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Abstract

We investigate the complexity of satisfiability for one-agent refinement modal logic (RML), a
known extension of basic modal logic (ML) obtained by adding refinement quantifiers on struc-
tures. It is known that RML has the same expressiveness as ML, but the translation of RML
into ML is of non-elementary complexity, and RML is at least doubly exponentially more succinct
than ML. In this paper, we show that RML-satisfiability is ‘only’ singly exponentially harder
than ML-satisfiability, the latter being a well-known PSPACE-complete problem. More precisely,
we establish that RML-satisfiability is complete for the complexity class AEXPpol, i.e., the class
of problems solvable by alternating Turing machines running in single exponential time but only
with a polynomial number of alternations (note that NEXPTIME⊆ AEXPpol⊆ EXPSPACE).1

Keywords: modal logic, complexity of satisfiability, bisimulation quantifiers

1. Introduction

Modal logics with explicit or implicit propositional quantification. Refinement modal logic is a
logic with propositional quantification. Modal logics augmented with propositional quantifiers,
which allow to quantify over subsets of the domain of the current model, have been investigated
since Fine’s seminal paper [2]. Fine distinguishes three different propositional quantifications,
which allow different kinds of model transformations: quantifying over propositionally defin-
able subsets (over booleans), quantifying over subsets definable in the logical language (of basic
modalities and quantifiers), and quantifying over all subsets. Only the first two are, in our modern
terms, bisimulation preserving. Propositional quantification can easily lead to undecidable logics
[2, 3]. Undecidability relies on the ability of propositional quantification to dictate the structural
properties of the underlying model [3]. This has motivated, more recently, the introduction of
bisimulation quantified logics [4, 5, 3, 6]. In that framework, the quantification is over the models
which are bisimilar to the current model except for a propositional variable p. This operation is
bisimulation preserving, and these logics are decidable.

In [7] the authors propose a novel way of quantifying, namely over modally definable submod-
els. Unlike the above proposals, this not merely involves changing the valuation of a proposition
in a subdomain, but restricting the model to that subdomain. The setting for these logics is
how to quantify over information change. In the logic APAL of [7], an expression that we might

1This work is the revised and expanded version of [1].
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write as ∃ϕ for our purposes stands for ‘there is a modal formula ψ such that in the submodel
restriction to the states satisfying ψ it holds that ϕ’. This logic is undecidable [8].

Refinement modal logic (RML) [9, 10, 11] is a generalization of this perspective to more complex
model transformations than submodel restrictions. This is achieved by existential and universal
quantifiers which range over the refinements of the current model. In RML, an expression ∃rϕ
stands for ‘there is a refinement wherein it holds that ϕ.’ Given a model and a refinement of
that model, we say that the two are in the refinement relation. From the atoms/forth/back
requirements of bisimulation, a refinement (relation) between two given modal structures need
only satisfy atoms and back. Refinement is therefore the dual of a simulation that need only
satisfy atoms and forth, and it is more general than model restriction, since it is equivalent to
bisimulation followed by model restriction. From a syntactic point of view, a refinement formula
of the form ∃rϕ can be mimicked by an existential bisimulation quantification followed by a
relativization of ϕ, that is a simple syntactic transformation of ϕ which holds whenever ϕ holds
in the outcome of this bisimulation quantification [11]. Just as in bisimulation quantified logics we
have explicit quantification over propositional variables, refinement quantification as it is realized
in refinement modal logic is implicit quantification over propositional variables, i.e., quantification
over variables not occurring in the formula bound by the quantifier.

As an example of a refinement consider the following four rooted (underlined) structures.

M• • • •

M ′• • •

M ′′• • • •

M ′′′• • • ••••

With respect to the first model, M , the second one, M ′, is a model restriction. Model M ′′ is a
refinement ofM . It is not a model restriction. However, it is a model restriction ofM ′′′, a bisimilar
copy of M . Refinements have really different properties, e.g., a formula like 32⊥ ∧ 332⊥ is
clearly false in any model restriction of M , but it is true in its refinement M ′′. The root of the
original model M satisfies the formula ∃r(32⊥∧332⊥), where ∃r is the refinement quantifier.

As amply illustrated in [11], refinement quantification has applications in many settings: in
logics for games [12, 6], it may correspond to a player discarding some moves; for program logics
[13], it may correspond to operational refinement; and for logics for spatial reasoning, it may
correspond to subspace projections [14].

Our contribution. We now get to the content of this paper and its novel contributions. We
focus on complexity issues for (one-agent) refinement modal logic [9, 10, 11], the extension of
(one-agent) basic modal logic (ML) obtained by adding the existential and universal refinement
quantifiers ∃r and ∀r.2 It is known [10, 11] that RML has the same expressivity as ML, but
the translation of RML into ML is of non-elementary complexity (see Section 6 in [10]) and no
elementary upper bound is known for its satisfiability problem [11]. In fact, an upper bound in
2EXPTIME has been claimed in [10] by a tableaux-based procedure: the authors later concluded
that the procedure is sound but not complete [11]. In this paper, our aim is to close that

2Refinement modal logic is called “Future Event Logic” in [10].
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gap. We also investigate the complexity of satisfiability for some equi-expressive fragments of
RML. In particular, we associate with each RML formula ϕ a parameter Υw(ϕ) corresponding
to a slight variant of the classical quantifier alternation depth (measured w.r.t. ∃r and ∀r),
and for each k ≥ 1, we consider the fragment RMLk consisting of the RML formulas ϕ such that
Υw(ϕ) ≤ k. Moreover, we consider the existential (resp., universal) fragment RML∃ (resp., RML∀)
obtained by disallowing the universal (resp., existential) refinement quantifier.

In order to present our results, first, we recall some computational complexity classes. We
assume familiarity with the standard notions of complexity theory [15, 16]. We will make use
of the levels Σ EXP

k (k ≥ 1) of the exponential-time hierarchy EH, which are defined similarly to
the levels ΣP

k of the polynomial-time hierarchy PH, but with NP replaced with NEXPTIME. In
particular, Σ EXP

k corresponds to the class of problems decided by single exponential-time bounded
Alternating Turing Machines (ATM, for short) with at most k − 1 alternations and where the
initial state is existential [15]. Note that ΣEXP

1 = NEXPTIME. Recall that EH ⊆ EXPSPACE and
EXPSPACE corresponds to the class of problems decided by single exponential-time bounded ATM
(with no constraint on the number of alternations) [17]. We are also interested in an intermediate
class between EH and EXPSPACE, here denoted by AEXPpol, that captures the precise complexity
of some relevant problems [18, 15, 19] such as the first-order theory of real addition with order
[18, 15]. Formally, AEXPpol is the class of problems solvable by single exponential-time bounded
ATM with a polynomial-bounded number of alternations.3

Our complexity results are summarized in Figure 1 where we also recall the well-known com-
plexity of ML-satisfiability. For the upper bounds, the (technically non-trivial) main step in the
proposed approach exploits a “small” size model property: we establish that like basic modal logic
ML, RML enjoys a single exponential size model property. Note that our approach is completely
different from the one proposed in [10]. There, a tableaux-based algorithm is given in a game-
theoretic setting which is sound but not complete. The main reason of the incompleteness is that
in the tableaux construction, the refinement quantification is just applied to model restrictions of
the current “syntactical” model. In our approach instead, we use a tableaux construction only to
infer a single exponential size model property. In particular, our tableaux construction does not
represent a procedure for checking satisfiability of RML formulas: this is because the construction
is guided by a “semantic” model, and crucially allows to deduce the existence of a minimal model
(of size singly exponential in the size of the formula) which is a refinement of the given model.

ML

PSPACE-complete

RML∃ = RML1

∈ NEXPTIME

PSPACE-hard

RML∀ ⊆ RML2

∈ ΣEXP
2

NEXPTIME-hard

RMLk+1 (k ≥ 1)

∈ ΣEXP
k+1

Σ EXP
k -hard

RML

AEXPpol-complete

Figure 1: Complexity results for satisfiability of RML and RML-fragments

We conclude this section by observing that our results are surprising for the following reason.
While our results essentially indicate that satisfiability of RML is “only” singly exponentially

3In Presburger arithmetic there are complexity classes of the form STA(f(n), g(n), h(n)), where S is for Space, T
for Time and A for Alternation, and where f , g, and h are functions. In that notation, AEXPpol is the class for
any f (denoted by *), a g exponential in n and an h polynomial in n. See [20].
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harder than satisfiability of ML, it is known [11] that RML is doubly exponentially more succinct
than ML.

2. Preliminaries

In the rest of this section, we fix a finite set P of atomic propositions.

Structures, tree structures, and refinement preorder. A (one-agent Kripke) structure (over P ) is
a tuple M = 〈S,E, V 〉, where S is a set of states (or worlds), E ⊆ S × S is a transition (or
accessibility) relation, and V : S 7→ 2P is a P -valuation assigning to each state s the set of
propositions in P which hold at s. For states s and t of M such that (s, t) ∈ E, we say that t is a
successor of s. A pointed structure is a pair (M, s) consisting of a structure M and a designated
initial state s of M .

A tree T is a prefix-closed subset of N∗, where N is the set of natural numbers. The elements
of T are called nodes and the empty word ε is the root of T . For x ∈ T , the set of children (or
successors) of x is {x · i ∈ T | i ∈ N}. The size |T | of T is the number of T -nodes. A (rooted) tree
structure (over P ) is a pair 〈T, V 〉 such that T is a tree and V : T 7→ 2P is a P -valuation over T .
For x ∈ T , the tree substructure of 〈T, V 〉 rooted at x is the tree structure 〈Tx, Vx〉, also denoted
by 〈T, V 〉x, where Tx = {y ∈ N∗ | x · y ∈ T} and Vx(y) = V (x · y) for all y ∈ Tx. Note that a
tree structure 〈T, V 〉 corresponds to the pointed structure (〈T,E, V 〉, ε), where (x, y) ∈ E iff y
is a child of x. Moreover, we can associate with any pointed structure (M, s) a tree structure,
denoted by Unw(M, s), obtained by unwinding M from s in the usual way.

For two structures M = 〈S,E, V 〉 and M ′ = 〈S′, E′, V ′〉, a refinement from M to M ′ is a
non-empty relation R ⊆ S × S′ such that for all (s, s′) ∈ R, the following holds:

• V (s) = V ′(s′), and

• (s′, t′) ∈ E′ for some t′ ∈ S′ =⇒ (s, t) ∈ E and (t, t′) ∈ R for some t ∈ S.

If, additionally, the inverse of R is a refinement from M ′ to M , then R is a bisimulation from
M toM ′. For states s ∈ S and s′ ∈ S′, (M ′, s′) is a refinement of (M, s), written (M, s) < (M ′, s′),
if there is a refinement R from M to M ′ such that (s, s′) ∈ R. Moreover, (M, s) and (M ′, s′)
are bisimilar, written (M, s) ≈ (M ′, s′), if there is a bisimulation R from M to M ′ such that
(s, s′) ∈ R. Note that < is a preorder (i.e., reflexive and transitive) and ≈ is an equivalence
relation over pointed structures.

Remark 1. For each pointed structure (M, s), (M, s) ≈ Unw(M, s).

Refinement Modal Logic. We recall the syntax and semantics of one-agent refinement modal logic
(RML) [10, 11], an equally expressive extension of basic modal logic [21] obtained by adding the
existential and universal refinement quantifiers. For technical convenience, the syntax of RML
formulas ϕ over P is given in positive form as follows:

ϕ ::= p | ¬p | ϕ ∧ ϕ | ϕ ∨ ϕ | 3ϕ | 2ϕ | ∃rϕ | ∀rϕ

where p ∈ P , 3ϕ reads as “possibly ϕ”, 2ϕ reads as “necessarily ϕ”, and ∃r and ∀r are the
existential and universal refinement quantifiers; ∃rϕ reads as “there is a refinement in which
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ϕ”, and dually for ∀rϕ.4 The dual ϕ̃ of an RML formula ϕ is inductively defined as: p̃ = ¬p,
¬̃p = p, ϕ̃ ∨ ψ = ϕ̃ ∧ ψ̃, 3̃ϕ = 2ϕ̃, 2̃ϕ = 3ϕ̃, ∃̃rϕ = ∀rϕ̃, and ∀̃rϕ = ∃rϕ̃. For an RML formula
ϕ, d3,2(ϕ) denotes the nesting depth of modalities 3 and 2 , and d∃(ϕ) denotes the nesting
depth of modality ∃r. As usual, the size |ϕ| of an RML formula ϕ is the length of the string
describing ϕ. Note that our complexity results continue to hold even if we assume a standard
DAG representation of a formula ϕ (in this case, the size of a formula is defined as the number of
distinct subformulas corresponding to the number of vertices of the DAG representation). RML
is interpreted over pointed structures (M, s). The satisfaction relation (M, s) |= ϕ is inductively
defined as follows (we omit the clauses for boolean connectives):

(M, s) |= p ⇔ p ∈ V (s) where M = 〈S,E, V 〉
(M, s) |= 3ϕ ⇔ for some successor t of s in M, (M, t) |= ϕ
(M, s) |= 2ϕ ⇔ for all successors t of s in M, (M, t) |= ϕ
(M, s) |= ∃rϕ ⇔ for some refinement (M ′, s′) of (M, s), (M ′, s′) |= ϕ
(M, s) |= ∀rϕ ⇔ for all refinements (M ′, s′) of (M, s), (M ′, s′) |= ϕ

Note that (M, s) |= ϕ iff (M, s) 6|= ϕ̃. If (M, s) |= ϕ, we say that (M, s) satisfies ϕ, or also that
(M, s) is a model of ϕ. A tree model of ϕ is a tree structure 〈T, V 〉 satisfying ϕ. An RML formula
ϕ is satisfiable if ϕ has some model.

Fragments of RML. Let ML be the fragment of RML obtained by disallowing the refinement
quantifiers, which corresponds to basic modal logic [21], and RML∀ and RML∃ be the fragments
of RML obtained by disallowing the existential refinement quantifier and the universal refinement
quantifier, respectively. Moreover, we introduce a family {RMLk}k≥1 of RML-fragments, where
RMLk consists of the RML formulas whose weak refinement quantifier alternation depth (see
Definition 1 below) is at most k.

Definition 1 (Weak Refinement Quantifier Alternation Depth). We first define the weak
alternation length `(χ) of finite sequences χ ∈ {∃r, ∀r}∗ of refinement quantifiers as follows:
`(ε) = 0, `(Q) = 1 for every Q ∈ {∃r, ∀r}, and `(QQ′χ) is `(Q′χ) if Q = Q′, and `(Q′χ) + 1
otherwise. For an RML formula ϕ, let T (ϕ) be the standard tree encoding of ϕ, where each node
is labeled by either a modality, or a boolean connective, or an atomic proposition. The weak
refinement quantifier alternation depth Υw(ϕ) of an RML formula ϕ is the maximum over the
alternation lengths `(χ), where χ is the sequence of refinement quantifiers along a path of T (∃rϕ)
(note that we consider T (∃rϕ) and not T (ϕ)).

As an example, for ϕ = (∀r∃rp) ∨ 2(∃r(p ∧ ∀rq)), Υw(ϕ) = 3. Note that RML∃ = RML1 and

RML∀ ⊆ RML2. Moreover, for each RML formula ϕ, Υw(∀rϕ) = Υw(∀̃rϕ) + 1. The following
example illustrates the succinctness of RML∃ with respect to ML.

Example 1. For n ≥ 1, an n-block is a sequence b1, . . . , bn+1 of n+ 1 bits. The following RML∃

formula ϕn is satisfied by a tree structure iff there are two paths from the root encoding two

4So, ∃rϕ does not read as ‘there is a formula ϕ’: the variable of the quantifier ∃r is not the symbol following it, ∃r
only implicitly quantifies over a variable. In later sections we will also use quantifiers ∃ and ∀ (without subscript
‘r’) in their normal usage, on a meta-level.
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n-blocks of the form b1, . . . , bn, bn+1 and b1, . . . , bn, b
′
n+1 such that bn+1 6= b′n+1:

ϕn := ∃r
(
3
n(0 ∧ ¬1) ∧3

n(1 ∧ ¬ 0) ∧
n−1∧
i=1

∨
b∈{0,1}

2
i(b ∧ ¬(1− b))

)
By using the approach in Section 6.2 of [11], one can easily show that any ML formula which is
equivalent to ϕn has size singly exponential in n.

Investigated problems. For each RML-fragment F, let SAT(F) be the set of satisfiable F formulas.
In this paper, we investigate the complexity of SAT(F) for any F ∈ {RML,RML∃,RML∀,RML2, . . .}.
Figure 1 depicts our complexity results.

Assumption. Since RML is bisimulation invariant [10, 11], by Remark 1, without loss of generality
we can assume that the semantics of RML is restricted to tree structures.

Since RML and ML are equi-expressive [10, 11], we easily obtain the following result.

Proposition 1 (Finite Model Property). Let ϕ be an RML formula and 〈T, V 〉 be a tree
model of ϕ. Then, there is a finite tree model of ϕ which is a refinement of 〈T, V 〉.

Proof. Since for each RML formula, there is an equivalent ML formula [10, 11], it suffices to
show that the result holds for ML. Let ϕ be a ML formula and 〈T, V 〉 be a tree model of ϕ.
Let 〈Tpr, Vpr〉 be the tree structure obtained from 〈T, V 〉 by pruning all the subtrees rooted at
nodes x ∈ T ⊆ N∗ such that |x| is strictly greater than the nesting depth d3,2(ϕ) of modalities

3 and 2 in ϕ. By a straightforward induction on d3,2(ϕ), we deduce that 〈Tpr, Vpr〉 satisfies ϕ
as well. Now, we observe that 〈Tpr, Vpr〉 is a refinement of 〈T, V 〉 having finite height (bounded
by d3,2(ϕ)). Since 〈Tpr, Vpr〉 has finite height and the set P of atomic propositions labeling the
nodes of Tpr is finite, we easily deduce that there is a finite tree structure 〈Tr, Vr〉 such that
〈Tr, Vr〉 and 〈Tpr, Vpr〉 are bisimilar. Hence, 〈Tr, Vr〉 is a refinement of 〈T, V 〉. Moreover, since ML
is bisimulation invariant, 〈Tr, Vr〉 satisfies ϕ as well, and we are done. 2

Note that we can also give a direct proof of Proposition 1 which does not use the equi-
expressiveness of ML and RML. This direct proof is by a simple structural induction on the size
of the RML formula and for the induction step, the reasoning is similar to the one applied to ML
in the proof above.

3. Exponential Size Model Property

In this section, we show that like the basic modal logic ML, RML enjoys a singly exponential
size model property. More precisely, we prove the following result.

Theorem 2 (Exponential Size Model Property). For all satisfiable RML formulas ϕ and
tree models 〈T, V 〉 of ϕ, the following holds: there exists a finite tree model 〈T ′, V ′〉 of ϕ such
that 〈T ′, V ′〉 is a refinement of 〈T, V 〉 and |T ′| ≤ |ϕ|3|ϕ|2.
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We fix a finite set P of atomic propositions and consider RML formulas and tree structures
over P . First, we summarize the main steps in the proof of Theorem 2. Given an RML formula ϕ,
we associate with ϕ tableaux-based finite objects called constraint systems for ϕ (Definition 2).
Essentially, a constraint system S for ϕ is a tuple of hierarchically ordered finite tree structures
which intuitively represents an extended model of ϕ: (1) the first tree structure, called main
structure, represents a model of ϕ, and (2) the other tree structures of S are used to manage the
∃r-subformulas of ϕ (more specifically, each of such tree structures is a model of some formula ψ
with ∃rψ being a subformula of ϕ). Moreover, each node x in a tree structure of S is additionally
labeled by a set of subformulas of ϕ which hold at the tree substructure rooted at node x. In fact,
in order to be an extended model of ϕ, S has to satisfy additional structural requirements which
capture the semantics of the boolean connectives and all the modalities except the universal
refinement quantifier ∀r, the latter being only semantically captured. Let C(ϕ) be the set of
these constraint systems for ϕ, which are said to be well-formed, saturated, and semantically ∀r-
consistent. We individuate a subclass Cmin(ϕ) of C(ϕ) consisting of “minimal” constraint systems
for ϕ whose sizes are singly exponential in the size of ϕ, and which can be obtained from ϕ by
applying structural completion rules (Definitions 5 and 6). Furthermore, we introduce a notion
of “refinement” between constraint systems for ϕ (Definition 7) which preserves the semantic
∀r-consistency requirement. Then, given a finite tree structure 〈T, V 〉 satisfying ϕ, we show that:
(1) there is a constraint system S ∈ C(ϕ) whose main structure is 〈T, V 〉 (Lemma 4), and (2)
starting from S, it is possible to construct a minimal constraint system Smin ∈ Cmin(ϕ) which
is a refinement of S (Lemma 11). This entails that the main structure of Smin is a refinement
of 〈T, V 〉 satisfying ϕ and having a single exponential size. Hence, by Proposition 1, Theorem 2
follows. Now, we proceed with the details of the proof of Theorem 2.

We denote by P the set of negations of propositions in P , i.e. P = {¬p | p ∈ P}. A set χ
of RML formulas is complete if for each p ∈ P , either p ∈ χ or ¬p ∈ χ. In the following, we fix
an RML formula ϕ. The closure cl(ϕ) of ϕ is the set containing all the subformulas of ϕ and the
formulas in P ∪ P .

Definition 2 (Constraint Systems). A constraint system for ϕ is a tuple S of the form S =
〈〈T1, L1,←1〉, . . . , 〈Tn, Ln,←n〉〉, where for all 1 ≤ i ≤ n, Ti is a finite tree and Li and ←i are
two Ti-labelings satisfying the following:

• for each x ∈ Ti, Li(x) is a complete subset of cl(ϕ); moreover, ϕ ∈ L1(ε);

• i = 1: ←1 is the mapping ←1: T1 → {⊥} (⊥ is for undefined);

• i > 1: ←i is a mapping of the form ←i: Ti → {j} × Tj for some 1 ≤ j < i such that for all
x, x′ ∈ Ti with ←i(x) = 〈j, y〉 and ←i(x

′) = 〈j, y′〉, the following holds: if x′ is a successor
of x in Ti, then y′ is a successor of y in Tj.

We denote by L̃i the P -valuation over Ti defined as L̃i(x) := Li(x)∩P for all x ∈ Ti, by S(i) the
ith component 〈Ti, Li,←i〉 of S, and by dim(S) the number n of S components. The tree structure
〈T1, L̃1〉 is called the main structure of S.

Fix a constraint system S = 〈〈T1, L1,←1〉, . . . , 〈Tn, Ln,←n〉〉 for ϕ. Let 1 ≤ i, j ≤ n, x ∈ Ti,
y ∈ Tj and ψ ∈ cl(ϕ). We write 〈j, y〉 ←S 〈i, x〉 to mean that ←i(x) = 〈j, y〉, and S ` 〈i, x, ψ〉
(resp., S 6` 〈i, x, ψ〉) to mean that ψ ∈ Li(x) (resp., ψ 6∈ Li(x)). If S ` 〈i, x, ψ〉, we say that
〈i, x, ψ〉 is an S-constraint.
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Definition 3 (Well-Formed Constraint Systems). The constraint system S contains a clash
if S ` 〈i, x, p〉 and S ` 〈i, x,¬p〉 for some 1 ≤ i ≤ n, x ∈ Ti, and p ∈ P . Otherwise, S is called
clash-free. Moreover, S is said to be well-formed if S is clash-free and whenever 〈j, y〉 ←S 〈i, x〉,
then L̃j(y) = L̃i(x).

Definition 4 (Semantically ∀r-consistent Constraint Systems). The constraint system S
is said to be semantically ∀r-consistent if whenever S ` (i, x,∀rψ) then the tree structure 〈Ti, L̃i〉x
satisfies ∀rψ.

Note that if S is well-formed, then the labelings ←i induce a refinement hierarchy:

Remark 2. Let S = 〈〈T1, L1,←1〉, . . . , 〈Tn, Ln,←n〉〉 be a well-formed constraint system for ϕ.
Then, 〈j, y〉 ←S 〈i, x〉 implies that 〈Ti, L̃i〉x is a refinement of 〈Tj , L̃j〉y.

Definition 5 (Saturated Constraint Systems). A constraint system S for ϕ is saturated if
none of the following completion rules are applicable to S.

∧-rule: if S ` 〈i, x, ψ1 ∧ ψ2〉, S(i) = 〈T, L,←〉, and {ψ1, ψ2} 6⊆ L(x)
then update L(x) := L(x) ∪ {ψ1, ψ2}

∨-rule: if S ` 〈i, x, ψ1 ∨ ψ2〉, S(i) = 〈T, L,←〉, and {ψ1, ψ2} ∩ L(x) = ∅
then update L(x) := L(x) ∪ {ψk} for some k ∈ {1, 2}

∃r-rule: if S ` 〈i, x,∃rψ〉, S := 〈〈T1, L1,←1〉, . . . , 〈Tn, Ln,←n〉〉, and
S 6` 〈h, ε, ψ〉 for each h ≤ dim(S) such that ←h(ε) = 〈i, x〉

then update S := 〈〈T1, L1,←1〉, . . . , 〈Tn+1, Ln+1,←n+1〉〉, where
Tn+1 := {ε}, Ln+1(ε) := {ψ} ∪ (Li(x) ∩ (P ∪ P )), and ←n+1(ε) := 〈i, x〉

2-rule: if S ` 〈i, x,2ψ〉 and S 6` 〈i, x′, ψ〉 for some successor x′ of x in S(i)
then let S(i) = 〈T, L,←〉

update L(x′) := L(x′) ∪ {ψ} for each successor x′ of x in T

3-rule: if S ` 〈i, x,3ψ〉 and S 6` 〈i, x′, ψ〉 for each successor x′ of x in S(i)
then let 〈i0, x0〉 ←S . . .←S 〈ik, xk〉 with i0 = 1 and 〈ik, xk〉 = 〈i, x〉

guess some complete set χ ⊆ P ∪ P ,
for each q = k, k − 1, . . . , 0 with S(iq) = 〈Tq, Lq,←q〉 do

update Tq := Tq ∪ {xq · hq} for some hq ∈ N such that xq · hq 6∈ Tq
if q < k then Lq(xq · hq) := χ and ←iq+1

(xq+1 · hq+1) := 〈iq, xq · hq〉
else Lq(xq · hq) := {ψ} ∪ χ

Remark 3. Let S be a constraint system for ϕ. Then, applying any rule of Definition 5 to S
yields a constraint system for ϕ.

The ∨-rule, the ∧-rule, and the 2-rule of Definition 5 are standard. The ∃r-rule and the

3-rule are the unique rules which add new nodes to the given constraint system S for ϕ. The
∃r-rule is applicable to an S-constraint ξ = 〈i, x,∃rψ〉 if there are no S-constraints (ξ-witnesses)
of the form 〈h, ε, ψ〉 such that 〈i, x〉 ←S 〈h, ε〉. The rule then adds a ξ-witness 〈n + 1, ε, ψ〉
to S by extending S with a new component containing a single node (the root) whose label is

8



propositionally consistent with the label of x. The 3-rule is applicable to an S-constraint ξ =
〈i, x,3ψ〉 if there are no S-constraints (ξ-witnesses) of the form 〈i, x′, ψ〉 where x′ is a successor of
x. Let 〈i0, x0〉 ←S . . .←S 〈ik, xk〉 be the maximal chain of “backward links” from 〈ik, xk〉 = 〈i, x〉.
The rule then adds a ξ-witness 〈ik, x′k, ψ〉 to S (x′k being a new successor of xk = x), a complete set
χ ⊆ P ∪P is guessed, and the hierarchical structure of S is restored as follows: the rule adds the
new constraints 〈i0, x′0, χ〉, . . . , 〈ik, x′k, χ〉, where x′0, . . . , x

′
k−1 are new successors of x0, . . . , xk−1

respectively, and the new chain of “backward links” 〈i0, x′0〉 ←S . . .←S 〈ik, x′k〉.

3.1. Soundness and Completeness

In this Subsection, we show that a finite tree structure 〈T, V 〉 is a model of ϕ iff there is
a well-formed, saturated, and semantically ∀r-consistent constraint system S for ϕ whose main
structure is 〈T, V 〉. First, we prove the left implication.

Lemma 3 (Soundness). Let S = 〈〈T1, L1,←1〉, . . . , 〈Tn, Ln,←n〉〉 be a constraint system for ϕ
such that S is well-formed, saturated, and semantically ∀r-consistent. Then, the main structure
of S satisfies ϕ.

Proof. It suffices to show that whenever S ` 〈i, x, ψ〉, then the tree structure 〈Ti, L̃i〉x satisfies
ψ (recall that S ` 〈1, ε, ϕ〉). The proof is by structural induction on ψ:

• ψ = p ∈ P . Since p ∈ Li(x), p ∈ L̃i(x) as well. Hence, the result follows.

• ψ = ¬p and p ∈ P . Since ¬p ∈ Li(x) and S is well-formed (hence, clash-free), it holds that
p 6∈ Li(x). Hence, p 6∈ L̃i(x) and the result follows.

• ψ = ψ1 ∧ ψ2 (resp., ψ = ψ1 ∨ ψ2). Since ψ ∈ Li(x) and S is saturated, by the precondition
of the ∧-rule (resp., ∨-rule), we obtain that S ` 〈i, x, ψ1〉 and S ` 〈i, x, ψ2〉 (resp., either
S ` 〈i, x, ψ1〉 or S ` 〈i, x, ψ2〉). Hence, by the induction hypothesis, the result follows.

• ψ = 2ψ′ (resp., ψ = 3ψ′). Since ψ ∈ Li(x) and S is saturated, by the precondition of the

2-rule (resp., 3-rule), we obtain that S ` 〈i, x′, ψ′〉 for each (resp., for some) successor x′

of x in Ti. Hence, by the induction hypothesis, the result follows.

• ψ = ∃rψ′. Since ψ ∈ Li(x) and S is saturated, by the precondition of the ∃r-rule, there is
some h ≤ dim(S) such that 〈i, x〉 ←S 〈h, ε〉 and S ` 〈h, ε, ψ′〉. By the induction hypothesis,
〈Th, L̃h〉 satisfies ψ′. Moreover, since 〈i, x〉 ←S 〈h, ε〉 and S is well-formed, by Remark 2, it
holds that 〈Th, L̃h〉 is a refinement of 〈Ti, L̃i〉x. Hence, 〈Ti, L̃i〉x satisfies ∃rψ′ and the result
follows.

• ψ = ∀rψ′. Since ψ ∈ Li(x) and S is semantically ∀r-consistent, the result follows.

This concludes the proof of the lemma. 2

Now, we show that for every finite tree model 〈T, V 〉 of ϕ, there is a well-formed, saturated, and
semantically ∀r-consistent constraint system S for ϕ whose main structure is 〈T, V 〉. For this, we
need additional definitions. For an RML formula ψ and a tree structure 〈T, V 〉, the ψ-completion
of 〈T, V 〉 is the labeled tree 〈T, L〉, where for each x ∈ T , L(x) is the set of formulas ψ′ ∈ cl(ψ) such
that 〈T, V 〉x (the tree substructure of 〈T, V 〉 rooted at x) satisfies ψ′. Note that L(x) is a complete
subset of cl(ϕ) and L(x) ∩ P = V (x). A constraint system S = 〈〈T1, L1,←1〉, . . . , 〈Tn, Ln,←n〉〉
for ϕ is said to be an extended model for ϕ if for each 1 ≤ i ≤ n, there is a formula ψi ∈ cl(ϕ) such
that 〈Ti, Li〉 is the ψi-completion of 〈Ti, L̃i〉 (note that since ϕ ∈ L1(ε), it holds that ψ1 = ϕ).
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Lemma 4 (Completeness). Let 〈T, V 〉 be a finite tree model of ϕ. Then, there is a well-
formed, saturated, and semantically ∀r-consistent constraint system S for ϕ whose main structure
is 〈T, V 〉.

Proof. Let S0 = 〈T, L,←〉, where 〈T, L〉 is the ϕ-completion of 〈T, V 〉 and ←(x) = ⊥ for each
x ∈ T . Evidently, S0 is an extended model for ϕ which is well-formed and whose main structure
is 〈T, V 〉. We extend S0 by repeated applications of the following rule:

Semantic ∃r-rule:

if S ` 〈i, x,∃rψ〉, S := 〈〈T1, L1,←1〉, . . . , 〈Tn, Ln,←n〉〉 is an extended model for ϕ, and
S 6` 〈h, ε, ψ〉 for each h ≤ dim(S) such that ←h(ε) = 〈i, x〉

then update S := 〈〈T1, L1,←1〉, . . . , 〈Tn+1, Ln+1,←n+1〉〉, where

〈Tn+1, Ln+1〉 is the ψ-completion of some finite refinement 〈Tn+1, L̃n+1〉 of 〈Ti, L̃i〉x
satisfying ψ, and ←n+1 is some labeling ensuring that ←n+1(ε) = 〈i, x〉,
S is still a constraint system for ϕ, and 〈i, z〉 ←S 〈n+ 1, y〉 implies L̃n+1(y) = L̃i(z)

Note that since ∃rψ ∈ Li(x) and S := 〈〈T1, L1,←1〉, . . . , 〈Tn, Ln,←n〉〉 is an extended model
of ϕ, there is a refinement 〈Tn+1, Vn+1〉 of 〈Ti, L̃i〉x satisfying ψ. Thus, since refinement is a
preorder, by Proposition 1, there is a finite refinement 〈Tn+1, L̃n+1〉 of 〈Ti, L̃i〉x satisfying ψ.
Hence, the semantic ∃r-rule is well-defined. We show that by a finite number of applications
of the semantic ∃r-rule starting from the initial extended model S0 for ϕ (which is also well-
formed), we obtain a well-formed, saturated, and semantically ∀r-consistent constraint system
for ϕ. Hence, since the main structure of S0 is 〈T, V 〉 and applications of the semantic ∃r-rule
do not modify the main structure, the result follows. Note that if S is an extended model for ϕ,
then S is semantically ∀r-consistent, and at most the ∃r-rule of Definition 5 is applicable to S.
Moreover, the application of the semantic ∃r-rule preserves the property of a constraint system
to be well-formed and an extended model for ϕ. Since the precondition of the semantic ∃r-rule
corresponds to the precondition of the ∃r-rule in Definition 5, in order to complete the proof of
the lemma, it suffices to show the following:

Claim. Any sequence of applications of the semantic ∃r-rule starting from S0 is finite.

Proof of the claim. Fix an ordering ϕ1, . . . , ϕk of the formulas in cl(ϕ) such that for all i 6= j,
d∃(ϕi) > d∃(ϕj) implies i < j. For each extended model S for ϕ obtained from S0 by a sequence
of applications of the semantic ∃r-rule, we associate to S a k-tuple of natural numbers < S >
as follows. Let S = 〈〈T1, L1,←1〉, . . . , 〈Tn, Ln,←n〉〉. For each 1 < i ≤ dim(S), let ψi ∈ cl(ϕ)
be the formula such that ∃rψi is in the precondition of the semantic ∃r-rule instance whose
application has generated the ith component S(i) of S. Moreover, let ψ1 = ϕ. Note that for all
1 ≤ i ≤ dim(S), 〈Ti, Li〉 is the ψi-completion of 〈Ti, L̃i〉. Then, for each ψ ∈ cl(ϕ), define

I(S, ψ) = {1 ≤ i ≤ dim(S) | ψi = ψ}

which represents the set of indices of the S-components associated with the formula ψ. Moreover,
for all 1 ≤ i ≤ dim(S) and ∃rψ ∈ cl(ϕ), let T (S, i,∃rψ) be the set of nodes x ∈ Ti such that
S ` (i, x,∃rψ) and the semantic ∃r-rule is applicable to the S-constraint 〈i, x,∃rψ〉. Then,
< S >= 〈n1, . . . , nk〉 where for all 1 ≤ j ≤ k

nj =
∑

i∈I(S,ϕj)

∑
∃rψ∈cl(ϕj)

|T (S, i,∃rψ)|
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Let <k be the lexicographic ordering over Nk. Then, by construction, for each extended model
S ′ for ϕ obtained from S by an application of the semantic ∃r-rule, it easily follows that < S ′ >
<k< S >. Thus, since <k is well-founded, the claim follows. 2

This concludes the proof of the lemma. 2

3.2. Minimal Constraint Systems

Definition 6 (Minimal Constraint Systems). A constraint system S for ϕ is initial if S =
〈〈{ε}, L,←〉〉, and for all ψ ∈ L(ε), either ψ = ϕ or ψ ∈ P ∪ P . A minimal constraint system S
for ϕ is a constraint system for ϕ which can be obtained from some initial constraint system for
ϕ by a sequence of applications of the rules of Definition 5.

In the rest of this Subsection, we show that every minimal constraint system for ϕ has a “size”
singly exponential in the size of ϕ. In particular, this entails that any sequence of applications of
the rules of Definition 5 starting from an initial constraint system for ϕ is finite.

Fix a minimal constraint system S = 〈〈T1, L1,←1〉, . . . , 〈Tn, Ln,←n〉〉 for ϕ. For all 1 ≤ i ≤
dim(S) and x ∈ Ti, x satisfies one of the following:

• x is the root of Ti. Moreover, if i > 1, then the root of Ti is generated by an application of
the ∃r-rule. The formula ψ in the body of the ∃r-rule which is added to the label of the root
of Ti (when such a root is generated) is called main formula of S(i). The main formula of
S(1) is ϕ.

• x is not the root of Ti, x is generated by executing the body of the 3-rule, and in particular,
x corresponds to node xk · hk in the body of the 3-rule (see Definition 5).

• x is not the root of Ti, x is generated by executing the body of the 3-rule, and in particular,
x corresponds to some node xq · hq with q < k in the body of the 3-rule (see Definition 5).

In the first two cases, we say that x is a main node. Otherwise, x is said to be a secondary node.
For each 1 ≤ i ≤ dim(S), the main formula of S(i) is denoted by ϕi. Note that ϕ1 = ϕ. For
all 1 ≤ i ≤ dim(S) and x ∈ Ti, define →i(x) = {1 ≤ h ≤ dim(S) |←h(ε) = 〈i, x〉}. Note that
for each h ∈→i(x), h > i and the root of Th is generated by executing the ∃r-rule applied to the
constraint 〈i, x,∃rϕh〉. Hence, in particular, ∃rϕh ∈ Li(x). First, we observe the following.

Proposition 5. For the fixed minimal constraint system S for ϕ, let 1 ≤ i ≤ dim(S), x ∈ Ti,
and h ∈→i (x). Then, Li(x) ⊆ cl(ϕi), |→i(x)| ≤ |ϕi|, d3,2(ϕh) ≤ d3,2(ϕi), d∃(ϕh) < d∃(ϕi),
and ϕh is a subformula of ϕi.

Proof. Let 1 ≤ i ≤ dim(S) and x ∈ Ti. First, we prove that Li(x) ⊆ cl(ϕi). Evidently,
Li(ε) ⊆ cl(ϕi). Thus, it suffices to show that for all nodes y and z of Ti such that z is a successor
of y and Li(y) ⊆ cl(ϕi), Li(z) ⊆ cl(ϕi) holds as well. This follows from the fact that for each
ψ ∈ Li(z) such that ψ /∈ P ∪ P , either 3ψ ∈ Li(y) or 2ψ ∈ Li(y) (i.e., ψ has been added to
the label of z by a 3-rule or a 2-rule), or ψ has been added to Li(z) by an application of the
∨-rule or ∧-rule starting from a formula ψ′ ∈ Li(z) such that ψ is a strict subformula of ψ′. Now,
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let us show that |→i(x)| ≤ |ϕi|. Let k =|→i(x)|. Since →i(x) can be implicitly updated only
by a ∃r-rule application, by construction, →i(x) = {i1, . . . , ik}, ∃rϕi1 , . . . ,∃rϕik ∈ Li(x), and
∃rϕi1 , . . . ,∃rϕik are distinct formulas. Since Li(x) ⊆ cl(ϕi), it follows that ∃rϕi1 , . . . ,∃rϕik are k
distinct subformulas of ϕ. Hence, k ≤ |ϕi| and the result follows. Moreover, we obtain that ϕh
is a subformula of ϕi, d3,2(ϕh) ≤ d3,2(ϕi), and d∃(ϕh) < d∃(ϕi) for all h ∈→i(x), and we are
done. 2

Now, we give upper bounds on the heights of the trees of S.

Proposition 6. For the fixed minimal constraint system S for ϕ and for all 1 ≤ i ≤ dim(S), the
height of Ti is at most d3,2(ϕi).

Proof. For a finite set χ of RML formulas, define d3,2(χ) := max({d3,2(ψ) | ψ ∈ χ}). The proof
is by induction on dim(S) − i. We consider the induction step (the base case i = dim(S) being
simpler). Thus, let i < dim(S). A node x of Ti is said to be propositional if Li(x) ⊆ P ∪ P . Let
π = x0, . . . , xk be a path of Ti from the root. We need to show that the length of π is at most
d3,2(ϕi). Observe that since x0 = ε, ϕi ∈ Li(ε), and Li(ε) ⊆ cl(ϕi) (Proposition 5), it holds that
d3,2(Li(x0)) = d3,2(ϕi). We distinguish two cases:

• π = x0 . . . , xk does not visit nodes which are both propositional and secondary. We show
that for all 0 < j ≤ k, d3,2(Li(xj)) < d3,2(Li(xj−1)), hence, since d3,2(Li(x0)) = d3,2(ϕi),
the result follows. We assume the contrary and derive a contradiction. Then, there is
0 < j ≤ k such that d3,2(Li(xj)) ≥ d3,2(Li(xj−1)). There are two subcases:

– xj is a main node. Hence, there must be 3ψ ∈ Li(xj−1) such that ψ ∈ Li(xj).
Moreover, for each ψ′ ∈ Li(xj) \ (P ∪ P ), either 3ψ′ ∈ Li(xj−1), or 2ψ′ ∈ Li(xj−1),
or ψ′ has been added to Li(xj) by an application of the ∨-rule or ∧-rule starting
from a formula ψ′′ ∈ Li(xj) such that ψ′ is a strict subformula of ψ′′. It follows that
d3,2(Li(xj)) < d3,2(Li(xj−1)), which is a contradiction.

– xj is a secondary node. By hypothesis, xj is not a propositional node. Since when a
secondary node is created, its label contains only atomic propositions, by the 2-rule,
there must be 2ψ ∈ Li(xj−1) such that ψ ∈ Li(xj). Moreover, for each ψ′ ∈ Li(xj) \
(P ∪P ), either 2ψ′ ∈ Li(xj−1), or ψ′ has been added to Li(xj) by an application of the
∨-rule or ∧-rule starting from a formula ψ′′ ∈ Li(xj) such that ψ′ is a strict subformula
of ψ′′. It follows that d3,2(Li(xj)) < d3,2(Li(xj−1)), which is a contradiction.

• π = x0 . . . , xk visits some node which is both propositional and secondary. It easily follows
that node xk is both propositional and secondary. Hence, there is exactly one pair 〈i′, x′k〉
such that ←i′(x

′
k) = 〈i, xk〉. Moreover, x′k 6= ε. Let π′ be the partial path of Ti′ from the

root to node x′k. Since S is a constraint system for ϕ, by Definition 2, there is 0 ≤ q < k such
that π′ can be written in the form π′ = x′q, x

′
q+1, . . . , x

′
k, where x′q = ε and ←i′(x

′
l) = 〈i, xl〉

for all q ≤ l ≤ k. In particular, i′ ∈→i(xq) and ∃rϕi′ ∈ Li(xq). Since i′ > i, by the induction
hypothesis, the length of π′ is at most d3,2(ϕi′). Since d3,2(ϕi′) ≤ d3,2(Li(xq)) (because
∃rϕi′ ∈ Li(xq)), we obtain that the suffix xq, . . . , xk of π has length bounded by d3,2(Li(xq)).
Since the prefix x0, . . . , xq of π does not visit nodes which are both propositional and
secondary (xq is not propositional), by the first case, it holds that for all 0 < j ≤ q,
d3,2(Li(xj)) < d3,2(Li(xj−1)). Hence, the length of π is at most d3,2(Li(x0)) = d3,2(ϕi),
and we are done.
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Thus, in both cases the length of the path π of Ti is at most d3,2(ϕi), which concludes the proof
of the proposition. 2

Next, we give upper bounds on the out-degrees of the nodes in the trees of S.

Proposition 7. For the fixed minimal constraint system S for ϕ, let 1 ≤ i ≤ dim(S) and x ∈ Ti.
Then, the out-degree of x in Ti (i.e., the number of successors of x in Ti) is at most |ϕi|(2d∃(ϕi)+1).

Proof. The proof is by induction on dim(S) − i. For the base case (i = dim(S)), it holds that
every node of Ti is a main node. Let x1, . . . , xk be the successors of x in Ti (which are created
by applications of the 3-rule). By the precondition of the 3-rule, it follows that there are k
distinct formulas 3ψ1, . . . ,3ψk ∈ Li(x). Since Li(x) ⊆ cl(ϕi) (Proposition 5), 3ψ1, . . . ,3ψk are
k distinct subformulas of ϕi. Hence, the out-degree of x in Ti is bounded by |ϕi|. Thus, in this
case the result holds. Now, assume that i < dim(S). Assume that |ϕi| ≥ 2 (otherwise, the result
is obvious) and x is a secondary node (the other case being simpler). Then, there is exactly one
pair 〈j, z〉 such that z 6= ε and ←j(z) = 〈i, x〉 (in particular, x and z are created by the same
application of the 3-rule). Thus, since S is a constraint system, there is an ancestor xa of x in
Ti such that ←j(ε) = 〈i, xa〉, hence j ∈→i(xa). Let Nmain(x) be the number of successors of x
which are main nodes. By reasoning as in the base case, Nmain(x) ≤ |ϕi|. Then, by construction,

out-degree of x = Nmain(x) +Nj(z) +
∑

l∈→i(x)

Nl(ε)

where Nj(z) is the out-degree of z in Tj , and for all l ∈→i(x), Nl(ε) is the out-degree of the Tl-
root. Since j > i and l > i for all l ∈→i(x), by the induction hypothesis we obtain the following
(note that d∃(ϕi) > 1)

out-degree of x ≤ |ϕi|+ |ϕj |(2d∃(ϕj)+1) +
∑

l∈→i(x)

|ϕl|(2d∃(ϕl)+1)

≤ |ϕi|+ |ϕi|(2d∃(ϕi)−1) +
∑

l∈→i(x)

|ϕi|(2d∃(ϕi)−1)

≤ |ϕi|+ |ϕi|(2d∃(ϕi)−1) + |ϕi| · |ϕi|(2d∃(ϕi)−1)

≤ 2 · |ϕi| · |ϕi|(2d∃(ϕi)−1)

≤ |ϕi|(2d∃(ϕi)+1)

The second inequality directly follows from Proposition 5 and the fact that j ∈→i(xa). The third
inequality directly follows from Proposition 5, and the last two inequalities follows from the fact
that |ϕi| ≥ 2. This concludes the proof of the proposition. 2

Finally, we give an upper bound on dim(S), the number of S-components. For each 1 ≤ i ≤
dim(S), let H(S, i) be the set of i-descendants in S defined as

H(S, i) := {i} ∪ {j ∈ H(S, h) | h ∈→i(x) for some x ∈ Ti}

Note that H(S, i) is well defined since for all x ∈ Ti and h ∈→i(x), h > i. Moreover, dim(S) =
|H(S, 1)|.
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Proposition 8. For the fixed minimal constraint system S for ϕ and for all 1 ≤ i ≤ dim(S), it
holds that |H(S, i)| ≤ |ϕi|4·(d∃(ϕi))

2·(d3,2(ϕi)+1).

Proof. The proof is by induction on dim(S)− i. For the base case (i = dim(S)), H(S, i) = {i}.
Hence, the result follows. Now, assume that i < dim(S). If d∃(ϕi) = 0, then H(S, i) = {i} and
the result holds. Now, let d∃(ϕi) ≥ 1. Then:

|H(S, i)| = 1 +
∑

x∈Ti,h∈→i(x)

|H(S, h)|

≤ 1 +
∑

x∈Ti,h∈→i(x)

|ϕh|4·(d∃(ϕh))2·(d3,2(ϕh)+1)

≤ 1 +
∑

x∈Ti,h∈→i(x)

|ϕi|4·(d∃(ϕi)−1)2·(d3,2(ϕi)+1)

≤ 1 + |ϕi| · |ϕi|(2d∃(ϕi)+1)·d3,2(ϕi) · |ϕi|4·(d∃(ϕi)−1)2·(d3,2(ϕi)+1)

≤ 1 + |ϕi|(d3,2(ϕi)+1)·(4·(d∃(ϕi))2+5−6d∃(ϕi))

≤ |ϕi|4·(d∃(ϕi))
2·(d3,2(ϕi)+1)

The first inequality directly follows from the induction hypothesis and the second inequality
directly follows from Proposition 5. For the third inequality, we use Propositions 5–7: by Propo-
sitions 6 and 7, |Ti| ≤ |ϕi|(2d∃(ϕi)+1)·d3,2(ϕi), and by Proposition 5, for each x ∈ Ti, |→i(x)| ≤ |ϕi|.
Finally, the last inequality follows from the fact that d∃(ϕi) ≥ 1, hence, |ϕi| > 1. This concludes
the proof of the proposition. 2

Recall that the labeling of a node in a constraint system S for ϕ contains only formulas in
cl(ϕ), and every application to S of a rule in Definition 5 either adds a new node or a new
component with a single node, or adds a new formula in cl(ϕ) to a label of a node. Thus, since
cl(ϕ) is finite and ϕi ∈ cl(ϕ) for each 1 ≤ i ≤ dim(S), by Propositions 5–8, we obtain the main
result of this Subsection.

Lemma 9. Each minimal constraint system S for ϕ satisfies the following invariant: each tree
in S has height at most d3,2(ϕ) and branching degree at most |ϕ|(2d∃(ϕ)+1), and dim(S) is at

most |ϕ|4·(d∃(ϕ))2·(d3,2(ϕ)+1). Moreover, any sequence of applications of the rules of Definition 5
starting from an initial constraint system for ϕ is finite.

3.3. Minimalization and proof of Theorem 2

In this subsection, we introduce a notion of “refinement” over constraint systems for ϕ, which
generalizes the refinement preorder over finite structures. Moreover, this notion crucially preserves
both well-formedness and the semantic ∀r-consistency requirement (Lemma 10). Then, we show
that given a well-formed and saturated constraint system S for ϕ, it is possible to construct a
saturated minimal constraint system Smin for ϕ which is a refinement of S (Lemma 11). Finally,
these results and Lemmata 3, 4 and 9 provide a proof of Theorem 2.

Fix two constraint systems S and S ′ for ϕ with S = 〈〈T1, L1,←1〉, . . . , 〈Tn, Ln,←n〉〉 and
S ′ = 〈〈T ′1, L′1,←′1〉, . . . , 〈T ′m, L′m,←′m〉〉.
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Definition 7 (Refinement for constraint systems). We say that S is a refinement of S ′ if
there is a tuple T = 〈R1, . . . ,Rn〉 such that for all 1 ≤ i ≤ dim(S), Ri is a mapping of the form
Ri : Ti 7→ T ′i′ for some 1 ≤ i′ ≤ dim(S ′), and for all x ∈ Ti, the following holds:

1. Li(x) ⊆ L′i′(Ri(x)), i′ = 1 iff i = 1, and Ri(x) = ε iff x = ε;

2. for each successor x′ of x in Ti, Ri(x′) is a successor of Ri(x) in T ′i′;

3. whenever 〈j, y〉 ←S 〈i, x〉, then 〈j′,Rj(y)〉 ←S′ 〈i′,Ri(x)〉 and Rj : Tj 7→ T ′j′.

We also say that S is a refinement of S ′ with respect to T .

Intuitively, Properties 1–3 above ensure that if S ′ is additionally well-formed, then S is well-
formed too and the subtree structures of S are refinements of the T -associated subtree structures
of S ′. Moreover, the refinement hierarchy tree of S (intuitively obtained by collapsing the trees
in single nodes) is isomorphic to a subtree of the refinement hierarchy tree of S ′. In particular,
the following holds.

Tj′

•

Ti′

•
•

〈j′,Rj(y)〉 ←S′ 〈i′,Ri(x)〉

Tj

•y

Rj

Ti

•
x

•x′

〈j, y〉 ←S 〈i, x〉

Ri Ri

Figure 2: Illustration of Properties 2 and 3 in Definition 7

Lemma 10. Assume that S is a refinement of S ′ with respect to T = 〈R1, . . . ,Rn〉 and S ′ is
well-formed. Then, S is well-formed as well, and the main structure of S is a refinement of
the main structure of S ′. Moreover, if S ′ is additionally semantically ∀r-consistent, then S is
semantically ∀r-consistent too.

Proof. Fix 1 ≤ i ≤ dim(S) and letRi : Ti 7→ T ′i′ . First, we show that S is well-formed as well. By
Property 1 of Definition 7, Li(x) ⊆ L′i′(Ri(x)). Since S ′ is clash-free (because S ′ is well-formed)
and i is arbitrary, it follows that S is clash-free as well. Moreover, since Li(x) is complete,
we also obtain that L̃i(x) = L̃′i′(Ri(x)). Now, assume that 〈j, y〉 ←S 〈i, x〉. We show that

L̃i(x) = L̃j(y), hence S is well-formed. By Property 3 of Definition 7, 〈j′,Rj(y)〉 ←S′ 〈i′,Ri(x)〉
and Rj : Tj 7→ T ′j′ . Then, we have that L̃i(x) = L̃′i′(Ri(x)) and L̃j(y) = L̃′j′(Rj(y)). Moreover,

since S ′ is well-formed, L̃′i′(Ri(x)) = L̃′j′(Rj(y)). Hence, L̃i(x) = L̃j(y) and the result follows.
Moreover, by Property 2 of Definition 7, we obtain the following.
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Claim. for all x ∈ Ti, 〈Ti, L̃i〉x is a refinement of 〈T ′i′ , L̃′i′〉Ri(x).

By Property 1 of Definition 7, R1 : T1 7→ T ′1 and R1(ε) = ε. Thus, by the claim above, it

follows that 〈T1, L̃1〉 (the main structure of S) is a refinement of 〈T ′1, L̃′1〉 (the main structure of
S ′), which concludes the proof of the first part of the lemma. For the second part of the lemma,
assume that S ′ is additionally semantically ∀r-consistent. For the fixed 1 ≤ i ≤ dim(S), let x ∈ Ti
and ∀rψ ∈ Li(x). We need to show that the tree structure 〈Ti, L̃i〉x satisfies ∀rψ. By Property 1
of Definition 7, ∀rψ ∈ L′i′(Ri(x)). Thus, since S ′ is semantically ∀r-consistent, it holds that

the tree structure 〈T ′i′ , L̃′i′〉Ri(x) satisfies ∀rψ. By the claim above, 〈Ti, L̃i〉x is a refinement of

〈T ′i′ , L̃′i′〉Ri(x). It follows that 〈Ti, L̃i〉x satisfies ∀rψ as well (recall that refinement is a preorder),
which concludes the proof of the lemma. 2

Now, we can prove the following crucial lemma.

Lemma 11 (Minimalization). Let S ′ be a constraint system for ϕ which is well-formed and
saturated. Then, there exists a minimal and saturated constraint system S for ϕ which is a
refinement of S ′.

Proof. Let S ′ = 〈〈T ′1, L′1,←′1〉, . . . , 〈T ′m, L′m,←′m〉〉 as in the statement of the lemma. First, for
each rule of Definition 5, we define an extension of such a rule which has the same precondition
and the same effect (with respect to a given constraint system S for ϕ) with the difference that
the nondeterministic choices are guided by S ′. Moreover, these new rules are applicable to pairs
(S, T ) such that S is a refinement of S ′ with respect to T (refinement invariant property). These
new rules are defined as follows, where for each rule, the parts which are not present in the
corresponding rule of Definition 5 are underlined (for the rest, the two rules are identical). After
having defined a new rule, we also prove that the rule is well-defined and its application preserves
the refinement invariant property (correctness of the rule).

Assumption. S is a refinement of S ′ with respect to T .

∧-rule: if S ` 〈i, x, ψ1 ∧ ψ2〉, S(i) = 〈T, L,←〉, and {ψ1, ψ2} 6⊆ L(x)
then update L(x) := L(x) ∪ {ψ1, ψ2}

Correctness of the ∧-rule. The new ∧-rule coincides with the ∧-rule of Definition 5 since in this
case, there are not nondeterministic choices. Since S ′ is saturated, by Property 1 of Definition 7,
it follows that the application of the rule preserves the refinement invariant property. 2

∨-rule: if S ` 〈i, x, ψ1 ∨ ψ2〉, S(i) = 〈T, L,←〉, and {ψ1, ψ2} ∩ L(x) = ∅
then update L(x) := L(x) ∪ {ψk} for some k ∈ {1, 2}

such that S ′ ` 〈i′,Ri(x), ψk〉 where T = 〈R1, . . . ,Rn〉 and Ri : T 7→ T ′
i′

Correctness of the ∨-rule. Like the ∨-rule of Definition 5, the new ∨-rule is applicable to an
S-constraint ξ = 〈i, x, ψ1 ∨ψ2〉 if there are no S-constraints of the form 〈i, x, ψk〉 with k ∈ {1, 2}.
Then, the rule adds a ξ-witness 〈i, x, ψk〉 for some k ∈ {1, 2}, with the new additional requirement
that S ′ ` 〈i′,Ri(x), ψk〉. Since S ′ is saturated and L(x) ⊆ L′i′(Ri(x)) (because S is a refinement
of S ′ with respect to T ), such a k must exist. Hence, the rule is well-defined and, evidently,
preserves the refinement invariant property. 2
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∃r-rule: if S ` 〈i, x,∃rψ〉, S := 〈〈T1, L1,←1〉, . . . , 〈Tn, Ln,←n〉〉, T = 〈R1, . . . ,Rn〉, and

S 6` 〈h, ε, ψ〉 for each h ≤ dim(S) such that ←h(ε) = 〈i, x〉
then update S := 〈〈T1, L1,←1〉, . . . , 〈Tn+1, Ln+1,←n+1〉〉 and T = 〈R1, . . . ,Rn+1〉,

where Tn+1 := {ε}, Ln+1(ε) := {ψ} ∪ (Li(x) ∩ (P ∪ P )), ←n+1(ε) := 〈i, x〉,
Rn+1 : Tn+1 7→ T ′

h, Rn+1(ε) = ε, where h satisfies:

〈i′,Ri(x)〉 ←S′ 〈h, ε〉, S ′ ` 〈h, ε, ψ〉, and Ri : Ti 7→ T ′
i′

Correctness of the ∃r-rule. Like the ∃r-rule of Definition 5, the new ∃r-rule is applicable to an
S-constraint ξ = 〈i, x,∃rψ〉 if there are no S-constraints (ξ-witnesses) of the form 〈h, ε, ψ〉 such
that 〈i, x〉 ←S 〈h, ε〉. Let T = 〈R1, . . . ,Rn〉 with Ri : Ti 7→ T ′i′ . Since S is a refinement of S ′
with respect to T , by Property 1 of Definition 7, 〈i′,Ri(x),∃rψ〉 is a S ′-constraint. Thus, since
S ′ is saturated, there must be a witness of 〈i′,Ri(x), ∃rψ〉 in S ′ of the form 〈h, ε, ψ〉 such that
〈i′,Ri(x)〉 ←S′ 〈h, ε〉. Then, as in Definition 5, the rule adds a ξ-witness 〈n + 1, ε, ψ〉 to S by
extending S with a new component 〈Tn+1, Ln+1,←n+1〉 containing a single node (the root) whose
label is propositionally consistent with the label of x (i.e., Ln+1(ε) := {ψ} ∪ (Li(x) ∩ (P ∪ P ))).
Additionally, the rule extends T by adding the new mappingRn+1 : Tn+1 7→ T ′h withRn+1(ε) = ε.
Since S ′ is well-formed, it holds that L′i′(Ri(x))∩(P ∪P ) = L′h(ε)∩(P ∪P ). Moreover, Property 1
of Definition 7 ensures that Li(x) ⊆ L′i′(Ri(x)). Thus, since Ln+1(ε) = {ψ} ∪ (Li(x) ∩ (P ∪ P ))
and ψ ∈ L′h(ε), it holds that Ln+1(ε) ⊆ L′h(ε). It follows that after the updating, S is still a
refinement of S ′ with respect to T . 2

2-rule: if S ` 〈i, x,2ψ〉 and S 6` 〈i, x′, ψ〉 for some successor x′ of x in S(i)
then let S(i) = 〈T, L,←〉

update L(x′) := L(x′) ∪ {ψ} for each successor x′ of x in T

Correctness of the 2-rule. The new 2-rule coincides with the 2-rule of Definition 5 since in
this case, there are not nondeterministic choices. Since S ′ is saturated, by Properties 1 and 2 of
Definition 7, it follows that the application of the rule preserves the refinement invariant property.

2

3-rule: if S ` 〈i, x,3ψ〉 and S 6` 〈i, x′, ψ〉 for each successor x′ of x in S(i)
then let 〈i0, x0〉 ←S . . .←S 〈ik, xk〉 with i0 = 1 and 〈ik, xk〉 = 〈i, x〉

let 〈j0,Ri0(x0)〉 ←S′ . . .←S′ 〈jk,Rik(xk)〉
where T = 〈R1, . . . ,Rn〉, Ri0 : Ti0 7→ T ′

j0
, . . . ,Rik : Tik 7→ T ′

jk

let yk be a successor of Rik(xk) in T ′
jk

such that ψ ∈ L′
jk

(yk)

let 〈j0, y0〉 ←S′ . . .←S′ 〈jk, yk〉
guess some complete set χ ⊆ P ∪ P such that χ = L′

jk
(yk) ∩ (P ∪ P ),

for each q = k, k − 1, . . . , 0 with S(iq) = 〈Tq, Lq,←q〉 do

update Tq := Tq ∪ {xq · hq} for some hq ∈ N such that xq · hq 6∈ Tq
Riq (xq · hq) := yq
if q < k then Lq(xq · hq) := χ and ←iq+1

(xq+1 · hq+1) := 〈iq, xq · hq〉
else Lq(xq · hq) := {ψ} ∪ χ

Correctness of the 3-rule. Like the 3-rule of Definition 5, the new 3-rule is applicable to an
S-constraint ξ = 〈i, x,3ψ〉 if there are no S-constraints (ξ-witnesses) of the form 〈i, x′, ψ〉 where
x′ is a successor of x. Let 〈i0, x0〉 ←S . . .←S 〈ik, xk〉 be the maximal chain of “backward links”
from 〈ik, xk〉 = 〈i, x〉. Note that i0 = 1. Moreover, let T = 〈R1, . . . ,Rn〉. Then, since S is a
refinement of S ′ with respect to T , there is a maximal chain of “backward links” in S ′ of the
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form 〈j0,Ri0(x0)〉 ←S′ . . .←S′ 〈jk,Rik(xk)〉, where j0 = 1, Ri0 : Ti0 7→ T ′j0 , . . ., Rik : Tik 7→ T ′jk .
Moreover, Lik(xk) ⊆ L′jk(Rik(xk)). Thus, since ξ = 〈i, x,3ψ〉 = 〈ik, xk,3ψ〉 is an S-constraint,
〈jk,Rik(xk),3ψ〉 is a S ′-constraint, and because S ′ is saturated, there must be a witness of
〈jk,Rik(xk),3ψ〉 in S ′ of the form 〈jk, yk, ψ〉 such that yk is a child of Rik(xk) in T ′jk . Also
note that the maximal chain of “backward links” in S ′ from 〈jk,Rik(xk)〉 must be of the form
〈j0, y0〉 ←S′ . . .←S′ 〈jk, yk〉 because S ′ is a constraint system for ϕ.

Then, like the 3-rule of Definition 5, the rule adds a ξ-witness 〈ik, x′k, ψ〉 to S (x′k being a new
successor of xk = x), and a complete set χ ⊆ P∪P is guessed with the new additional requirement
that χ = L′jk(yk) ∩ (P ∪ P ). Moreover, the hierarchical structure of S is restored as follows: the
rule adds the new constraints 〈i0, x′0, χ〉, . . . , 〈ik, x′k, χ〉, where x′0, . . . , x

′
k−1 are new successors of

x0, . . . , xk−1 respectively, and the new chain of “backward links” 〈i0, x′0〉 ←S . . . ←S 〈ik, x′k〉.
Additionally, a Riq -link from the new node x′q to the S ′-node yq is created for all 0 ≤ q ≤ k.

Since S ′ is well-formed and χ = L′jk(yk) ∩ (P ∪ P ), it holds that χ = L′jk(yk) ∩ (P ∪ P ) = . . . =

L′j0(y0) ∩ (P ∪ P ). It follows that after the updating, S is still a refinement of S ′ with respect to
T . 2

Since S ′ is well-formed, there is a unique initial constraint system S0 = 〈{ε}, L,←〉 for ϕ such that
S0 is a refinement of S ′. Let T0 = 〈R1〉 with R1 : {ε} 7→ ×{ε}. Note that S0 is a refinement of S ′
with respect to T0. Now, every rule defined above has the same precondition and the same effect
(with respect to a constraint system S for ϕ) of the corresponding rule in Definition 5. Moreover,
we have proved that every rule defined above preserves the refinement invariant property. Hence,
by Lemma 9, any sequence of applications of the rules defined above starting from (S0, T0) is
finite and leads to a pair (S, T ) such that: (i) S is a refinement of S ′ with respect to T , and (ii)
S can be obtained from S0 by a sequence of applications of the rules of Definition 5. Hence, there
is a minimal and saturated constraint system S for ϕ which is a refinement of S ′. This concludes
the proof of the lemma. 2

Now, we have all the material to prove Theorem 2.

Proof of Theorem 2. Let 〈T, V 〉 be a tree model satisfying ϕ. By Proposition 1, there is a finite
refinement 〈Tr, Vr〉 of 〈T, V 〉 satisfying ϕ. By Lemma 4, there is a well-formed, saturated, and
semantically ∀r-consistent constraint system S for ϕ whose main structure is 〈Tr, Vr〉. Thus, by
Lemmata 10 and 11, there is a minimal, well-formed, saturated, and semantically ∀r-consistent
constraint system Smin for ϕ whose main structure 〈Tmin, Vmin〉 is a refinement of 〈Tr, Vr〉. Hence,
〈Tmin, Vmin〉 is a refinement of 〈T, V 〉 as well, and by Lemmata 3 and 9, 〈Tmin, Vmin〉 satisfies ϕ
and |Tmin| ≤ |ϕ|3|ϕ|

2
. Hence, the result follows.

4. Upper bounds

In this section, we provide the upper bounds illustrated in Figure 1.
First, we briefly recall the framework of Alternating Turing Machines (ATM), see [17] for more

details. An ATMM allows both existential choices (nondeterminism) and universal choices (par-
allelism). The set ofM-states is partitioned into a set of existential states and a set of universal
states. This partition induces an analogous partition on the set of configurations in accordance
with the associated state. The acceptance criterion of M can be defined via a reachability two-
player turn-based game between player Eve and player Adam, where existential (resp., universal)
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configurations are controlled by Eve (resp., Adam). A configuration C of M leads to acceptance
iff there is a strategy of Eve from C which allows to select only computations (from C) ending
in an accepting configuration. An input word α is accepted by M iff the initial configuration
associated with α leads to acceptance. For technical convenience, we can also assume that the
ATMM contains a set of deterministic states leading to deterministic configurations which have
at most one successor. The ATM M is singly exponential-time bounded if there is an integer
constant c ≥ 1 such that for each input α, when started on α, no matter what are the universal
and existential choices, M halts in at most 2|α|

c
steps. The ATM M has a polynomial-bounded

number of alternations if there is an integer constant c ≥ 1 such that for all inputs α and com-
putations π from α, the number of alternations of existential and universal configurations along
π is at most |α|c.

The main result of this section is given by the following theorem, which is crucially based
on Theorem 2. In fact, by using Theorem 2, it is a relatively simple task to construct a singly
exponential-time bounded ATM accepting SAT(RML) with a number of alternations linear in the
size of the given input ϕ. However, enforcing the number of alternations to match the refinement
alternation depth Υw(ϕ) makes the construction a little more complicated.

Theorem 12. One can construct a singly exponential-time bounded ATM accepting SAT(RML)
whose number of alternations on an input ϕ ∈ RML is at most Υw(ϕ)− 1 and whose initial state
is existential.

Proof. First, we need additional notation. Fix an RML formula ϕ. We denote by SD(ϕ) the set
of formulas ψ such that either ψ is a subformula of ϕ or ψ is the dual of a subformula of ϕ. A
certificate of ϕ is a finite tree structure 〈T, V 〉 such that |T | ≤ |ϕ|3·|ϕ|2 . A well-formed set for ϕ
is a finite set K consisting of pairs (ψ, 〈T, V 〉) such that ψ ∈ SD(ϕ) and 〈T, V 〉 is a certificate of
ψ. We say that K is universal if each formula occurring in K is of the form ∀rψ for some RML
formula ψ.

We denote by Υw(K) the maximum over the alternation depths Υw(ψ), where ψ is a formula
occurring in K (we set Υw(K) = 0 if K = ∅), i.e. Υw(K) = max({0} ∪ {Υw(ψ) | ψ ∈ K}). The
dual of K, written K̃ is the well-formed set for ϕ obtained by replacing each pair (ψ, 〈T, V 〉) ∈ K
with (ψ̃, 〈T, V 〉). Recall that for each RML formula ϕ, Υw(∀rϕ) = Υw(∀̃rϕ) + 1. It follows that
for each non-empty universal well-formed set K for ϕ, Υw(K̃) = Υw(K)− 1. A well-formed set K
is valid if for each (ψ, 〈T, V 〉) ∈ K, 〈T, V 〉 is a model of ψ.

Given an input ϕ, the ATM satisfying Theorem 12, that we call ATM check, uses two auxiliary
ATM procedures checkTrue and checkFalse, illustrated in Figure 3 and in Figure 4 respectively,
which take as input a well-formed set K for ϕ. Note that the procedure checkFalse(K) is the
dual of checkTrue(K): it is simply obtained from checkTrue(K) by switching accept and reject, by
switching existential choices and universal choices, and by converting the last call to checkFalse
into checkTrue. Intuitively, the ATM checkTrue(K) accepts the input K iff K is valid. Dually,
checkFalse(K) accepts the input K iff K is not valid. We assume that the set K is implemented
by an ordered data structure in such a way that the selection of an element (ψ, 〈T, V 〉) ∈ K where
ψ is not of the form ∀rψ′ (if any) can be done deterministically (see the first line in the while
loop of the procedures checkTrue and checkFalse).

Given an input ϕ ∈ RML, the overall ATM check existentially chooses a certificate 〈T, V 〉 of
ϕ and calls checkTrue with input {(ϕ, 〈T, V 〉)}.
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checkTrue(K) /** K is a well-formed set for ϕ **/

while K is not universal do
deterministically select (ψ, 〈T, V 〉) ∈ K such that ψ is not of the form ∀rψ′
update K ← K \ {(ψ, 〈T, V 〉)};
case ψ = p with p ∈ P : if p /∈ V (ε) then reject the input ;
case ψ = ¬p with p ∈ P : if p ∈ V (ε) then reject the input ;
case ψ = ψ1 ∨ ψ2: existentially choose i = 1, 2 and update K ← K ∪ {(ψi, 〈T, V 〉)};
case ψ = ψ1 ∧ ψ2: update K ← K ∪ {(ψ1, 〈T, V 〉), (ψ2, 〈T, V 〉)};
case ψ = 3ψ′: existentially choose a child x of the T -root,

update K ← K ∪ {(ψ′, 〈T, V 〉x)};
case ψ = 2ψ′: update K ← K ∪ {(ψ′, 〈T, V 〉x1), . . . , (ψ′, 〈T, V 〉xk)}

where x1, . . . , xk are the children of the root of T ;
case ψ = ∃rψ′: existentially choose a certificate 〈T ′, V ′〉 of ψ′ which is

a refinement of 〈T, V 〉 and update K ← K ∪ {(ψ′, 〈T ′, V ′〉)};
end while

if K = ∅ then accept the input
else universally choose (ψ, 〈T, V 〉) ∈ K̃ and call checkFalse({(ψ, 〈T, V 〉)})

Figure 3: Procedure checkTrue(K)

Note that whenever there is a switch between the procedures checkTrue and checkFalse, e.g.
from checkTrue to checkFalse, the input {(ψ, 〈T, V 〉)} of the latter is contained in the dual K̃ of
a non-empty universal well-formed set K for ϕ, hence Υw({(ψ, 〈T, V 〉)}) < Υw(K). Moreover, K
contains only formulas ψ such that ψ ∈ SD(θ) for a formula θ occurring in the former input. This
ensures that the algorithm always terminates. Moreover, since the number of alternations of the
ATM check between existential choices and universal choices is evidently the number of switches
between the procedure calls checkTrue and checkFalse, and initially K = {(ϕ, 〈T, V 〉)}, we obtain
the following result.

Claim 1. For the ATM check, the initial state is existential and the number of alternations on an
input ϕ ∈ RML is at most Υw(ϕ)− 1.

Now, we show that the ATM check runs in time singly exponential in the size of the input. Note
that checking for two given finite tree structures 〈T, V 〉 and 〈T ′, V ′〉, whether 〈T, V 〉 is a refinement
of 〈T ′, V ′〉 (or, equivalently, 〈T ′, V ′〉 is a simulation of 〈T, V 〉) can be done in polynomial time
(see, e.g., [22]). Thus, since a certificate of a formula ϕ has size singly exponential in the size of
ϕ, it follows that each case step of either procedure can be performed in time singly exponential
in the size of ϕ. Hence, the result directly follows from the following claim.

Claim 2. Given an input ϕ ∈ RML, the number of iterations of the while loop in each call of the
procedure checkTrue (resp., checkFalse) is singly exponential in the size of ϕ.

Proof of Claim 2. Let T (ϕ) be the standard tree encoding of ϕ, where each node is labeled by
some subformula of ϕ, and define Cϕ := |ϕ|3·|ϕ|2 (i.e., the size of a certificate of ϕ). Let ψ ∈ SD(ϕ).
If ψ is a subformula of ϕ, we define dψ as the maximum over the distances from the root in T (ϕ)
of ψ-labeled nodes. If instead ψ is the dual of a subformula of ϕ, we let dψ := d

ψ̃
. Then, in order
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checkFalse(K) /** K is a well-formed set for ϕ **/

while K is not universal do
deterministically select (ψ, 〈T, V 〉) ∈ K such that ψ is not of the form ∀rψ′
update K ← K \ {(ψ, 〈T, V 〉)};
case ψ = p with p ∈ P : if p /∈ V (ε) then accept the input ;
case ψ = ¬p with p ∈ P : if p ∈ V (ε) then accept the input ;
case ψ = ψ1 ∨ ψ2: universally choose i = 1, 2 and update K ← K ∪ {(ψi, 〈T, V 〉)};
case ψ = ψ1 ∧ ψ2: update K ← K ∪ {(ψ1, 〈T, V 〉), (ψ2, 〈T, V 〉)};
case ψ = 3ψ′: universally choose a child x of the T -root,

update K ← K ∪ {(ψ′, 〈T, V 〉x)};
case ψ = 2ψ′: update K ← K ∪ {(ψ′, 〈T, V 〉x1), . . . , (ψ′, 〈T, V 〉xk)}

where x1, . . . , xk are the children of the root of T ;
case ψ = ∃rψ′: universally choose a certificate 〈T ′, V ′〉 of ψ′ which is

a refinement of 〈T, V 〉 and update K ← K ∪ {(ψ′, 〈T ′, V ′〉)};
end while

if K = ∅ then reject the input
else existentially choose (ψ, 〈T, V 〉) ∈ K̃ and call checkTrue({(ψ, 〈T, V 〉)})

Figure 4: Procedure checkFalse(K)

to prove the claim, it suffices to show that for all computations π of the ATM check from input ϕ,
the overall number Nψ of iterations of the while loops (of procedures checkTrue and checkFalse)
along π where formula ψ is processed, is at most (|ϕ| ·Cϕ)dψ . The proof is done by induction on
dψ. For the base case, dψ = 0. Therefore, ψ = ϕ or ψ = ϕ̃, and by construction of the algorithm,
Nϕ and Nϕ̃ are at most equal to 1. Hence, the result holds. For the induction step, assume that

dψ > 0. We consider the case where ψ is a subformula of ϕ (the case where ψ̃ is a subformula of ϕ
is similar). Then, the result follows from the following chain of inequalities, where P (ψ) denotes
the set of subformulas labeling the nodes of T (ϕ) which are parents of the nodes labeled by ψ.

Nψ ≤
∑

ψ0∈P (ψ)

Nψ0 · Cϕ ≤
∑

ψ0∈P (ψ)

(|ϕ| · Cϕ)dψ0 · Cϕ ≤ (|ϕ| · Cϕ)dψ

The first inequality directly follows from the construction of the algorithm (note that if ψ0 = 2ψ,
then the processing of ψ0 in an iteration of the two while loops generates at most Cϕ new “copies”
of ψ). The second inequality follows from the induction hypothesis and the last inequality follows
from the fact that |P (ψ)| ≤ |ϕ| and dψ0 ≤ dψ − 1 for all ψ0 ∈ P (ψ). This concludes the proof of
Claim 2. 2

It remains to show that the ATM check accepts SAT(RML). The proof is crucially based on
Theorem 2. Fix an input ϕ. Evidently, after the first call to checkTrue, each configuration of the
procedure check can be described by a triple (`,K, f), where: (i) K is a well-formed set for ϕ, (ii)
f = true if K is processed within checkTrue, and f = false otherwise, and (iii) ` is an instruction
label corresponding to one of the instructions of the procedures checkTrue and checkFalse. We
denote by `0 the label associated with the while instruction. A main configuration is a configu-
ration associated with the label `0. By construction of the algorithm, the ATM check accepts ϕ
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iff there exists a certificate 〈T, V 〉 of ϕ such that the main configuration (`0, {(ϕ, 〈T, V 〉)}, true)
leads to acceptance. By Proposition 1 and Theorem 2, ϕ is satisfiable iff there exists a certificate
〈T, V 〉 of ϕ which is a model of ϕ. Hence, in order to conclude the proof of Theorem 12, it suffices
to prove the following.

Claim 3. Let K be a well-formed set for ϕ. Then, the following holds:

1. the main configuration (`0,K, true) leads to acceptance iff K is valid;

2. the main configuration (`0,K, false) leads to acceptance iff K is not valid.

Proof of Claim 3. We associate to K a natural number ‖K‖ defined as follows. Fix an ordering
ψ1, . . . , ψk of the formulas in SD(ϕ) such that for all i 6= j, |ψi| > |ψj | implies i < j. First, we
associate to K a (k + 1)-tuple 〈n0, n1, . . . , nk〉 of natural numbers defined as follows: the first
component n0 in the tuple is the alternation depth Υw(K) and for the other components ni with
1 ≤ i ≤ k, ni is the number of elements of K associated with the formula ψi (i.e., the number of
elements of the form (ψi, 〈T, V 〉)). Then, ‖K‖ is the position of the tuple 〈n0, n1, . . . , nk〉 along
the total lexicographic ordering over Nk+1. Note that if K is non-empty and universal, then since
Υw(K̃) < Υw(K), it holds that ‖K̃‖ < ‖K‖. Moreover, note that ‖K‖ strictly decreases at each
iteration of the while loop in the procedures checkTrue and checkFalse (this is because at each
iteration, Υw(K) does not increase, and an element of K is replaced with elements associated
with smallest formulas).

The proof of Claim 3 is given by induction on ‖K‖. For the base case, ‖K‖ = 0, hence K
is empty and evidently valid. By construction, the procedure checkTrue accepts the empty set,
while the procedure checkFalse rejects the empty set. Hence, for the base case, the result holds.
For the induction step, let ‖K‖ > 0, hence K is not empty. First, assume that K is universal.
Recall that ‖K̃‖ < ‖K‖. Then:

• Property 1: K is valid⇐⇒ (by the semantics of RML) for each (ψ, 〈T, V 〉) ∈ K̃, {(ψ, 〈T, V 〉)}
is not valid ⇐⇒ (by the induction hypothesis) for each (ψ, 〈T, V 〉) ∈ K̃, the main configu-
ration (`0, {(ψ, 〈T, V 〉)}, false) leads to acceptance ⇐⇒ (by construction of the algorithm
and since K is universal) the main configuration (`0,K, true) leads to acceptance.

• Property 2: K is not valid ⇐⇒ (by the semantics of RML) for some (ψ, 〈T, V 〉) ∈ K̃,
{(ψ, 〈T, V 〉)} is valid ⇐⇒ (by the induction hypothesis) for some (ψ, 〈T, V 〉) ∈ K̃, the main
configuration (`0, {(ψ, 〈T, V 〉)}, true) leads to acceptance⇐⇒ (by construction of the algo-
rithm and since K is universal) the main configuration (`0,K, false) leads to acceptance.

Hence, Properties 1 and 2 of Claim 3 hold if K is universal. Now, assume that the non-empty
set K is not universal. We consider Property 2 of Claim 3 (the proof of Property 1 being dual).
Let (ψ, 〈T, V 〉) ∈ K be the pair selected by the procedure checkFalse in the iteration of the while
loop associated with the main configuration (`0,K, false). Here, we examine the cases where
ψ = 2ψ′ or ψ = ∃rψ′ (the other cases being similar or simpler).

• Case ψ = 2ψ′. Let K′ = (K \ {(ψ, 〈T, V 〉)}) ∪ {(ψ′, 〈T, V 〉x1), . . . , (ψ′, 〈T, V 〉xk)}, where
x1, . . . , xk are the children of the root of T . Note that ‖K′‖ < ‖K‖. Then, we have
that K is not valid ⇐⇒ (by the semantics of RML) K′ is not valid ⇐⇒ (by the induction
hypothesis) the main configuration (`0,K′, false) leads to acceptance⇐⇒ (by construction
of the procedure checkFalse) the main configuration (`0,K, false) leads to acceptance.
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• Case ψ = ∃rψ′. For this case, we crucially apply Theorem 2. First we show that The-
orem 2 implies the following equivalence (*): 〈T, V 〉 satisfies ψ = ∃rψ′ ⇐⇒ there exists
a certificate 〈T ′, V ′〉 of ψ′ satisfying ψ′ which is a refinement of 〈T, V 〉. The right-to-left
implication is obvious. For the left-to-right implication, assume that there is a refinement
of 〈T, V 〉 which satisfies ψ′. By Remark 1, we can assume that such a refinement is a tree
structure, say 〈T ′′, V ′′〉. By Theorem 2, there is a certificate 〈T ′, V ′〉 of ψ′ satisfying ψ′

which is a refinement of 〈T ′′, V ′′〉. Thus, since the refinement relation is transitive, Condi-
tion (*) follows. Then, Property 2 of Claim 3 directly follows from the following chain of
equivalences: K is not valid ⇐⇒ (by the semantics of RML) either K \ {(ψ, 〈T, V 〉)} is not
valid, or each refinement 〈T ′, V ′〉 of 〈T, V 〉 does not satisfy ψ′ ⇐⇒ either K \ {(ψ, 〈T, V 〉)}
is not valid, or (by Condition (*)) each certificate 〈T ′, V ′〉 of ψ′ which is a refinement of
〈T, V 〉 does not satisfy ψ′ ⇐⇒ for each certificate 〈T ′, V ′〉 of ψ′ which is a refinement of
〈T ′, V ′〉, (K\{(ψ, 〈T, V 〉)})∪{(ψ′, 〈T ′, V ′〉)} is not valid ⇐⇒ (by the induction hypothesis)
for each certificate 〈T ′, V ′〉 of ψ′ which is a refinement of 〈T, V 〉, the main configuration
(`0, (K \ {(ψ, 〈T, V 〉)}) ∪ {(ψ′, 〈T ′, V ′〉)}, false) leads to acceptance ⇐⇒ (by construction
of the procedure checkFalse) the main configuration (`0,K,false) leads to acceptance.

2

This concludes the proof of Theorem 12. 2

By Theorem 12, the upper bounds illustrated in Figure 1 directly follow.

Corollary 13. SAT(RML) ∈ AEXPpol and SAT(RMLk) ∈ Σ EXP
k for each k ≥ 1.

5. Lower bounds

In this section, we provide the lower bounds illustrated in Figure 1. The main contribution is
AEXPpol-hardness of SAT(RML), which is proved by a polynomial-time reduction from a suitable
AEXPpol-complete problem. First, we define this problem.

Let k ≥ 1. A k-ary deterministic Turing Machine (TM, for short) is a deterministic Turing
machine M = 〈k, I, A,Q, {qacc, qrej}, q0, δ〉 operating on k ordered semi-infinite tapes and having
just one read/write head, where: I (resp., A ⊃ I) is the input (resp., work) alphabet, A contains
the blank symbol #, Q is the set of states, qacc (resp., qrej) is the terminal accepting (resp.,
rejecting) state, q0 is the initial state, and δ : (Q\{qacc, qrej})×A 7→ (Q×A×{←,→})∪{1, . . . , k}
is the transition function. In each non-terminal step, if the read/write head scans a cell of the `th
tape (1 ≤ ` ≤ k) and (q, a) ∈ (Q \ {qacc, qrej})×A is the current pair state/scanned cell content,
one of the following occurs:

• δ(q, a) ∈ Q × A × {←,→} (ordinary moves): M overwrites the tape cell being scanned,
there is a change of state, and the read/write head moves one position to the left (←) or
right (→) in accordance with δ(q, a).5

5If the read/write head points to the left-most cell of the lth tape and δ(q, a) are of the form (q′, a,←), then M
moves to the rejecting state.
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• δ(q, a) = h ∈ {1, . . . , k} (jump moves): the read/write head jumps to the left-most cell of
the hth tape and the state remains unchanged.

Initially, each tape contains a word in I∗ and the read/write head points to the left-most cell of
the first tape. Thus, an input ofM, called k-ary input, can be described by a tuple (w1, . . . , wk) ∈
(I∗)k, where for all 1 ≤ i ≤ k, wi represent the initial content of the ith tape. M accepts a k-ary
input (w1, . . . , wk) ∈ (I∗)k, written M(w1, . . . , wk), if the computation of M from (w1, . . . , wk)
is accepting. We consider the following problem.

Alternation Problem. An instance of the problem is a triple (k, n,M), where k ≥ 1, n > 1, and
M is a polynomial-time bounded k-ary deterministic Turing Machine with input alphabet
I. The instance (k, n,M) is positive iff the following holds, where Q` = ∃ if ` is odd, and
Q` = ∀ otherwise (for all 1 ≤ ` ≤ k),

Q1x1 ∈ I2n .Q2x2 ∈ I2n . . . .Qkxk ∈ I2n .M(x1, . . . , xk)

Note that the quantifications Qi are restricted to words over I of length 2n. Thus, even if
M is polynomial-time bounded, it operates on an input (witness) whose size is exponential
in n.

For k ≥ 1, the k-Alternation Problem is the Alternation Problem restricted to instances of the
form (k, n,M) (i.e., the first input parameter is fixed to k), and the Linear Alternation Problem
is the Alternation Problem restricted to instances of the form (n, n,M).

Proposition 14. The Linear Alternation Problem is AEXPpol-complete and for all k ≥ 1, the
k-Alternation Problem is Σ EXP

k -complete.

The proof of Proposition 14 is standard. However, for completeness, we give a proof for the hard-
ness results in Proposition 14, which are the relevant ones in this context. Then, in Subsection 5.1,
we describe polynomial-time reductions from the Linear Alternation Problem to SAT(RML), and
from the k-Alternation Problem to SAT(RMLk+1) (for each k ≥ 1).

The lower bounds in Proposition 14 directly follows from the following two lemmata.

Lemma 15. Let k ≥ 1 and MA be a singly exponential-time bounded ATM with at most k − 1
alternations and such that the initial state is existential. Moreover, let c ≥ 1 be an integer constant
such that for each input α, when started on α, MA reaches a terminal configuration in at most
2|α|

c
steps. Then, given an input α, one can construct in time polynomial in α and the size of

MA an instance (k, 2|α|c,M) of the Alternation Problem such that the instance is positive iff
MA accepts α.

Lemma 16. LetMA be a singly exponential-time bounded ATM with a polynomial-time bounded
number of alternations. Moreover, let c ≥ 1 and ca ≥ 1 be integer constants such that for each
input α, when started on α, MA has at most |α|ca alternations and MA reaches a terminal
configuration in at most 2|α|

c
steps. Then, given an input α, one can construct in time polynomial

in α and the size of MA an instance (2|α|max{c,ca}, 2|α|max{c,ca},M) of the Alternation Problem
such that the instance is positive iff MA accepts α.

The proofs of Lemmata 15 and 16 are very similar, so that we prove only Lemma 15.
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Proof of Lemma 15. Let MA, c, and k as in the statement of Lemma 15. Let IA (resp., AA) be
the input (resp., work) alphabet ofMA, where IA ⊂ AA, and Q be the set ofMA-states. Fix an
input α ∈ I∗A. An α-configuration is a word in A∗A · (Q × AA) · A∗A of length exactly 2|α|

c
. Note

that any configuration ofMA reachable from the input α can be encoded by an α-configuration.
We denote by Cα the initial (existential) α-configuration associated with the input α. A partial
computation of MA is a finite sequence π = C1, . . . , Cp of α-configurations such that p ≤ 2|α|

c

and for each 1 ≤ i < p, Ci+1 is a MA-successor of Ci (note that a computation of MA over α is
a partial computation). We say that π is uniform if additionally one of the following holds:

• Cp is terminal and π visits only existential n-configurations;

• Cp is terminal and π visits only universal n-configurations;

• p > 1, Cp is existential and for each 1 ≤ h < p, Ch is universal;

• p > 1, Cp is universal and for each 1 ≤ h < p, Ch is existential.

Let♦ be a fresh symbol and I = AA∪{♦}. The code of a partial computation π = C1, . . . , Cp is

the word over I of length exactly 22|α|c given by C1, . . . , Cp, C
0
p+1, . . . , C

0
2|α|c

, where C0
h ∈ {♦}2

|α|c

for all p + 1 ≤ h ≤ 2|α|
c
. We construct a polynomial-time bounded k-ary deterministic Turing

Machine M, which satisfies Lemma 15 for the given input α of MA, as follows. The input
alphabet of M is I. Given a k-ary input (w1, . . . , wk) ∈ (I∗)k, M operates in k-steps. At step
i (1 ≤ i ≤ k), the behavior of M is as follows, where n = 2|α|c and for a partial computation
π = C1, . . . , Cp, first(π) = C1 and last(π) = Cp:

• First step: i = 1.

1. If w1 ∈ I2n and w1 encodes a uniform partial computation π1 of MA from Cα, then
the behavior is as follows. If last(π1) is accepting (resp., rejecting), then M accepts
(resp., rejects) the input . If instead last(π1) is not a terminal configuration, then M
goes to step i+ 1.

2. Otherwise, M rejects the input.

• i > 1.

1. If wi ∈ I2n and wi encodes a uniform partial computation πi of MA such that
first(πi) = last(πi−1), where πi−1 is the uniform partial computation encoded by wi−1,
then the behavior is as follows. If last(πi) is accepting (resp., rejecting), then M ac-
cepts (resp., rejects) the input. If instead last(πi) is not a terminal configuration, then
M goes to step i+ 1.

2. Otherwise, if i is odd (resp., even), then M rejects (resp., accepts) the input.

Note that Conditions 1 in the steps above can be checked byM in polynomial time (in the size of
the input) by using the transition function ofMA and n-bit counters. Hence,M is a polynomial-
time bounded k-ary deterministic Turing Machine which, evidently, can be constructed in time
polynomial in n and the size ofMA. Now, we prove that the construction is correct, i.e. (k, n,M)
is a positive instance of the Alternation Problem iffMA accepts α. For each 1 ≤ ` ≤ k, let Q` = ∃
if ` is odd, and Q` = ∀ otherwise. Since Cα is existential, MA accepts α iff there is a uniform
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partial computation π1 ofMA from Cα such that last(π1) leads to acceptance. Moreover, for each
w1 ∈ I2n , M accepts an input of the form (w1, w

′
2, . . . , w

′
k) only if w1 encodes a non-rejecting

uniform partial computation ofMA from Cα. Thus, since Q1 = ∃, correctness of the construction
directly follows from the following claim.

Claim. Let 1 ≤ ` ≤ k and π = π1 . . . π` be a partial computation of MA from Cα such that
π` is uniform and for each 1 ≤ h < `, πh is non-empty and πh · first(πh+1) is uniform as well.
Let w` ∈ I2n be the word encoding π` and for each 1 ≤ h < l, wh ∈ I2n be the word encoding
πh · first(πh+1). Then, last(π`) leads to acceptance if and only if

Q`+1x`+1 ∈ I2n . . . . Qkxk ∈ I2n .M(w1, . . . , w`, x`+1, . . . , xk) (1)

Proof of the claim. The proof is by induction on k − `.

Base Step: ` = k. Note that in this case last(πk) is a terminal configuration (otherwise, the
number of alternations of existential and universal configurations along π would be greater than
k − 1). Thus, we need to show that last(πk) is accepting iff M(w1, . . . , wk). By construction,
when started on the input (w1, . . . , wk), M reaches the kth step and Condition 1 in this step is
satisfied. Moreover, either last(πk) is accepting andM accepts the input (w1, . . . , wk), or last(πk)
is rejecting and M rejects the input (w1, . . . , wk). Hence, the result follows.

Induction Step: ` < k. First, assume that last(π`) is a terminal configuration. By construc-
tion on any input of the form (w1, . . . , w`, w

′
`+1, . . . , w

′
k), M reaches the `th step and Condi-

tion 1 in this step is satisfied. Moreover, either last(π`) is accepting and M accepts the input
(w1, . . . , w`, w

′
`+1, . . . , w

′
k), or last(π`) is rejecting andM rejects the input (w1, . . . , w`, w

′
`+1, . . . , w

′
k).

Hence, in this case the result holds. Now, assume that last(π`) is not terminal. We consider
the case where ` + 1 is even (the other case being similar). Then, Q`+1 = ∀. Since Cα is
existential and last(π`) is not terminal, by hypothesis, last(π`) must be an universal configu-
ration. First, assume that last(π`) leads to acceptance. Let w`+1 ∈ I2n . By construction
on any input of the form (w1, . . . , w`, w`+1, w

′
`+2 . . . , w

′
k), M reaches the (` + 1)th step. If

w`+1 satisfies Condition 2 in this step, then since ` + 1 is even, M accepts the input. Hence,
Q`+2x`+2 ∈ I2n . . . .Qkxk ∈ I2n .M(w1, . . . , w`, w`+1, x`+2, . . . , xk). Otherwise, w`+1 encodes a
uniform partial computation π`+1 of MA from last(π`). Since last(π`) leads to acceptance and
last(π`) is universal, last(π`+1) leads to acceptance as well. Thus, applying the induction hy-
pothesis to the partial computation π1 . . . π`−1π

′
`π`+1 (where π′` is obtained from π` by removing

last(π`)), it follows that Q`+2x`+2 ∈ I2n . . . .Qkxk ∈ I2n .M(w1, . . . , w`, w`+1, x`+2, . . . , xk). Thus,
the previous condition holds for each w`+1 ∈ I2n . Since Q`+1 = ∀, it follows that Condition (1)
holds. For the converse direction, assume that Condition (1) holds. Let π`+1 be any uniform
partial computation of MA from last(π`). We need to show that last(π`+1) leads to acceptance.
Since Condition (1) holds and Q`+1 = ∀, we can apply the induction hypothesis to the partial
computation π1 . . . π`−1π

′
`π`+1 (where π′` is obtained from π` by removing last(π`)). Hence, the

result follows. 2

This concludes the proof of Lemma 15.

5.1. Reductions from the Alternation Problem

In this Subsection, we show that the Linear Alternation Problem reduces in polynomial time
to SAT(RML), and for each k ≥ 1, the k-Alternation Problem reduces in polynomial time to
SAT(RMLk+1).
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Fix an instance (k, n,M) of the Alternation Problem with M = 〈k, I, A,Q, {qacc, qrej}, q0, δ〉.
SinceM is polynomial-time bounded, there is an integer constant c ≥ 1 such that when started on
a k-ary input (w1, . . . , wk),M reaches a terminal configuration in at most (|w1|+. . .+|wk|)c steps.
A (k, n)-input is a k-ary input (w1, . . . , wk) such that wi ∈ I2n for all 1 ≤ i ≤ k. Hence, on a (k, n)-
input,M reaches a terminal configuration in at most 2c(k,n) steps, where c(k, n) := c·(n+dlog ke).
Now, we observe that for the Linear Alternation Problem and the k-Alternation Problem, c(k, n)
is a function of just n (rather than n and k). In particular, for both the problems, we can
construct an integer constant e such that c(k, n) ≤ e · n as follows: for the Linear Alternation
Problem, we set e = 2c, and for the k-Alternation Problem, we set e = c(k + 1). Hence, for the
considered problems, 2e·n represents an upper bound on the number of computational steps ofM
from (k, n)-inputs. Moreover, without loss of generality, we can make the following assumption:
on a (k, n)-input, M reaches a terminal configuration in exactly 2e·n steps. In the following,
in order to simplify the presentation, we additionally assume that e = 1. Note that our results
continue to hold if e 6= 1 (in the construction of the RML formulas given in the rest of this section,
it suffices to replace n with e · n).

Thus, a configuration of M reachable from a (k, n)-input, called (k, n)-configuration, can be

described as a tuple
−→
C = (C1, . . . , Ck) of k words C1, . . . , Ck over A ∪ (Q× A) of length exactly

2n such that for some 1 ≤ ` ≤ k, C` is of the form w · (q, a) · w′ ∈ A∗ · (Q × A) · A∗ (where
w · a · w′ denotes the `th tape content, q the current state, and the read/write head scans the
(|w| + 1)th cell of the `th tape), and for i 6= `, Ci ∈ A2n (denoting that the tape content of
the ith tape is Ci). For a (k, n)-input (a · w1, . . . , wk) with a ∈ I, the associated initial (k, n)-
configuration is ((q0, a) · w1, . . . , wk) (i.e., initially, the read/write head scans the first cell of the
first tape). Moreover, the computations of M from (k, n)-inputs, called (k, n)-computations, can
be described by sequences π of exactly 2n (k, n)-configurations. In the rest of this section, we
prove the following result.

Theorem 17. One can construct a RMLk+1 formula ϕ in time polynomial in n, k, and the size
of the TM M such that (i) ϕ is an RML∀ formula if k = 1, and (ii) ϕ is satisfiable if and only if
the instance (k, n,M) of the Alternation Problem is positive.

By Proposition 14 and Theorem 17, we obtain the following.

Corollary 18. SAT(RML) is AEXPpol-hard, SAT(RML∀) is NEXPTIME-hard, and for all k ≥ 1,
SAT(RMLk+1) is Σ EXP

k -hard.

Tree encoding of (k, n)-computations. In order to prove Theorem 17, first, we define an encoding
of (k, n)-computations by suitable tree structures over P , where P is given by

P = {0, 1, arg1, . . . , argk} ∪ Λ

and Λ is the set of triples (u−, u, u+) such that u ∈ A∪(Q×A) and u−, u+ ∈ A∪(Q×A)∪{⊥} (⊥ is
for undefined). Intuitively, u−, u, and u+ represent three consecutive symbols in some component

C` of a (k, n)-configuration
−→
C = (C1, . . . , Ck), where u− = ⊥ (resp., u+ = ⊥) iff u is the first

(resp., the last) symbol of C`. In the encoding of a (k, n)-computation π =
−→
C 0, . . . ,

−→
C 2n−1, for

each (k, n)-configuration
−→
C i along π, we keep track of the position i of

−→
C i along π; in particular,

since 0 ≤ i ≤ 2n − 1, i can be encoded by a sequence of n bits. Moreover, in the encoding of a
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(k, n)-configuration
−→
C = (C1, . . . , Ck), for each component C` = C`(0) . . . C`(2

n − 1) of
−→
C , each

symbol C`(j) of C` is encoded by a word which keeps track of ` (by the symbol arg` ∈ P ), of the
triple (C`(j−1), C`(j), C`(j+ 1)), and of the binary encoding of position j (a sequence of n bits).
This leads to the following definition.

An extended TM block ext bl is a word over 2P of length 2n+ 2 of the form

ext bl = {bit1} · . . . · {bitn} · bl with bl = {bit′1} · . . . · {bit′n} · {arg`} · {t}

where 1 ≤ ` ≤ k and t ∈ Λ. We say that bl is a TM block, t is the content of ext bl and bl, and ` is
the component number of ext bl and bl. Moreover, the time position number of ext bl is the integer
i ∈ [0, 2n − 1] whose binary code is bit1, . . . , bitn, while the tape position number of ext bl, also
called the position number of bl, is the integer j ∈ [0, 2n − 1] whose binary code is bit′1, . . . , bit′n.
Intuitively, ext bl encodes the triple t = (C`(j − 1), C`(j), C`(j + 1)) (where C`(j − 1) = ⊥ if
j = 0, and C`(j + 1) = ⊥ if j = 2n − 1) of the `th component C` associated with the ith (k, n)-
configuration of some (k, n)-computation. Thus, the time position number keeps tracks of the
position of a (k, n)-configuration along a (k, n)-computation. Moreover, for a fixed time position
number, the component number is used to specify a component of the given (k, n)-configuration,
and the tape position number refers to the position of a specific symbol in the given component.

For an arbitrary sequence π =
−→
C 0, . . . ,

−→
C 2n−1 of 2n (k, n)-configurations,6 we can encode π by

the set Sext bl(π) of extended blocks defined as follows: ext bl ∈ Sext bl(π) if and only if there are
0 ≤ i, j ≤ 2n−1 and 0 ≤ ` ≤ k such that ext bl has time position number i, tape position number
j, component number `, and content (C(j − 1), C(j), C(j + 1)), where C is the `th component of
−→
C i (with C(j − 1) = ⊥ if j = 0, and C(j + 1) = ⊥ if j = 2n − 1). The tree representation of the
set Sext bl(π) is defined as follows.

Definition 8 ((k, n)-computation tree codes). A (k, n)-computation tree code is a tree struc-
ture 〈T, V 〉 over P satisfying the following:

1. Each path of 〈T, V 〉 from the root has length 2n+ 2, and each node is labeled by exactly one
proposition in P (i.e., V (x) is a singleton for each p ∈ P ). Moreover, 〈T, V 〉 satisfies the
ML-formula

2n∧
i=1

2
i−1((30 ∧31) ∧2(0 ∨ 1)) ∧2

2n(
k∧
`=1

3arg` ∧2

k∨
`=1

arg`) ∧2
2n+2

∨
t∈Λ

t

This requirement implies, in particular, that each path ν of 〈T, V 〉 from the root is labeled
by a word of the form V (ε) · ext bl, where ext bl is an extended TM block.

2. There is a sequence π =
−→
C 0, . . . ,

−→
C 2n−1 of 2n (k, n)-configurations such that the set of

extended TM blocks of 〈T, V 〉 corresponds to the set Sext bl(π) (note that π is uniquely

determined). For each 0 ≤ i ≤ 2n − 1, we say that
−→
C i is the (k, n)-configuration with time

position number i encoded by 〈T, V 〉.

6Note that we do not require that π is a (k, n)-computation.
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A (k, n)-computation tree code 〈T, V 〉 is initialized if the (k, n)-configuration with time position
number 0 encoded by 〈T, V 〉 is initial.7

Note that Property 1 of Definition 8 (independently of Property 2) ensures the following: for
all 0 ≤ i, j ≤ 2n − 1 and 1 ≤ ` ≤ k, there is a path encoding an extended block ext bl with
time position number i, component number `, and tape position number j. Moreover, note that
an initialized (k, n)-computation tree code encodes a sequence of 2n (k, n)-configurations which
starts at an initial (k, n)-configuration.

We also need to encode existential and universal quantification on the different components
of a (k, n)-input of the TM M. This leads to the following Definition 9, where for an input
w = a0 . . . a2n−1 ∈ I2n and an extended block ext bl with tape position number j and component
number h, we say that ext bl is initial-consistent with w if the content of ext bl satisfies the
following:

content of ext bl =


(⊥, (q0, a0), a1) if h = 1 and j = 0
((q0, a0), a1, a2) if h = 1 and j = 1
(aj−1, aj , aj+1) otherwise

where a−1 = ⊥ and a2n = ⊥. Intuitively, the TM block of ext bl encodes the jth symbol of
the hth component of any initial (k, n)-configuration associated with a (k, n)-input whose hth
component is w.

Definition 9 (Initialized full (k, n)-tree codes). Let 1 ≤ ` ≤ k. An `-initialized full (k, n)-
tree code is a tree structure 〈T, V 〉 over P such that:

1. Fullness requirement. 〈T, V 〉 satisfies Property 1 of Definition 8. Moreover, let ν =
z0, . . . , z2n+1, z2n+2 be a path of 〈T, V 〉 (from the root) encoding an extended TM block
ext bl with component number h and time position number i such that either h > ` or i > 0.
Then, for each t ∈ Λ, there is a child z of z2n+1 which is labeled by {t}.

2. `-initialization requirement. There are w1, . . . , w` ∈ I2n such that for all 1 ≤ h ≤ `, 0 ≤
j ≤ 2n − 1, and extended blocks ext bl of 〈T, V 〉 with component number h, time position
number 0, and tape position number j,8 ext bl is initial-consistent with the input wh. We
say that w1, . . . , w` ∈ I2n is the `-ary input (which is uniquely determined) associated with
〈T, V 〉 and we write 〈T, V 〉(w1, . . . , w`).

Note that Property 1 of Definition 9 ensures that for each extended TM block ext bl with
component number h and time position number i such that either h > ` or i > 0, there is a path
of 〈T, V 〉 encoding ext bl. Intuitively, an `-initialized full (k, n)-tree code 〈T, V 〉 associated with
an `-ary input w1, . . . , w` ∈ I2n encodes all the possible (k, n)-computations from (k, n)-inputs
of the form (w1, . . . , w`, w

′
`+1, . . . , w

′
k) for arbitrary words w′`+1, . . . , w

′
k ∈ I2n . More precisely, by

construction, the following holds.

Proposition 19. Let 1 ≤ ` ≤ k−1, w1, . . . , w` ∈ I2n, and 〈T, V 〉 be an `-initialized full (k, n)-tree
code such that 〈T, V 〉(w1, . . . , w`). Then:

7Recall that an initial (k, n)-configuration
−→
C is the (k, n)-configuration initially assumed by M when started on a

(k, n)-input, i.e.,
−→
C is of the form ((q0, a) · w1, . . . , wk) for some (k, n)-input (a · w1, . . . , wk).

8Property 1 ensures that such ext bl exists.
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1. for each w ∈ I2n, there is a refinement 〈Tr, Vr〉 of 〈T, V 〉 which is an ` + 1-initialized full
(k, n)-tree code such that 〈Tr, Vr〉(w1, . . . , w`, w). Moreover, for each refinement 〈Tr, Vr〉
of 〈T, V 〉 which is an ` + 1-initialized full (k, n)-tree code, there is w ∈ I2n such that
〈Tr, Vr〉(w1, . . . , w`, w).

2. Assume that ` = k − 1. Then, for each w ∈ I2n, there is a refinement of 〈T, V 〉 which
is a (k, n)-computation tree code encoding the (k, n)-computation from the (k, n)-input
(w1, . . . , wk−1, w). Moreover, for each refinement 〈Tr, Vr〉 of 〈T, V 〉 which is a (k, n)-
computation tree code encoding a (k, n)-computation π, there is w ∈ I2n such that π is
the (k, n)-computation from the (k, n)-input (w1, . . . , wk−1, w).

The core result in the proposed reduction is represented by the following lemma, where a 0-
initialized full (k, n)-tree code is an arbitrary tree structure.

Lemma 20. One can build in time polynomial in n, k, and the size of the TM M,

1. an RML∀ formula ϕ`init over P (for each 1 ≤ ` ≤ k) such that given a refinement 〈Tr, Vr〉
of an `− 1-initialized full (k, n)-tree code, 〈Tr, Vr〉 satisfies ϕ`init if and only if 〈Tr, Vr〉 is an
`-initialized full (k, n)-tree code;

2. an RML∀ formula ϕin tree code over P such that given a refinement 〈Tr, Vr〉 of a k − 1-
initialized full (k, n)-tree code, 〈Tr, Vr〉 satisfies ϕin tree code iff 〈Tr, Vr〉 is an initialized (k, n)-
computation tree code.

3. an RML∀ formula ϕfaithful over P such that given a (k, n)-computation tree code 〈T, V 〉,
〈T, V 〉 satisfies ϕfaithful iff the sequence of (k, n)-configurations encoded by 〈T, V 〉 is faithful
to the evolution of M.

4. an ML formula ϕacc over P such that given a (k, n)-computation tree code 〈T, V 〉, 〈T, V 〉
satisfies ϕacc iff the (k, n)-configuration with time position number 2n− 1 encoded by 〈T, V 〉
is accepting in M.

Proof. Since Property 4 is trivial, we only prove Properties 1–3 of the lemma. We use the
following ML formula Φcomplete characterizing the tree structures such that each path from the
root has length 2n+ 2.

Φcomplete := 2
2n+3false ∧

2n+1∧
i=0

2
i
3true

Proof of Property 1. Let 1 ≤ ` ≤ k. We construct in time polynomial in n, k, and the size of
the TM M, an RML∀ formula ϕ`init over P such that given a refinement 〈Tr, Vr〉 of an ` − 1-
initialized full (k, n)-tree code, 〈Tr, Vr〉 satisfies ϕ`init iff 〈Tr, Vr〉 is an `-initialized full (k, n)-tree
code. Hence, Property 1 of Lemma 20 follows. We assume that ` > 1. The case ` = 1 is similar
except we additionally need to impose that each node in the given refinement is labeled by exactly
one atomic proposition in P : note that this requirement can be expressed by the ML formula
2n+2∧
i=0

2
i[
∨
p∈P

(p ∧
∧

q∈P\{p}

¬q)]. The RML∀ formula ϕ`init is defined as follows:

ϕ`init := ϕ`full ∧ ϕ`unique ∧ ϕ`conf
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where for a given refinement 〈Tr, Vr〉 of an `− 1-initialized full (k, n)-tree code, ϕ`full is an ML

formula ensuring that 〈Tr, Vr〉 satisfies the fullness requirement in Definition 9, while ϕ`unique

and ϕ`conf are RML∀ formulas ensuring that 〈Tr, Vr〉 satisfies the `-initialization requirement in
Definition 9. Note that since 〈Tr, Vr〉 is a refinement of an `−1-initialized full (k, n)-tree code, the
fullness requirement (enforced by formula ϕ`full) ensures the fulfillment of the `− 1-initialization
requirement too. Hence, in order to ensure also the `-initialization requirement, we just need
to impose that the set of extended blocks of time position number 0 and component number `
encodes the `th component of some initial (k, n)-configuration. This is achieved by the following
two requirements:

1. Uniqueness initial condition: for all extended TM blocks ext bl and ext bl’ having component
number `, time position number 0, and the same tape position number, the following holds:
ext bl and ext bl’ have the same content which is of the form (u−, a, u+) for some a ∈ I.

2. Configuration well-formedness initial condition: For all extended TM blocks ext bl and
ext bl’ having component number `, time position number 0, and such that the associated
TM blocks bl and bl′ have position number j and j+1 for some 0 ≤ j < 2n−1 (consecutive `-
TM blocks), the following holds: the contents of ext bl and ext bl’ are of the form (u−, u, u+)
and (u, u+, u++), respectively. Additionally, if j = 0 (resp., j+1 = 2n−1), then the content
of ext bl (resp., ext bl’) is of the form (⊥, u, u+) (resp., (u−, u,⊥)).

The RML∀ formula ϕ`unique enforces the first requirement, while the RML∀ formula ϕ`conf en-

forces the second one. Formally, the formulas ϕ`full, ϕ
`
unique, and ϕ`conf are defined as follows.

ϕ`full :=
( 2n∧
i=1

2
i−1(30 ∧31)

)
∧
(
2

2n
k∧
i=1

3argi
)
∧
(
2

2n+1
k∧

i=`+1

(argi →
∧
t∈Λ

3t)
)
∧

( n∧
i=1

2
i(1→ 2

2n−i+1
∧
t∈Λ

3t)
)
∧ Φcomplete

Note that since 〈Tr, Vr〉 is a refinement of an ` − 1-initialized full (k, n)-tree code and ` > 1,
each node of Tr is labeled by exactly one atomic proposition. Hence, it easily follows that ϕ`full

ensures the fullness requirement.

ϕ`unique := ∀r
( (

Φcomplete ∧
n∧
i=1

2
i0 ∧ ¬

n∨
i=1

(3
n+i0 ∧3

n+i1) ∧2
2n+1arg`

)
︸ ︷︷ ︸

select `-TM blocks with the same position number of extended TM blocks of time position number 0

−→
∨
a∈I

∨
(u−,a,u+)∈Λ

2
2n+2(u−, a, u+)

)

ϕ`conf := ∀r
( (

Φcomplete ∧
n∧
i=1

2
i0 ∧ 2

2n+1arg` ∧ ϕinc

)
︸ ︷︷ ︸

select two consecutive `-TM blocks of extended TM blocks of time position number 0

−→ ϕcheck

)
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where ϕinc and ϕcheck are ML formulas defined below. In particular, ϕinc allows to “select”
only TM blocks having position numbers i and i + 1 for some 0 ≤ i < 2n − 1, while ϕcheck

checks the consistency of the selected consecutive `-TM blocks associated with extended TM
blocks of time position number 0. Note that for two TM blocks bl = {bit1}, . . . , {bitn}, . . . and
bl′ = {bit′1}, . . . , {bit′n}, . . ., their position numbers are consecutive iff there is 1 ≤ i ≤ n such
that: (1) biti = 0 and bit′i = 1, (2) for each 1 ≤ j ≤ i− 1, bitj = 1 and bit′j = 0, and (3) for each
i+ 1 ≤ j ≤ n, bitj = bit′j .

ϕinc := 3
n+10 ∧ 3

n+11 ∧
n∨
i=1

(
ϕiinc ∧ ¬

n∨
j=i+1

(3
n+j0 ∧3

n+j1))

ϕiinc :=


true if i = 1

2
n+1
(
0→ (2

i−11 ∧
i−2∧
j=1

2
j0)
)
∧2

n+1
(
1→ (2

i−10 ∧
i−2∧
j=1

2
j1)
)

otherwise

ϕcheck :=
∨

(u−,u,u+),(u,u+,u++)∈Λ

n∨
i=1

(
(¬

j=n∨
j=i+1

(3
n+j0 ∧ 3

n+j1)) ∧ 3
n+i0 ∧ 3

n+i1 ∧

2
n+i(0→ 2

n−i+2(u−, u, u+)) ∧ 2
n+i(1→ 2

n−i+2(u, u+, u++))
)

︸ ︷︷ ︸
content consistency for consecutive TM blocks in the same component of a (k, n)-configuration

∧(
3
n(3(0 ∧3(0 ∧ . . . ∧30︸ ︷︷ ︸

n times

) . . .))) −→ 3
n(3(0 ∧3(0 ∧ . . . ∧3(0︸ ︷︷ ︸

n times

∧
∨

(⊥,u,u+)∈Λ

3
2(⊥, u, u+)) . . .)))

)
∧(

3
n(3(1 ∧3(1 ∧ . . . ∧31︸ ︷︷ ︸

n times

) . . .))) −→ 3
n(3(1 ∧3(1 ∧ . . . ∧3(1︸ ︷︷ ︸

n times

∧
∨

(u−,u,⊥)∈Λ

3
2(u−, u,⊥)) . . .)))

)

Proof of Property 2. First, we observe that one can easily construct in time polynomial in n
and k, an ML formula which is satisfied by a (k, n)-computation tree code 〈T, V 〉 iff 〈T, V 〉 is
initialized. Thus, it suffices to show that one can construct in time polynomial in n, k, and the
size of the TM M, an RML∀ formula ϕtree code over P such that given a refinement 〈Tr, Vr〉 of a
(k−1)-initialized full (k, n)-tree code, 〈Tr, Vr〉 satisfies ϕtree code iff 〈Tr, Vr〉 is a (k, n)-computation
tree code. Hence, Property 2 of Lemma 20 follows. We assume that k > 1 (the case k = 1 being
similar). The RML∀ formula ϕtree code is defined below.

ϕtree code := Φcomplete ∧
2n∧
i=1

(
2
i−1(30 ∧31)

)
∧2

2n(
k∧
`=1

3arg`) ∧ ϕunique ∧ ϕcontrol ∧ ϕconf
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where the first three conjuncts ensure Property 1 in Definition 8 (in particular, for all 0 ≤ i, j ≤
2n − 1 and 1 ≤ ` ≤ k, there is some extended block with time position number i, component
number `, and tape position number j), while the last three conjuncts given by the formulas
ϕunique, ϕcontrol, and ϕconf, which are defined below, ensure Property 2 in Definition 8. Note
that for the latter, we need to ensure that for each 0 ≤ i ≤ 2n − 1, the set of extended blocks
having time position number i encodes a (k, n)-configuration. The fulfillment of Property 1 in
Definition 8 (enforced by the first three conjuncts in the formula ϕtree code) ensures that Property 2
in Definition 8 is achieved by the following two requirements:

1. Uniqueness condition: for all extended TM blocks ext bl and ext bl’ having the same com-
ponent number, the same time position number, and the same tape position number, the
following holds: ext bl and ext bl’ have the same content. This requirement is enforced by
the RML∀ formula ϕunique.

2. Configuration well-formedness condition:

• for each time position number i, there is a unique extended TM block ext bl whose time
position number is i and whose content is of the form (u−, (q, a), u+). This requirement
is enforced by the ML formula ϕcontrol.

• For all extended TM blocks ext bl and ext bl’ having the same component and time
position number and such that the associated TM blocks bl and bl′ have position
number j and j + 1 for some 0 ≤ j < 2n − 1 (consecutive TM blocks), the following
holds: the contents of ext bl and ext bl’ are of the form (u−, u, u+) and (u, u+, u++),
respectively. Additionally, if j = 0 (resp., j + 1 = 2n − 1), then the content of ext bl
(resp., ext bl’) is of the form (⊥, u, u+) (resp., (u−, u,⊥)). This requirement is enforced
by the RML∀ formula ϕconf.

ϕunique := ∀r
[(

Φcomplete ∧ ¬
2n∨
i=1

(
3
i0 ∧3

i1
)
∧

∨
1≤`≤k

2
2n+1arg`

)
−→

∨
t∈Λ

2
2n+2t

]
Let Λ(Q) be the set of elements in Λ of the form (u−, (q, a), u+). Then, the ML formula ϕcontrol

is defined as follows.

ϕcontrol := 2
n
[ ∨
t∈Λ(Q)

3
n+2t ∧ ¬

∨
t,t′∈Λ(Q)

∨
1≤`6=h≤k

(
3
n+1(arg` ∧3t) ∧3

n+1(argh ∧3t
′)
)
∧

¬
∨

t,t′∈Λ(Q)

n∨
i=1

(
3
i(0 ∧ 3

n−i+2t) ∧ 3
i(1 ∧ 3

n−i+2t′)
)]

Finally, the RML∀ formula ϕconf is defined as follows.
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ϕconf := ∀r
( (

Φcomplete ∧ ¬
( n∨
i=1

3
i0 ∧3

i1
)
∧

∨
1≤`≤k

2
2n+1arg` ∧ ϕinc

)
︸ ︷︷ ︸

select two consecutive TM blocks of some component of some (k, n)-configuration

−→ ϕcheck

)

where ϕinc and ϕcheck are the ML formulas defined at the end of the proof of Property 1.

Proof of Property 3. We construct in time polynomial in n, k, and the size of the TM M,
an RML∀ formula ϕfaithful over P such that given a (k, n)-computation tree code 〈T, V 〉, 〈T, V 〉
satisfies ϕfaithful iff the sequence of (k, n)-configurations encoded by 〈T, V 〉 is faithful to the
evolution of M. Hence, Property 3 of Lemma 20 follows. First, we construct two ML formulas
ϕsc and ϕsb that satisfy the following:

• given a refinement 〈Tr, Vr〉 of a (k, n)-computation tree code 〈T, V 〉, 〈Tr, Vr〉 satisfies ϕsc iff
〈Tr, Vr〉 “selects” two consecutive (k, n)-configurations encoded by 〈T, V 〉 (i.e., two (k, n)
configurations having time position numbers i and i+ 1 for some 0 ≤ i < 2n − 1);

• given a refinement 〈Tr, Vr〉 of a (k, n)-computation tree code which “selects” two consecutive

(k, n)-configurations
−→
C and

−→
C ′, it holds that: for each refinement 〈T ′r, V ′r 〉 of 〈Tr, Vr〉,

〈T ′r, V ′r 〉 satisfies ϕsb iff 〈T ′r, V ′r 〉 “selects” two TM blocks bl and bl′ which have the same

position and component number, and are associated with
−→
C and

−→
C ′, respectively.

ϕsc := Φcomplete ∧
( 2n∧
i=n+1

2
i−1(30 ∧31)

)
∧
(
2

2n
∧

1≤`≤k
3arg`

)
∧ 30 ∧ 31 ∧

n∨
i=1

(
ϕicinc ∧ ¬

n∨
j=i+1

(3
j0 ∧3

j1))

ϕicinc :=


true if i = 1

2
(
0→ (2

i−11 ∧
i−2∧
j=1

2
j0)
)
∧ 2

(
1→ (2

i−10 ∧
i−2∧
j=1

2
j1)
)

otherwise

ϕsb := Φcomplete ∧
n∨
j=1

(3
j0 ∧3

j1) ∧ ¬
n∨
i=1

(
3
n+i0 ∧3

n+i1
)
∧
∨

1≤`≤k
2

2n+1arg`

Now, we describe the construction of the RML∀ formula ϕfaithful:

ϕfaithful ::= ∀r
(
ϕsc −→

∨
(q,a)∈(Q\{qacc,qrej})×A

(ψcheck
q,a ∧ ψfaithful

q,a )
)
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where for a refinement of a (k, n)-computation tree code which selects two (k, n)-configurations
−→
C

and
−→
C ′ with position numbers i and i+ 1, respectively, we have that: (1) ψcheck

q,a is a ML formula
that checks that (q, a) ∈ (Q \ {qacc, qrej})× A is the pair (state, scanned cell content) associated

with the (k, n)-configuration
−→
C , and (2) ψfaithful

q,a is an RML∀ formula that uses the ML formula

ϕsb and checks that
−→
C ′ is the TM successor of

−→
C .

ψcheck
q,a :=

∨
(u−,(q,a),u+)∈Λ

n∨
i=1

(
3
i1 ∧3

i(0 ∧3
2n−i+2(u−, (q, a), u+)) ∧ ¬

n∨
j=i+1

(3
j0 ∧3

j1)
)

It remains to construct the RML∀ formula ψfaithful
q,a . There are two cases:

• δ(q, a) ∈ Q×A×{←,→} (ordinary move). Let
−→
C = (C1(0) . . . C1(2n−1), . . . , Ck(0) . . . Ck(2

n−1))
be a (k, n)-configuration whose pair (state, scanned cell content) is (q, a). For all 1 ≤ ` ≤ k
and 0 ≤ j ≤ 2n − 1, the ‘value’ u`,j ∈ A ∪ (Q × A) of the j-th symbol of the `th com-

ponent of the
−→
C -successor is completely determined by the values C`(j − 1), C`(j) and

C`(j + 1) (taking C`(j + 1) for j = 2n − 1 and C`(j − 1) for j = 0 to be ⊥). We denote
by next(C`(j − 1), C`(j), C`(j + 1)) our expectation for u`,j (this function can be trivially
obtained from the transition function δ of M). Note that next is a function from Λ to
A∪(Q×A). Thus, we have to check that given a refinement 〈Tr, Vr〉 of a (k, n)-computation

tree code which “selects” two (k, n)-configurations
−→
C and

−→
C ′ with time position numbers i

and i+1 (for some i) respectively (we say that
−→
C is the first configuration and

−→
C ′ is the sec-

ond configuration), and such that (q, a) is the pair (state, scanned cell content) associated

with
−→
C , the following holds: for each refinement of 〈Tr, Vr〉 which selects two TM blocks bl

and bl′ such that bl and bl′ have the same position and component number, and are associ-

ated with
−→
C and

−→
C ′, respectively, the content of bl′ is of the form (u′−,next(u−, u, u+), u′+),

where (u−, u, u+) is the content of bl. Note that this is sufficient and we do not need to
impose any constraint between u′− and u− and between u′+ and u+. Indeed, let j be the
position number of bl′ and ` be the component number of bl′. Then, since 〈Tr, Vr〉 is a
refinement of a (k, n)-computation tree code, our encoding ensures that u′− (resp., u′+) rep-
resents the value of the (j−1)th (resp., (j+1)th) symbol – if any – of the `th component of
−→
C ′. Moreover, note that for each pair of TM blocks of

−→
C and

−→
C ′ having the same position

and component number, there is a refinement of 〈Tr, Vr〉 which selects such a pair. This

ensures that the consistency check between u′− (resp., u′+) and the associated triple of
−→
C

is done when the TM block of
−→
C ′ corresponding to u′− (resp., u′+) is selected. Thus, the

formula ψfaithful
q,a is defined as follows:

ψfaithful
q,a := ∀r

(
ϕsb −→

∨
t,(u−,next(t),u+)∈Λ

n∨
i=1

(
[¬

n∨
j=i+1

(3
j0 ∧3

j1)] ∧

[3
i(0 ∧3

2n−i+2t)]︸ ︷︷ ︸
TM block of the first (k, n)-configuration

∧ [3
i(1 ∧3

2n−i+2(u−,next(t), u+))]︸ ︷︷ ︸
TM block of the second (k, n)-configuration

))

• δ(q, a) = h ∈ {1, . . . , k} (jump move). For u ∈ A ∪ (Q × A), the A-content A(u) of u is
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defined as follows: if u is of the form (q′, a′) ∈ Q× A then A(u) = a′; otherwise A(u) = u.

Let
−→
C = (C1(0) . . . C1(2n−1), . . . , Ck(0) . . . Ck(2

n−1)) be a (k, n)-configuration whose pair

(state, scanned cell content) is (q, a). Then, the successor
−→
C ′ of

−→
C is completed determined

by the following constraints:

– For all 1 ≤ ` ≤ k and 0 ≤ j ≤ 2n − 1, the A-content of the j-th symbol of the `-th

component of
−→
C ′ coincides with the A-content of the j-th symbol of the `-th component

of
−→
C (A-consistency requirement).

– the first symbol of the h-th component of
−→
C ′ (recall that δ(q, a) = h) is in {q} × A

(control consistency requirement).

Thus, we have to check that given a refinement 〈Tr, Vr〉 of a (k, n)-computation tree code

which “selects” two (k, n)-configurations
−→
C and

−→
C ′ with time position numbers i and

i+ 1 (for some i) respectively, and such that (q, a) is the pair (state, scanned cell content)

associated with
−→
C , the following holds: for each refinement of 〈Tr, Vr〉 which selects two

TM blocks bl and bl′ such that bl and bl′ have the same position and component number,

and are associated with
−→
C and

−→
C ′, respectively, the following two conditions are satisfied.

– if (u−, u, u+) is the content of bl and (u′−, u
′, u′+) is the content of bl′, then A(u) = A(u′)

(A-consistency requirement).

– If bl and bl′ have position number 0 and component number h, then the content of bl′

is of the form (u′−, (q, b), u
′
+) (control consistency requirement).

Thus, the formula ψfaithful
q,a is defined as follows, where Λ(q) denotes the set of elements in Λ

of the form (u−, (q, b), u+), and for b ∈ A, Λ(b) denotes the set of elements (u−, u, u+) ∈ Λ
such that A(u) = b.

ψfaithful
q,a := ∀r

(
ϕsb −→

([∨
b∈A

2
2n+2

∨
t∈Λ(b)

t
]

︸ ︷︷ ︸
A-consistency

∧

[
(

2n∧
i=n+1

2
i 0 ∧ 3

2n+1argh) −→
n∨
i=1

(
¬

n∨
j=i+1

(3
j0 ∧3

j1) ∧ 3
i0 ∧ 3

i(1 ∧3
2n−i+2

∨
t∈Λ(q)

t)
)]

︸ ︷︷ ︸
control consistency

))

This concludes the proof of Lemma 20. 2

Proof of Theorem 17. Theorem 17 directly follows from the following result.

Theorem 21. One can construct an RMLk+1 formula ϕ in time polynomial in n, k, and the size
of the TM M such that ϕ is satisfiable if and only if

Q1x1 ∈ I2n .Q2x2 ∈ I2n . . . .Qkxk ∈ I2n .M(x1, . . . , xk)
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where Q` = ∃ if ` is odd, and Q` = ∀ otherwise (for all 1 ≤ ` ≤ k).
Additionally, ϕ is an RML∀ formula if k = 1.

Proof. First, we consider the case k = 1 and then we generalize the proof to the case k > 1.
Let k = 1, ϕin tree code and ϕfaithful be the RML∀ formulas satisfying Properties 2–3 of Lemma 20,

and ϕacc be the ML formula satisfying Property 4 of Lemma 20. Then, the RML∀ formula ϕ
(for the case k = 1) is given by ϕ := ϕin tree code ∧ ϕfaithful ∧ ϕacc. Now, we prove that the
construction is correct. We need to show that ϕ is satisfiable iff ∃x ∈ I2n .M(x). Recall that a 0-
initialized full (k, n)-tree code is an arbitrary tree structure. Then, the result directly follows from
the following chain of equivalences: ϕ is satisfiable iff ∃rϕ is satisfiable iff (by construction and
Lemma 20(2–4)) there is a (1, n)-computation tree code encoding an accepting (1, n)-computation
iff ∃x ∈ I2n .M(x).

It remains to consider the case k > 1. Let ϕ1
init, . . . , ϕ

k−1
init , ϕin tree code, and ϕfaithful be the

RML∀ formulas satisfying Properties 1–3 of Lemma 20, and ϕacc be the ML formula satisfying
Property 4 of Lemma 20. Define ϕcomp := ϕin tree code ∧ ϕfaithful. Then, the RMLk+1 formula ϕ is

defined as follows, where Q̃` = ∃r and op` = ∧ if ` is odd, and Q̃` = ∀r and op` =→ otherwise
(for all 1 ≤ ` ≤ k):

ϕ := Q̃1(ϕ1
init op1 Q̃2(ϕ2

init op2 Q̃3(ϕ3
init op3 . . . opk−1 Q̃k(ϕcomp opk ϕacc) . . .)))

By construction and Lemma 20, it easily follows that ϕ is an RMLk+1 formula which can be
constructed in time polynomial in n, k, and the size of the TM M. Now, we show that the
construction is correct. First, we prove the following claim, where for each 2 ≤ ` ≤ k, we define

ϕ` := Q̃`(ϕ
`
init op` Q̃`+1(ϕ`+1

init op`+1 . . . opk−1 Q̃k(ϕcomp opk ϕacc) . . .))

Claim. Let 1 ≤ ` ≤ k − 1, w1, . . . , w` ∈ I2n , and 〈T, V 〉 be an `-initialized full (k, n)-tree code
such that 〈T, V 〉(w1, . . . , w`) . Then, 〈T, V 〉 satisfies ϕ`+1 iff

Q`+1x`+1 ∈ I2n . . . . Qkxk ∈ I2n .M(w1, . . . , w`, x`+1, . . . , xk) (1)

Proof of the claim. The proof is by induction on k − `.

Base Step. ` = k − 1. We need to show that 〈T, V 〉 satisfies ϕk = Q̃k(ϕcomp opk ϕacc) iff
Qkxk ∈ I2n .M(w1, . . . , wk−1, xk). We assume that k is even (the other case being similar).
Then, by construction, ϕk = ∀r(ϕcomp → ϕacc) and Qk = ∀.

For the direct implication, assume that 〈T, V 〉 satisfies ϕk. Let wk ∈ I2n . We need to
prove that M(w1, . . . , wk−1, wk). Since 〈T, V 〉 is a k− 1-initialized full (k, n)-tree code such that
〈T, V 〉(w1, . . . , wk−1), by Proposition 19(2) there is a refinement 〈Tr, Vr〉 of 〈T, V 〉 which is a
(k, n)-computation tree code encoding the (k, n)-computation from the (k, n)-input (w1, . . . , wk).
By Lemma 20(2-3), it follows that 〈Tr, Vr〉 satisfies ϕcomp = ϕin tree code ∧ ϕfaithful. Since 〈T, V 〉
satisfies ϕk, we deduce that 〈Tr, Vr〉 |= ϕacc. Thus, by Lemma 20(4), we obtain that the (k, n)-
computation from the (k, n)-input (w1, . . . , wk) is accepting, i.e. M(w1, . . . , wk).
For the converse implication assume that ∀xk ∈ I2n .M(w1, . . . , wk−1, xk). Let 〈Tr, Vr〉 be any
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refinement of 〈T, V 〉 satisfying ϕcomp = ϕin tree code∧ϕfaithful. We need to show that 〈Tr, Vr〉 satis-
fies ϕacc. By Lemma 20(2-3), it follows that 〈Tr, Vr〉 is a (k, n)-computation tree code encoding a
(k, n)-computation π. Moreover, since 〈Tr, Vr〉 is a refinement of 〈T, V 〉 and 〈T, V 〉(w1, . . . , wk−1),
by Proposition 19(2), there is w ∈ I2n such that π represents the (k, n)-computation π from the
(k, n)-input (w1, . . . , wk−1, w). By hypothesis, M(w1, . . . , wk−1, w), hence π is accepting. Thus,
by Lemma 20(4), the result follows.

Induction Step. 1 ≤ ` < k − 1. We assume that ` + 1 is even (the other case being similar).
Then, ϕ`+1 = ∀r(ϕ`+1

init → ϕ`+2) and Q`+1 = ∀. First, assume that 〈T, V 〉 satisfies ϕ`+1. Let
w`+1 ∈ I2n . Since 〈T, V 〉 is an `-initialized full (k, n)-tree code such that 〈T, V 〉(w1, . . . , w`), by
Proposition 19(1) there must be a refinement 〈Tr, Vr〉 of 〈T, V 〉 such that 〈Tr, Vr〉 is an ` + 1-
initialized full (k, n)-tree code and 〈Tr, Vr〉(w1, . . . , w`+1). By Lemma 20(1), 〈Tr, Vr〉 |= ϕ`+1

init .
Since 〈T, V 〉 satisfies ϕ`+1, we deduce that 〈Tr, Vr〉 |= ϕ`+2. Thus, by the induction hypothesis it
follows that Q`+2x`+2 ∈ I2n . . . . Qkxk ∈ I2n .M(w1, . . . , w`+1, x`+2, . . . , xk). Since Q`+1 = ∀ and
w`+1 is arbitrary, we obtain that Condition (1) in the claim holds. For the converse implication,
assume that Condition (1) in the claim holds. Let 〈Tr, Vr〉 be a refinement of 〈T, V 〉 satisfying
ϕ`+1

init . We need to show that 〈Tr, Vr〉 |= ϕ`+2. By Lemma 20(1), it holds that 〈Tr, Vr〉 is an `+ 1-
initialized full (k, n)-tree code. Since 〈Tr, Vr〉 is a refinement of 〈T, V 〉 and 〈T, V 〉(w1, . . . , w`), by
Proposition 19(1) there must be w`+1 ∈ I2n such that 〈Tr, Vr〉(w1, . . . , w`+1). Since Q`+1 = ∀, by
hypothesis, it holds that Q`+2x`+2 ∈ I2n . . . . Qkxk ∈ I2n . M(w1, . . . , w`+1, x`+2, . . . , xk). Thus,
by the induction hypothesis, 〈Tr, Vr〉 |= ϕ`+2 holds, and we are done. 2

Now, by using the claim above, we show that ϕ is satisfiable iff

Q1x1 ∈ I2n . . . . Qkxk ∈ I2n .M(x1, . . . , xk) (2)

hence, Theorem 21 follows. Note that ϕ = ∃r(ϕ1
init ∧ ϕ2) and Q1 = ∃. For the direct implication,

let 〈T, V 〉 be a model of ϕ. Since 〈T, V 〉 is a 0-initialized full (k, n)-tree code, by Lemma 20(1),
there is a refinement 〈Tr, Vr〉 of 〈T, V 〉 which is a 1-initialized full (k, n)-tree code satisfying
ϕ2. Hence, 〈Tr, Vr〉(w1) for some w1 ∈ I2n . Thus, by the claim above for ` = 1 and since
Q1 = ∃, Condition (2) directly follows. For the converse implication, assume that Condition (2)
holds. Hence, for some w1 ∈ I2n , Condition (1) in the claim with ` = 1 holds. Let 〈T, V 〉
be any 1-initialized full (k, n)-tree code such that 〈T, V 〉(w1) (obviously, such a 〈T, V 〉 exists).
Then, applying the claim above, we obtain that 〈T, V 〉 satisfies ϕ2. Thus, since 〈T, V 〉 is also
a refinement of itself, by applying Lemma 20(1), we deduce that 〈T, V 〉 satisfies ϕ, and we are
done. This concludes the proof of Theorem 21. 2

6. Concluding remarks

An intriguing question left open is the complexity of satisfiability for multi-agent RML [10,
11]. Our approach does not seem to scale to the multi-agent case. Indeed, in this more gen-
eral setting, refinement is defined according to a designated agent so that refinement restricts
(modulo bisimulation) the accessibility relation of the designated agent, but preserves (modulo
bisimulation) those of all the other agents. From a technical point of view, this means that a
generalization of the minimalization lemma for the multi-agent framework (Lemma 11) which
preserves the crucial semantic ∀r-consistency requirement does not seem possible, and a different
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more sophisticated approach may be required. Another interesting direction is to investigate the
exact complexity of the fragments RML∃, RML∀, and RMLk, and the succinctness gap between
RMLk and RMLk+1 for each k ≥ 1.9 Furthermore, since the modal µ-calculus extended with re-
finement quantifiers (RMLµ, for short) is non-elementarily decidable [11], it would be interesting
to individuate weak forms of interactions between fixed-points and refinement quantifiers, which
may lead to elementarily decidable and interesting RMLµ-fragments.
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