq(t)

get the same score1 and cannot be ranked. This is why
R-implications lead to poor results, and should not be used



INIST OKAPI IRS using an implication-based graded inclusion
implic. Reichenbach Łukasiewicz
t-norm Einstein % Product % Łukasiewicz % Product %

NIAP 21.75 23.22(+6.79%) 23.13(+6.37%) 0.03 (-99.85%)23.03(+5.90%)
IAP 24.13 25.60(+6.10%) 25.50(+5.70%) 0.20 (-99.17%)25.38 (+5.17%)
Rprec 25.85 28.20 (+9.09%)27.94 (+8.08%)0.03 (-99.90%)28.09(+8.69%)
P5 50.00 45.33 (-9.33%)49.33 (-1.33%)0.00 (-100.00%)48.00 (-4.00%)
P10 42.67 42.67 (0.00%)42.00 (-1.56%)0.00 (-100.00%)43.67 (+2.34%)
P100 17.03 18.27(+7.24%) 18.20(+6.85%) 0.03 (-99.80%)18.23(+7.05%)
P500 5.39 5.64(+4.70%) 5.61(+4.08%) 0.03 (-99.38%) 5.63(+4.58%)

TIPSTEROKAPI IRS using an implication-based graded inclusion
implic. Reichenbach Łukasiewicz
t-norm Einstein % Product % Łukasiewicz % Product %

MAP 18.14 18.61 (2.61%)18.66 (2.87%)2.53 (-86.08%)18.66 (2.87%)
IAP 20.09 20.83 (3.69%)20.90 (4.06%)2.70 (-86.55%)20.90 (4.02%)
Rprec 22.42 22.85 (1.91%)23.31 (4.00%)3.47 (-84.54%)23.32 (4.02%)
P5 31.60 32.40 (2.53%)32.80 (3.80%)5.60 (-82.28%)32.80 (3.80%)
P10 30.40 32.00 (5.26%)31.80 (4.61%)6.00 (-80.26%)32.00 (5.26%)
P100 17.14 17.14 (0.00%)17.08 (-0.35%)3.64 (-78.76%)17.06 (-0.47%)
P500 7.33 7.37 (0.49%) 7.34 (0.11%)0.85 (-88.43%) 7.35 (0.27%)

TABLE I

RESULTS WITH THE IMPLICATION-BASED IRS

in the general case. However, if the weights in the queries
wq(t) are chosen higher than the weights in the documents,
the threshold is never reached, and results obtained with R-
and S-implication are comparable.

3) Absorption property of min-like operators:Some ag-
gregation operators have an absorption effect, asmin, max. . .
With this class of operators, only one term (or few terms)
is taken into account to compute the score of a document.
Here again, the consequence is that documents cannot be
accurately ranked and thus lead to poor results.

4) Results: Among the many possible combinations of
implications, aggregations, etc., only some (positive andneg-
ative) representative figures are given here. Table I presents
the results for Reichenbach implication associated with Prod-
uct or Einstein T-norm, and for Łukasiewicz implication,
associated with Product or Łukasiewicz T-norm. The bold
values are those considered as statistically significant accord-
ing to a t-test.

Unsurprisingly, when the different parameters are chosen
to avoid the above-mentioned unwanted properties, our IRS
obtains positive results, comparable —and in some cases
slightly better— than those ofOKAPI.

For both collections, the best results are obtained using
Reichenbach implication and Einstein or Product T-norm. In
some cases, Łukasiewicz implication, and Larsen pseudo-
implication (product) have also given good results. Some
parameterized implications gave good results, but mainly
when their behavior was close to the product.

B. Cardinality-based approach

Unsurprisingly, when the parameters are set to match the
OKAPI-BM25 formula, the results are identical.

To allow for a comparison between our two models, the
results presented here, in Table II, have been obtained with
the weighting scheme used for the implication-based IRS.
The weights for the terms in the documentswd(t) are the
ones fromOKAPI-BM25, but the weights of the terms in
the querieswq(t) are based on the term frequency, linearly

INIST OKAPI IRS using a cardinality-based graded inclusion
t-norm Einstein % Łukasiewicz % Min % Product %

NIAP 21.75 22.82 (+4.91%)12.05(-44.42%) 20.80 (-4.34%)23.17 (+6.55%)
IAP 24.13 25.33 (+4.99%)14.85 (-38.29%)23.19 (-3.91%)25.65 (+6.32%)
Rprec 25.85 27.39 (+5.95%)15.47 (-40.16%)25.43 (-1.62%)28.65 (+10.84%)
P5 50.00 46.67 (-6.67%)36.00 (-28.00%)45.33 (-9.33%)45.33 (-9.33%)
P10 42.67 43.67 (+2.34%)28.67 (-32.81%)39.33 (-7.81%)42.67 (0.00%)
P100 17.03 18.00 (+5.68%)10.13 (-40.51%)17.27 (+1.37%)18.33 (+7.63%)
P500 5.39 5.62 (+4.33%) 3.78 (-29.83%) 5.61 (+4.08%) 5.69 (+5.69%)

TIPSTEROKAPI IRS using a cardinality-based graded inclusion
t-norm Einstein % Łukasiewicz % Min % Product %

MAP 18.14 18.01 (-0.71%)16.10 (-11.23%)18.10 (-0.22%)18.14 (+0.04%)
IAP 20.09 20.01 (-0.39%)17.93 (-10.72%)20.03 (-0.28%)20.09 (-0.01%)
Rprec 22.42 22.28 (-0.62%)20.08 (-10.43%)22.39 (-0.14%)22.45 (+0.14%)
P5 31.60 30.00 (-5.06%)28.80 (-8.86%)31.60 (0.00%)31.60 (0.00%)
P10 30.40 30.20 (-0.66%)28.60 (-5.92%)30.40 (0.00%)30.40 (0.00%)
P100 17.14 17.06 (-0.47%)15.50 (-9.57%)17.06 (-0.47%)17.14 (0.00%)
P500 7.33 7.32 (-0.22%) 6.92 (-5.67%) 7.32 (-0.11%) 7.33 (0.00%)

TABLE II

RESULTS WITH THE CARDINALITY-BASED IRS

normalized and bounded (between 0.5 and 0.9). Thus, only
the T-norm remains to be set.

On theINIST collection, Einstein and product t-norms give
results slightly better than the ones ofOKAPI. Łukasiewicz
t-norm shows bad results. The min will be discussed later.

The results on theTIPSTERcollection are less representa-
tive here. Indeed, there are noassociated conceptsin the
queries, and only the subject is used. Then, queries are
expressed with few keywords, and the term frequency is
most often 1. This explains why the min (wrongly) seems
to be a good operator here. As most of the weights in
the documents are low,min(0.9, wd(t)) = wd(t), while in
OKAPI 1 · wd(t)) = wd(t). It means that, most of the time,
only thewd(t) are taken into account in (13), when using the
min t-norm. When thewq(t) are different, which occurs with
long queries, where representative terms are given several
times, the term frequency is not taken into account with min,
yielding poor results. With theTIPSTERcollection, only one
of the 50 queries gave different results thanOKAPI. There
were more numerous in theINIST collection, leading to worse
results. For the same reasons, the product gave results almost
identical to theOKAPI ones.

To conclude, Einstein and product t-norms in (13) give
results rivaling with the ones ofOKAPI (as expected, since
the formulas are like-looking), as for the implication-based
approach. Other t-norms give worse results in the general
case.

VI. EXPRESSIVENESS OF THE MODEL

The proposed model has been tested using classical
weighting mechanisms in order to validate our approach, but
has not been entirely exploited yet. Better results are ex-
pected using user-defined weights for queries terms. Indeed,
the frequency of query terms does not accurately represent
the user’s need; yet, asking for a user to weight his terms
with real numbers is not generally feasible. The proposed
graded approach makes it possible to simplify the manual
weighting: for example, the user can just rank the query terms
by importance, using an ordinal scale, or he can classify them
into a few importance categories (e.g. filling 3 or 5 fields



in a formular). In both cases, numerical weights may be
automatically given, representing their relative importance,
according to the user simplified representation.

Queries can also be expanded using related terms (syn-
onyms, hypernyms. . . ). This kind of expansion is often done
(e.g. [21]), but remains the problem of accurately weighting
the added terms, or finishing a chain (the hypernyms of the
hypernyms of the. . . ). In our framework, new terms could
be weighted relatively to the original terms using a notion of
semantic proximity. First experiments, based on ideas from
[2], consisting in enlarging the dividend (the documents) in
the fuzzy division, have shown good results.

They could also be linked using fuzzy operators, like dis-
junctions (e.g. meaning that a term OR one of its synonyms
is required). For instance, “air pollution, greenhouse effect”
should give better results represented by (air AND pollu-
tion) OR (greenhouseAND effect) than using the 4 terms
independently. The rich set of operators in FL allows here to
modulate the meaning of the conjunctions and disjunctions.
For instance, min/max carry the notion of independency.
Other operators, like product/probabilistic sum, carry the
notion of reinforcement. Using the probabilist sum (instead
of max), the more associated concepts in a document, the
better its score.

If most of these proposed extensions are not really original
ones, they will rely on the well founded proposed approach.
Then, operators, weights, and obtained results will benefit
from a clear semantics. This could help improve the results.

Besides, some theoretical results, which would enrich the
model, remain to be experimentally validated. For instance,
negative terms can also be added to refine the query, and
processed by an operation of antidivision [2]. The antidivi-
sion of C(A, X) by Q(A), dual from the division, retrieves
the elementsx in C such that∀a ∈ Q, (a, x) /∈ C thus, in
our model, the documents which do not contain the negative
terms.

VII. C ONCLUDING REMARKS

The graded-inclusion IR model proposed in this paper
seems promising. It has been shown that, with adequate
settings, the implication-based model is able to mimic state-
of-the-art systems, yet keeping its strong theoretical back-
ground. The cardinality-based model, while it does not really
correspond to the division of fuzzy relations, is an extension
of the Vector Space Model and, with appropriate settings,
corresponds to the very efficientOKAPI-BM25 scheme.
Note that language-modeling systems could be mimicked
as well using probabilities (smoothed maximum-likelihood
estimates) as degrees of membership and a product T-norm.
Necessary properties the fuzzy operators must have in order
to perform well in an IR context have also been identified.

Maybe more interesting, this fuzzy approach also provides
new ways to build and handle expressive queries. In partic-
ular, easy and intuitive weighting procedures can be applied
with our graded-inclusion model. Unfortunately, large-scale
experimental validation of such techniques is hard to obtain
due to the lack of suitable IR collections.

Apart from the perspectives already mentioned in the
previous section, several other issues still have to be inves-
tigated. For instance, the use of qualitative or quantitative
exception tolerant inclusions [1] to obviate the zero property
of T-norms should be explored.
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