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Abstract

In this paper we present a sound and complete axiomatizationof future event logic. Future event logic is a logic that
generalizes a number of dynamic epistemic logics, by using anew operator⊲ that acts as a quantifier over the set of all
refinements of a given model. (A refinement is like a bisimulation except that from the three relational requirements only
‘atoms’ and ‘back’ need to be satisfied.) Thus the logic combines the simplicity of modal logic with some powers of monadic
second order quantification. We prove the axiomatization issound and complete and discuss some extensions to the result.

Keywords: Bisimulation Quantifier, Modal Logic, Temporal Epistemic Logic, Multi-Agent System

1 Introduction

Modal logic is frequently used for modelling knowledge in multi-agent systems. The se-
mantics of modal logic uses the notion of “possible worlds”,between which an agent is
unable to distinguish. In dynamic systems agents acquire new knowledge(say by an an-
nouncement, or the execution of some action) that allows to distinguish between worlds
they previously could not separate. From the agents point ofview, what were “possible
worlds” become inconceivable. Thus, a future informative event may be modelled by a
reduction in the agent’s accessibility relation. In [21] the future event logicis introduced.
It augments the multi-agent logic of knowledge with (only) an operation◮φ that stands
for “φ holds after all informative events” — the diamond version⊲φ stands for “there is
an informative event after whichφ.” The semantics of informative events axiomatized in
this paper was presented in [21]; it encompasses action model execution à la Baltag et al
[4]: on finite models, it can be easily shown that a model resulting from action model ex-
ecution is a refinement of the initial model, and for a given refinement of a model we can
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construct an action model such that its execution is bisimilar to that refinement. Here we
examine the important questions that arise for a new logic: expressivity; axiomatizations;
and complexity. We visit these questions in both the contextof modal logic, and the modal
µ-calculus.

Previous works [10,15] have modelled informative events using a notion of model re-
finement. In [15] it was shown that model restrictions were not sufficient to simulate in-
formative events, and they introducedrefinement treesfor this purpose—a precursor of
the semantics of dynamic epistemic logics developed later [22]. We incorporate implicit
quantification over informative events directly into the language using a similar notion of
refinement; in our case a refinement is the inverse of simulation [1]. This work is also
closely related to some recent work on bisimulation quantified modal logics [9,11]. The
future event operators are weaker operators than bisimulation quantifiers [21], as they are
only based on simulations rather than bisimulations, and donot allow us to vary the inter-
pretation of propositional atoms. Bisimulation quantifiedmodal logic has previously been
axiomatized by providing a provably correct translation tothe modalµ-calculus [8] (albeit
a very complicated one).

Thus we may considerrefinement quantificationto be a generalization of future event
operators [21] to other modal logics. This is significant in that it motivates the application
of the new operator in many different settings: In logics forgames [17,2] or in control
theory [18,20], it may correspond to a player discarding some moves; for program logics
[12] it may correspond to operational refinement [16]; and for topologics it may correspond
to sub-space projections.

This paper will present the definitions for refinement quantification in the general set-
tings of modal logic and the modalµ-calculus, and seek to motivate their use in a range
of applied logics. We will then address the questions of expressivity, complexity and ax-
iomatization. Specifically: sound and complete axiomatizations will be provided for both
modal logic and the modalµ-calculus augmented with refinement quantification; we pro-
vide a double exponential upper-bound for each logic; and weshow the use of refinement
quantification does not change the expressive power of the logics, although they do make
each logic exponentially more succinct.

2 Technical preliminaries

Structural notions
Assume a finite set of agentsA and a countably infinite set of atomsP .

Definition 2.1 [Structures] AmodelM = (S,R, V ) consists of adomainS of (factual)
states(or worlds), accessibilityR : A → P(S × S), and avaluationV : P → P(S). For
s ∈ S, (M,s) is astate(also known as a pointed Kripke model).

ForR(a) we writeRa; accessibilityR can be seen as a set of relationsRa, andV as a
set of valuationsV (p). Given two statess, s′ in the domain,Ra(s, s′) means that in state
s agenta considerss′ a possibility. As we will be often required to discuss several models
at once, we will use the convention thatM = (SM , RM , V M ), N = (SN , RN , V N ) etc.
Also, givens ∈ SM , we letMs refer to the pair(M,s) or thepointed model.

In the first instance we will assume that there are no further restrictions on themodels.
That is, the underlying modal logic isL whose system of axioms isK . In future work we
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will consider how our results may be extended to epistemic logics, such asS5andKD45.

Definition 2.2 [Bisimulation, simulation, refinement] Let two modelsM = (S,R, V ) and
M ′ = (S′, R′, V ′) be given. A non-empty relationR ⊆ S × S′ is a bisimulation, iff for all
s ∈ S ands′ ∈ S′ with (s, s′) ∈ R, for all a ∈ A:

atoms s ∈ V (p) iff s′ ∈ V ′(p) for all p ∈ P

forth- a for all t ∈ S, if Ra(s, t), then there is at′ ∈ S′ such thatR′
a(s

′, t′) and(t, t′) ∈ R

back-a for all t′ ∈ S′, if R′
a(s

′, t′), then there is at ∈ S such thatRa(s, t) and(t, t′) ∈ R

We writeMs↔M ′
s′ , iff there is a bisimulation betweenM andM ′ linking s ands′. Then

we callMs andM ′
s′ bisimilar.

A relation that satisfiesatomsandforth- a for everya ∈ A is asimulation, and in that
caseM ′

s′ is asimulationof Ms, andMs is a refinementof M ′
s′ , and we writeMs � M ′

s′

(orM ′
s′ �Ms).

A relation that satisfiesatomsandforth- b for everyb ∈ A, as well asback-b for every
b ∈ A − {a} is ana-simulation, and in that caseM ′

s′ is ana-simulationof Ms, andMs is
ana-refinementof M ′

s′ , and we writeMs �a M
′
s′ (orM ′

s′ �a Ms).

We note that the definition of simulation and refinement abovevaries slightly to the one
given by Blackburn et al [6]. Here we ensure that simulations and refinements preserve
the interpretations of atoms, whereas [6], has them only preserving the interpretations of
positive atoms. We take this approach as we feel it suits the epistemic domain we aspire
to. It is also important to note that in an epistemic setting arefinement corresponds to the
diminishing uncertaintyof agents1 . This means that there is a potentialdecreasein the
number of states and transitions in a model. This is perhaps contrary to the concept of pro-
gramme refinement [16] where detail is added to a specification. However, in programme
refinement the added detail requires a more detailed state space (i.e. extra atoms) and as
such is more the domain of bisimulation quantifiers, rather than refinement quantification.
It is interesting to note the consequence of programme refinement is a more deterministic
system which agrees with the notion of diminishing uncertainty.

We give the following lemma for the properties of the relation �a.

Lemma 2.3 The relation�a is reflexive and transitive (a pre-order), and satisfies the
Church-Rosser property.

Proof. Reflexivity follows from the observation that the identity relation satisfiesatoms,
andback-a andforth- a for all agentsa, and therefore also the weaker requirement for re-
finement. Similarly, given twoa-simulationsB1, andB2, we can see that their composition,
{(x, z) | ∃y, (x, y) ∈ B1, (y, z) ∈ B2} is also ana-simulation. This is sufficient to demon-
strate transitivity. The Church-Rosser property states that if Nt �a Ms andNt �a M

′
s′ ,

then there is some modelN ′
t′ such thatMs �a N

′
t′ andM ′

s′ �a N
′
t′ . From Definition2.2

it follows thatMs andM ′
s′ must be bisimilar to one another with respect toA − {a}. We

may therefore construct such a modelN ′
t′ by takingMs (orM ′

s′) and settingRN
′

a = ∅ and
RN

′

b = RMb for all b ∈ A− {a}. It can be seen thatN ′
t′ = (SM , RN

′

, V M , s) satisfies the
required properties. 2

1 at least, with respect to formulas in which knowledge operators appear within the scope of an even number of negations.
It is possible that in a refinement one agent may be less certain about what another agent does not know.
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Finally, note that ifNt �a Ms andMs �a Nt it is not necessarily the case that
Ms↔Nt.

For example, consider the one agent modelsM andN where:

• SM = {1, 2, 3}, RMa = {(1, 2), (2, 3)} andVM (p) = ∅ for all p ∈ P ; and

• SN = {a, b, c, d}, RNa = {(a, b), (b, c), (a, d)} andVM (p) = ∅ for all p ∈ P .

These two models are clearly not bisimilar, althoughM1 � Na via {(1, a), (2, b), (3, c)}
andNa �M1 via {(a, 1), (b, 2), (c, 3), (d, 2)}.

3 Syntax and semantics

Assuming an interpretation where different2a operators stand for different epistemic oper-
ators (each describing what an agent knows),future event logicis able express what infor-
mative events are consistent with a given information state. The syntax and the semantics
of future event logic are as follows.

Definition 3.1 [Language ofL⊲] Given a finite set of agentsA and a set of propositional
atomsP , the language ofL⊲ is inductively defined as

φ ::= p | ¬φ | (φ ∧ φ) | 2aφ | ◮aφ

wherea ∈ A andp ∈ P .

Standard abbreviations include:φ ∨ ψ iff ¬(¬φ ∧ ¬ψ); φ → ψ iff ¬φ ∨ ψ; 3aφ iff
¬2a¬φ. We write ⊲aφ for ¬◮a¬φ. We propose a dynamic modal way to interpret the
refinement quantification. This means that our future is thecomputable future: ⊲aφ is true
now, iff there is an (unspecified) informative event for agent a, ora-refinement, after which
φ is true.

Definition 3.2 [Semantics of future event logic] Assume an epistemic modelM = (S,R, V ).
The interpretation ofφ ∈ L⊲ is defined by induction.

Ms |= p iff s ∈ Vp

Ms |= ¬φ iff Ms 6|= φ

Ms |= φ ∧ ψ iff Ms |= φ andMs |= ψ

Ms |= 2aφ iff for all t ∈ S : (s, t) ∈ Ra impliesMt |= φ

Ms |= ◮aφ iff for all M ′
s′ : Ms �a M

′
s′ impliesM ′

s′ |= φ

The logic without the refinement quantifier⊲a is the logicL of multi-agent epistemic logic.

In other words,◮aφ is true in an epistemic state iffφ is true in all of itsa-refinements.
Note the inverse direction in the definition: the future epistemic state refines the current
epistemic state. Typical model operations that produce ana-refinement are: blowing up
the model (to a bisimilar model) such as adding copies that are indistinguishable from the
current model and one another, removing states accessible only by agenta, and removing
pairs of the accessibility relation for the agenta. Validity in a model, and validity, are
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defined as usual. For an extended discussion of these semantics and a comparison to related
logics see [21].

Lemma 3.3 The logicL⊲ is bisimulation invariant.

Proof. This is straightforward, noting2a is bisimulation invariant, and the new operator
◮a is clearly bisimulation invariant sincea-simulation is transitive and bisimulation is just
a specific type of simulation. Therefore, ifMs↔Nt, andOu is any model such thatOu �a

Ms thenMs �a Nt, so by Lemma2.3, we haveOu �a Nt. Thus,Nt |= ◮aφ implies
Ms |= ◮aφ. The reverse direction is symmetric. 2

Additionally, we may defineLµ⊲ , by including the fixed-point operatorsµ andν. Specif-
ically:

Definition 3.4 [Language ofLµ⊲ ] Given a finite set of agentsA and a set of propositional
atomsP , the language ofLµ⊲ is inductively defined as

φ ::= p | ¬φ | (φ ∧ φ) | 2aφ | ◮aφ | µx.φ

wherea ∈ A, p ∈ P , and the atomx only occurs positively (i.e. in the scope of an even
number of negations) in the formulaφ. We will refer to such an atomx as afixed-point
variable. The formulaνx.φ is an abbreviation for¬µx.¬φ[¬x\x].

The restriction of this logic to the fragment without refinement quantifiers (the modal
µ-calculus) will be referred to asLµ. An important technical definition we require is that
of a disjunctive formula. Let Γ be a finite set ofLµ⊲ formulas. We let thecoveroperator
∇aΓ be an abbreviation for2a

∨

γ∈Γ γ ∧
∧

γ∈Γ 3aγ. (To avoid ambiguity, we note
∨

γ∈∅ γ

is always false, whilst
∧

γ∈∅ γ is always true). This operator has previously been used in
the definition of disjunctive formulae [8], and has recently been axiomatized [5]. We also
note its dual may be written△aΓ as an abbreviation for3a

∧

γ∈Γ γ ∨
∨

γ∈Γ 2aγ.

Definition 3.5 [Disjunctive formula] Adisjunctive formula (df)is specified by the follow-
ing abstract syntax:

α ::= x | α ∨ α | µx.α | νx.α | π ∧∇Γ |◮aα | ⊲aα

whereπ is a conjunction of free literals (atoms or negated atoms, but not fixed-point vari-
ables), and∇Γ is an abbreviation for∇a1Γa1 ∧ ...∧∇anΓan such thata1, ..., an are distinct
elements of the setA, and eachΓai

is a finite set of disjunctive formulas. To avoid ambi-
guity we may refer to the disjunctive formulas ofLµ (the ones without◮ or ⊲ operators) as
µ-disjunctive formulas.

Proposition 3.6 Every formulaφ of Lµ is equivalent to aµ-disjunctive formula,

This is shown in [13].

Example 3.7 [Knowledge and belief] Given are two agents that are uncertain about the
value of a factp, and where this is common knowledge, and wherep is true. We assume
that both accessibility relations are equivalence relations, and that the epistemic operators
model the agents’ knowledge. An informative event is possible after whicha knows thatp

5
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but b does not know that; this is expressed by

⊲(2ap ∧ ¬2b2ap)

In Figure1, the structure is on the left, and its refinement validating the post-condition
is on the right. In this visualization, the actual state is the (bottom) right one, and states that
are indistinguishable for an agent are linked and labeled with the name of that agent, and
transitivity is assumed (so on the right, all three states are indistinguishable for agentb).
Note that on the left, the formula⊲(2ap∧¬2b2ap) is true, because2ap∧¬2b2ap is true
in the right structure: in the actual state there is no alternative for agenta, so2ap is true,
whereas agentb considers it possible that the top-state is the actual state, and in that state
agenta considers it possible thatp is false. Therefore,¬2b2ap is also true in the bottom
right state.

a

b

a

b
bp

p

p

�

Fig. 1. The refinement in Example3.7.

Example 3.8 [Controller synthesis] Consider a discrete-event systemS to be controlled,
with two possible actionsc andu. Given a control objectiveφ expressed in, say theµ-
calculus, the following formulas express respectively thewell-known verification/synthesis
problems:

• Controller synthesis: Assume actionc is controllable as opposed tou. The systemS is
controllable forφ if and only if, S |= ⊲cφ, as ac-refinement ofS denotes the result of
applying some control acting on actionc.

• Module checking [14]: The systemS is interpreted as anopen systemwhere actionc is
internal and actionu comes from the environment. The systemS satisfiesφ whatever
the environment does but blocking if, and only if,S |= ◮u(NonBlocking ⇒ φ),
whereNonBlocking ≡ νx.3u⊤ ∧ 2x is an invariant telling that there always exists
an environment reaction. Theu-refinements with hypothesisNonBlocking denotes
all possible non-blocking environments.

• Advanced controller synthesis: We combine the two cases above. We reconsider the
control problem forφ whereS is interpreted as an open system. The open systemS can
be controlled to achieve propertyφ if, and only if,

S |= ⊲c◮u(NonBlocking⇒ φ)

Example 3.9 [Program logic] Consider a specification,MUTEX, of a mutual exclusion pro-
tocol and some propertyφ of this protocol specified inCTL. Now we may ask if we can
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find a refinement ofMUTEX that satisfiesφ but also such that if Processi is in the critical
section (cs(i)) at timen+ 1, then this is known at timen. This is expressed as

MUTEX |= ⊲(AG[EXcs(i) ⇒ AXcs(i)] ∧ φ)

The refinement consists in moving the nondeterministic choices forward, so that a fork at
timen becomes a fork at timen− 1 with each branch having a single successor at timen.

cs(2)

�

cs(2)cs(1)
cs(1)

Fig. 2. The refinement in Example3.9.

We also note that Section6.2presents an application of the refinement quantification to
two-player asynchronous games.

4 Axiomatization: L⊲

Here we present a series of axioms for the logicL⊲. We will derive a number of validities,
show the axioms to be sound, and discuss a general strategy for showing their completeness.
For simplicity, we will present the axiomatization in the single agent case (and hence the
2a operator will simply be referred to as2), although the axiomatization and proofs easily
generalize to the multi-agent case. We will also use the relation R simply as a set of pairs
⊆ SM × SM , and use the abbreviationsRM = {u ∈ SM | (s, u) ∈ RM}.

The axiomatization presented is a substitution schema, since the substitution rule itself
is not valid. Note that for all atomic propositionsp, p→ ◮p, but the same is not true for an
arbitrary formula (substitute3⊤ for p in the formula of Example3.7). This propositional
case itself is presented as axiomG1 and prevents the logicFEL from being a normal modal
logic.

Definition 4.1 The axiomatizationFEL is such that the axioms are all substitution in-

7
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stances of the following:

P All tautologies of propositional logic

K 2(φ→ ψ) → 2φ→ 2ψ

G0 ◮(φ→ ψ) → ◮φ→ ◮ψ

G1 α↔ ◮α where α is a propositional formula

GK
∧

γ∈Γ 3⊲γ ↔ ⊲∇Γ

along with the rules:

MP From ⊢ φ→ ψ and ⊢ φ infer ⊢ ψ

Nec1 From ⊢ φ infer ⊢ 2φ

Nec2 From ⊢ φ infer ⊢ ◮φ

The axiomatizationK for the logicL consists of the axiomsP, K , and the rulesMP
andNec1.

The axiomatization is surprisingly simple given the complexity of the semantic def-
inition of the refinement quantification,◮. We note that while refinement is known to
be reflexive, transitive and satisfies the Church-Rosser property (Lemma2.3), the corre-
sponding modal axioms are not required. Rather, these properties may be inferred from the
axioms presented above.

4.1 Example of derivation

We present a simple derivation of3⊤ → ⊲(∇{p} ∨ ∇{¬p}). In some cases several
deductions have been combined into single statements, but this is restricted to cases of well
known modal theorems.

1.P,Nec1,K ⊢ 3⊤ ↔ 3(p ∨ ¬p)

2.P,Nec1,K ⊢ 3(p ∨ ¬p) ↔ (3p ∨ 3¬p)

3.See below⊢ 3p→ ⊲∇{p}

4.See below⊢ 3¬p→ ⊲∇{¬p}

5.P,Nec2,G0 ⊢ ⊲2p→ ⊲(∇{p} ∨ ∇{¬p})

6.P,Nec2,G0 ⊢ ⊲2¬p→ ⊲(∇{p} ∨ ∇{¬p})

7.P,MP ⊢ 3⊤ → ⊲(∇{p} ∨ ∇{¬p})

Lines 3 and 4 above require the following deduction, which istrue for all propositional
formulaα:

1.G1 ⊢ α↔ ⊲α

2.P,Nec1,K ⊢ 3α↔ 3⊲α

3.GK[Γ = {α}] ⊢ 3α↔ ⊲∇{α}

8
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4.2 Soundness

For notational convenience, given a finite set ofL⊲ formulas,Γ = {φ1, . . . , φn}, we let
⊲Γ = {⊲φ | φ ∈ Γ} (and likewise for other unary operators).

Theorem 4.2 The axiomatizationFEL is sound forL⊲.

Proof. As all models ofL⊲ are models ofL, the schemasP, K and the ruleMP andNec1
are all sound. We deal with the remaining schemas and rules below:

G0 Suppose thatMs is a model such thatMs |= ◮(φ → ψ). Then for everyNt, where
Nt � Ms, we haveNt |= φ → ψ. Therefore if it is also the case that for everyNt

whereNt �Ms, we haveNt |= φ, then it follows that every such model also satisfies
◮ψ.

G1 Suppose thatα is a propositional formula. By Definition2.2 for every modelNt �
Ms, for every propositional atomp, we haves ∈ V M (p) if and only if t ∈ V N (p). As
the interpretation ofα depends solely on the the valuation of propositions ats, then
Ms |= α if and only ifNt |= α for everyNt �Ms.

GK SupposeMs is a model such that for some setΓ, Ms |=
∧

γ∈Γ 3⊲γ. Therefore for
everyγ ∈ Γ there is sometγ ∈ sRM such thatMtγ |= ⊲γ. Thus, for eachγ ∈ Γ,
there is some modelNγ

uγ � Mtγ such thatNγ
uγ |= γ. Without loss of generality, we

may assume that for eachγ ∈ Γ the modelsNγ are disjoint. We construct the model
MΓ such thatSM

Γ

= SM ∪
⋃

γ∈Γ S
Nγ

,RM
Γ

= {(s, uγ) | γ ∈ Γ}∪
⋃

γ∈ΓR
Nγ

, and

for all p ∈ P , VMΓ

(p) = V M (p) ∪
⋃

V NΓ

(p).
We can see thatMΓ

s � Ms, via the relationRΓ = {(s, s)} ∪
⋃

γ∈Γ Rγ where
Rγ is the refinement relation corresponding toNγ

uγ � Mtγ . Furthermore, for each
t ∈ sRM

Γ

it is clear thatMΓ
t
↔Nγ

uγ for someγ, and thusMΓ
t |= γ. Therefore

MΓ
s |= 2

∨

γ∈Γ γ. Finally, for eachγ ∈ Γ there is someuγ ∈ sRM
Γ

whereMΓ
uγ |= γ

soMΓ
s |=

∧

γ∈Γ 3γ. ThereforeMΓ
s |= ∇Γ, soMs |= ⊲∇Γ.

Conversely, suppose thatMs |= ⊲∇Γ. Therefore, there is a model,Nt � Ms such
thatNt |= ∇Γ. Expanding the definitions, we have, for everyγ ∈ Γ there is some
u ∈ tRN such thatNu |= γ, and for everyu ∈ tRN there is somev ∈ sRM such
thatNu �,Mv. Combining these statements we have, for everyγ ∈ Γ there is some
v ∈ sRM such thatMv |= ⊲γ, and thusMs |=

∧

γ∈Γ 3⊲γ.

Nec2 If φ is a validity, then it is satisfied by every model, so for any modelMs, φ is satisfied
by every modelNt �Ms, and hence every model satisfies◮φ.

2

4.3 Completeness

We first show that everyL⊲ formula is logically equivalent to aL formula. We then show
that if the latter is a theorem inK , the former is also a theorem, inFEL .

Lemma 4.3 Every formula ofL⊲ is logically equivalent to a formula ofL.

Proof. As the axiomGK is formulated in terms of the cover operator, it is convenient to
prove this equivalence by means of an equally expressive version of the modal logicL that

9
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is also formulated with the cover operator [5]. 2 (A direct proof in our own setting is quite
possible, but considerably longer.) Consider the syntax ofcover logic

φ ::= ⊥ | ⊤ | φ ∨ φ | p ∧ φ | ¬p ∧ φ | ∇Γ.

The semantics of∇Γ is the obvious one if we recall our introduction by abbreviation of the
cover operator:Ms |= ∇Γ iff for all φ ∈ Γ there is at ∈ R(s) such thatMt |= φ, and for
all t ∈ R(s) there is aφ ∈ Γ such thatMt |= φ. The modal box and diamond are definable
as:2φ iff ∇∅ ∨∇{φ}, and3φ iff ∇{φ,⊤}

Now consider the extension of cover logic with the refinementquantification⊲. By the
definition of3 in cover logic, axiomGK now takes shape

∧

γ∈Γ ∇{⊲γ,⊤} ↔ ⊲∇Γ. (And
this is clearly also sound.) Given a formulaψ in cover logic with refinement, we prove
by induction on the number of the occurrences of⊲ in ψ that it is equivalent to an⊲-free
formula, and therefore to a formula in the modal logicL. The base is trivial. Now assume
ψ containsn + 1 ⊲-operators. Choose a subformula of type⊲φ of our given formulaψ,
whereφ is ⊲-free (i.e. choose an innermost⊲). We prove by induction on the structure of
φ that⊲φ is logically equivalent to a formulaχ without ⊲.

• ⊲⊥ iff ⊥.

• ⊲⊤ iff ⊤.

• ⊲(p ∧ φ) iff p ∧ ⊲φ (refinements do not affect atoms); IH.

• ⊲(¬p ∧ φ) iff ¬p ∧ ⊲φ (refinements do not affect atoms); IH.

• ⊲(φ ∨ ψ) iff ⊲φ ∨ ⊲ψ (directly from the semantics of⊲); IH.

• ⊲∇Γ iff
∧

γ∈Γ ∇{⊲γ,⊤}; IH. (By induction, each⊲γ is equivalent to an⊲-free formula
ψ, and the resulting

∧

ψ∇{ψ,⊤} is also⊲-free.)

Thus we are able to push the refinement operators deeper into the formula until they even-
tually reach⊤ or ⊥, at which point they disappear and we are left withχ (which does not
contain⊲ and is equivalent to⊲φ). Replacing⊲φ by χ in ψ gives a result with at least one
less⊲-operator, to which the (original) induction hypothesis applies. 2

Lemma 4.4 Let φ ∈ L⊲ be given andψ ∈ L be equivalent toφ. If ψ is a theorem inK ,
thenφ is a theorem inFEL .

Proof. Given aφ ∈ L⊲, Lemma4.3 gives us an equivalentψ ∈ L. Assume thatψ is a
theorem inK . We can extend the derivation ofψ to a derivation ofφ by observing that the
first five of the six itemized reduction steps in Lemma4.3 are all provable equivalences,
and that the last item is of course the axiomGK . (Where we also need to observe that the
systemFEL satisfies the substitution of equivalents: ifφ1 is equivalent toφ2 andφ1 is a
subformula ofφ3, andφ3 is a theorem, thenφ3[φ1\φ2] is also a theorem.) 2

Theorem 4.5 The axiom schemaFEL is sound and complete for the logicL⊲.

Proof. The soundness proof is given in Theorem4.2, so we are left to show completeness.
Suppose thatφ is valid: |= φ. Applying Lemma4.3we know that there is some equivalent
formulaψ not containing any refinement quantification. Asφ is valid, from that and the
validity φ ↔ ψ it follows that ψ is also valid in future event logic, and therefore also

2 We thank Yde Venema for suggesting this proof.
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valid in the logicL (note that the model class is the same!). From the completeness ofK
it follows thatψ is derivable, i.e. it is a theorem. From Lemma4.4 it follows thatφ is a
theorem. 2

5 Axiomatization: Lµ⊲

The axiomatization forLµ⊲ extends the axiomatization forL⊲ with the extra axiom and rule
of Kozen’s axiomatization of the modalµ-calculus (F1 andF2), and two new interaction
axioms (G3 andG4). The axiomatizationFELµ is a substitution schema of the axioms and
rules forL⊲, FEL (see Section4), along with the axiom and rule for the modalµ-calculus:

F1 φ[µx.φ\x] → µx.φ

F2 From φ[ψ\x] → ψ infer µxφ→ ψ

and two new interaction axioms:

G3 ◮µx.φ↔ µx.◮φ where µx.φ is a df (Def. 3.5)

G4 ◮νx.φ↔ νx.◮φ where νx.φ is a df

These interaction axioms have an important associated condition: the refinement quan-
tification will only commute with a fixed-point operator if the fixed-point formula is a
disjunctive formula.

5.1 Soundness

The soundness proofs of Section4.2 still apply and the soundness ofF1 andF2 are well
known [3], so we are left to show thatG3 andG4 are sound.

Theorem 5.1 The axiomsG3 andG4 are sound.

Proof. In this proof we will find it convenient to use the bisimulation quantifiers character-
ization of both fixed-point operators and refinement quantification. We recall what bisimu-
lation quantifier is: Given an atomx and a formulaφ, the expression∃xφ means that there
existsx such thatφ, and it is interpreted asMs |= ∃xφ if, and only if, for someNt bisim-
ilar to Ms except forx—for which we will writeNt↔xMs— we haveNt |= φ. We let
∀xφ abbreviate¬∃x¬φ, and a deeper technical discussion of the properties of bisimulation
quantifiers may be found in [8].

(i) µx.φ is equivalent to∀x(�(φ → x) → x) [11] (where� is the universal modality
which quantifies over all states in the model).

(ii) νx.φ is equivalent to∃x(�(x→ φ) ∧ x) [11].

(iii) ◮φ is equivalent to∀rφr, whereφr is the relativization ofφ to the atomr, which may
be computed recursively by replacing every occurrence of2ψ in φ with 2(r → ψr)

[21].

(iv) ⊲φ is equivalent to∃rφr.

11
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Note that from [7] we know that bisimulation quantifiers are expressible in the modalµ-
calculus, and thus the equivalences (i) and (ii) hold in the modalµ-calculus. Furthermore,
in [21], the equivalences (iii) and (iv) are shown to hold for all logics that are closed under
bisimulation and announcement. As the modalµ-calculus is such a logic, all four equiv-
alences hold in the modalµ-calculus, and they may be reasonably applied in the proofs
given below:

G3 It is more convenient in this proof to reason about the axiom in its contrapositive form:
⊲νx.φ↔ νx.⊲φ. Using the equivalent transformations above we have:

⊲νx.φ↔∃r∃x(�(x→ φ) ∧ x)r

↔∃x∃r(�(x→ φr) ∧ x)

↔∃x(∃r�(x→ φr) ∧ x)

→∃x(�∃r(x→ φr) ∧ x)

↔∃x(�(x→ ∃rφr) ∧ x)

↔ νx.⊲φ

This proof simply applies known validities of bisimulationquantifiers. Note that the
fourth line is not an equivalence in the general case. However, we may show that
whereφ is a disjunctive formula, the equivalence does hold. To do this, suppose
Ms is any countable model such thatMs |= ∃x(�∃r(x → αr) ∧ x), whereα is
a disjunctive formula. As theµ-calculus enjoys the tree-model property, we may
assume that there is some tree-like modelNt↔xMs such thatNt |= x ∧ �∃r(x →
αr). We inductively build a series of modelsN i

t
↔r,xNt whereN i = (SN , RN , Vi).

We setV0(x) = {t}, V0(r) = ∅ andV0(p) = V N (p) for all p /∈ {r, x}. AsNt |=
∃rαr andνx.α is a disjunctive formula, the only case where the atomxmay influence
the interpretation of∃rαr is at a set of states such that all states beyond that set of
states are irrelevant to the interpretation of∃rαr att (this set of states forms afrontier).
This is because from Definition3.5, if x is a sub-formula ofα, then if x appears
in the scope of a conjunction, it appears within the scope of amodality within that
conjunction. Thus, there is a set of states{u0, u1, ...} ∈ V N (x) such thatN ′

t |= αr,
whereN ′ = (SN , R′, V ′) for V ′(x) = {t, u0, u1, ...}, V ′(y) = V N (y) for y /∈ {x, r}
andR′ = RN\{(ui, s)|s ∈ SN , i = 0, 1, ...}. Consequently the valuation ofr maybe
restricted to states that are not reachable from any state,{u0, u1, ...} Let S0 ⊂ SN be
the set of states reachable fromt, but not reachable fromui for any i. We defineN1

by settingV1(x) = V ′(x), V1(r) = V ′(r) ∩ S0 andV1(y) = V N (y) for y /∈ {x, r}.
As u0, u1, ... ∈ V N (x), we haveNui

|= x ∧ �(∃r(x→ αr) for all i.
As Ms is a countable model, we may assume an enumeration of the worlds (or

states) in that model. The induction proceeds by taking the first stateu0 on the frontier
and repeating the process (i.e. finding a valuationV ′ such thatV ′ makex true on a
frontier {v0, v1, ...}, agrees withV N on the interpretation of all atoms exceptx and
r, makesN ′

u0
|= αr and makesNvi

|= x ∧ �(∃r(x → αr)) for all i). We defineV2

by taking the union ofV2(x) = V ′(x) andV2(r) = V1(r) ∪ (V ′(r) ∩ S1 whereS1

is the set of states reachable fromu0, but not fromvi for andi, and all other atoms
have their valuations unchanged. The states{v0, v1, ...} are added to the set of frontier
states and the induction continues. As the setsVi(x) andVi(r) are strictly increasing
with i, this process is well defined, and its limitN∗

t will satisfy ∃x∃r(�(x→ αr)∧x),
as required. The construction is represented in Figure3.

12
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Fig. 3. The inductive step for the construction ofN∗

t . The formulaαr is independent of any state wherer is not true, or any
state beyond the frontier defined byu0, u1, ....

G4 We also use the contrapositive form of the axiom:⊲µx.φ↔ µx.⊲φ.

⊲µx.φ↔∃r(∀x(�(φ→ x) → x))r

→∀x∃r(�(φ→ x) → x)r

↔∀x∃r(�(φ ∧ ¬x) ∨ x)r

↔∀x(∃r�(φ ∧ ¬x)r ∨ x)

↔∀x(�∃r(φ ∧ ¬x)r ∨ x)

↔∀x(�(∃rφr ∧ ¬x) ∨ x)

↔∀x(�(∃rφr → x) → x)

↔ µx.⊲φ

While the forward implication is generally true, the right to left implication again
relies on the fact thatµxφ is a disjunctive formula. For this, write the formulaµxα
to emphasize it is a disjunctive formula. We use the inductive characterization of
µx.⊲α: if for x ∈ P andS ⊆ SM , M [x 7→S] = (SM , RM , V ) such thatV (x) = S

andV (y) = VM (y) for y 6= x, then we may inductively define‖⊲α‖0 = ∅, and

‖Fα‖i = {s ∈ SM | M
[x 7→

S

j<i ‖⊲α‖j ]
s |= ⊲α}. ThenMs |= µx.⊲α if and only if

s ∈ ‖⊲α‖τ , whereτ is an ordinal [3].
Now supposeMs |= µx.⊲α. Without loss of generality we may suppose thatM is

a countable tree-like model. AsMs satisfiesµx.⊲α, there must be some least ordinal
τ wherebys ∈ ‖⊲α‖τ . We give a proof by induction, and the base case whereτ = 0

is trivial. LetM τ = M [x 7→
S

j<τ ‖⊲α‖j ], and thenM τ
s |= ⊲α. As µxα is a disjunctive

formula, we are again in the case where there is a refinement ofM τ and a frontier
such thatx may only be true ats or on the frontier, and no point beyond the frontier
affects the interpretation ofα. Formally, there is a set of states{u0, u1, ...} ∈ VMτ

(x)

such thatM ′
s |= ∃rαr, whereM ′ = (S′, R′, V ′) such that

• S′ ⊆ SM
τ

is the set of states reachable froms, but not from anyui;
• V ′(x) = {t, u0, u1, ...}, V ′(y) = VMτ

(y) for y 6= x; and
• R′ = RM

τ

\{(ui, t)|t ∈ SM
τ

, i = 0, 1, ...}.
We note thatM ′

s is a refinement ofM τ
s . Now as for eachi, ui ∈ ‖⊲α‖j for somej <

τ , by the inductive hypothesis we may assume there is some model N i = (Si, Ri, V i)

13
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whereN i
vi

� M τ
ui

andN i
ui

|= µx.α. We may append these models toM ′ to define
M∗ = (S∗, R∗, V ∗) whereS∗ = S′∪

⋃

i S
i,R∗ = R′∪

⋃

iR
i∪{(t, vi) | (t, ui) ∈ R′},

andV ∗(y) = V ′(y) ∪
⋃

i V
i(y) for all y ∈ P . It is clear thatM∗

s is a refinement of
Ms, and by the axiomF1 we can seeM∗

s |= µx.α as required.
2

We note that the general form ofG3 is not sound (for example, takeφ = µz.3(y →
z) → 3(¬y → x). Then◮µx.φ is true if y is true at every immediate successor of the
current state, whereasµx.◮φ is only true at states with no successor. LikewiseG4 is not
true in the general case, as can be seen by takingφ = p ∧ 2(3⊤ → x). Thenνx.◮φ is
true if and only ifp is true at every reachable state, and◮νx.φ is true only if p is true at
every state within one step.

5.2 Completeness

The completeness proof ofFELµ proceeds exactly as for Theorem4.5, replacing the for-
mulas in cover logic with disjunctive formulas to get a statement similar to the one of
Lemma4.3.

Lemma 5.2 Every formula ofLµ⊲ is equivalent inFELµ to a formula of the modalµ-
calculusLµ.

Proof. Given a formulaψ, we prove by induction on the number of the occurrences of
⊲ in ψ that it is equivalent to an⊲-free formula, and therefore to a formula in the modal
µ-calculusLµ. The base is trivial. Now assumeψ containsn + 1 ⊲-operators. Choose a
subformula of type⊲φ of our given formulaψ, whereφ is ⊲-free (i.e. choose an innermost
⊲). As φ is ⊲-free, it follows from Proposition3.6 that φ is semantically equivalent to a
formula in disjunctive normal form, and by the completenessof Kozen’s axiom system
[23] this equivalence is provable inFELµ. By Nec2andG0 it follows that⊲φ is provably
equivalent to some formula⊲ψ whereψ is a disjunctive formula. Thus without loss of
generalization, we may assume in the following thatφ is in disjunctive normal form. We
may now proceed by induction over the complexity ofφ, and conclude that⊲φ is logically
equivalent to a formulaχ without⊲. All cases of this induction are as before, we only show
the final two, different cases:

• ⊲µx.φ iff µx.⊲φ (by G4 noting that all subformulas of a disjunctive formula are them-
selves disjunctive); IH.

• ⊲νx.φ iff νx.⊲φ (by G3); IH.

Replacing⊲φ by χ in ψ gives a result with one less⊲-operator, to which the (original)
induction hypothesis applies. 2

Theorem 5.3 The axiom schemaFELµ is sound and complete for the logicLµ⊲

Proof. Soundness follows from Theorem5.1and Theorem4.2. To seeFELµ is complete,
supposeφ is a valid formula. Then by Lemma5.2, φ is provably equivalent to some valid
formulaψ of Lµ. Asψ is valid, it must be provable sinceP, K , F1, F2, Nec1, andMP give
a sound and complete proof system for the modalµ-calculus [23]. A proof of φ follows by
MP. 2
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6 Complexity

Both axiomatizations demonstrated the expressivity and decidability of L⊲ (expressively
equivalent toK ) andLµ⊲ (expressively equivalent toLµ). Decidability for both follows
from the fact that a computable translation is given in the completeness proofs. Note that
as the translations given are recursive and involve translating formulas to disjunctive nor-
mal form, the translation is non-elementary in the size of ofthe original formula. In this
section we examine the complexity ofL⊲, providing both an elementary upper bound and
a succinctness proof.

6.1 Upper-Bound

A decision procedure forL⊲ is given via a tableau. Given anyL⊲ formulaφ, we describe a
tableau construction that either constructs a model forφ, or reports thatφ is not satisfiable.

Definition 6.1 A formula is in positive normal form if it is built from the following abstract
syntax.

α ::= ⊤ | ⊥| p | ¬p | α ∧ α | α ∨ α |2α | 3α | ◮α | ⊲α

We note everyL⊲ formula may be converted into positive normal form with linear
change to the size of formula.

Tableau Definition:
Let φ be a formula in positive normal form. Suppose that each subformula of φ is

uniquely indexed asφi for i = 0, ...m (thus, two identical subformulas appearing in differ-
ent places inφ would be indexed differently). LetI = {1, ...,m}, let⊂ be the subformula
relation over these nodes (soj ⊂ i if and only ifφj is a subformula ofφi), and givenσ ⊆ I,
let σ+ be the set{j ∈ I | ∃i ∈ σ, i ⊂ j}. Suppose also thatφ = φ0. The initial tableau,
T0 ∈ ℘(℘(I)) consists of the set of nodes,σ, each of which is a subset ofI satisfying the
following conditions:

• if i ∈ σ andφi = φj ∧ φk thenj, k ∈ σ;

• if i ∈ σ andφi = φj ∨ φk then eitherj ∈ σ or k ∈ σ;

• if i ∈ σ andφi = ⊲φj or φi = ◮φj thenj ∈ σ;

• if i, j ∈ σ then ifφi = p, thenφj 6= ¬p.

The tableau,Tn is then successively pruned according to a game for each node:

Definition 6.2 Let the two players beE andA, andσ be some node inTn. We define the
pruning gameG(Tn, σ) where each game position is a tuple(Θ, i) whereΘ ⊂ Tn and
i ∈ I. For two setsΘ1,Θ2 ⊂ Tn we defineΘ1 ⊑ Θ2 if and only if for everyθ ∈ Θ1 there
is someΘ′ ⊂ Θ1 and someλ ∈ Θ2 whereθ ∪

⋃

ρ∈Θ′ ρ = λ.

Init PlayerE selects someΘ ⊆ Tn, and then the initial state is(Θ, 0).

Move given the state(Θ, i):
(i) if φi = ◮αj , A selects someΘ′ ⊑ Θ, and the new game position is(Θ′, j),
(ii) else if φi = ⊲αj , E selects someΘ′ ⊑ Θ, and the new game position is(Θ′, j),
(iii) else if φi = φj ∧ φk, A selectsℓ ∈ {j, k} and the new game position is(Θ, ℓ),
(iv) else ifφi = φj ∨ φk, E selectsℓ ∈ {j, k} ∩ σ+ and the new state is(Θ, ℓ).
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(v) else ifφi /∈ σ andφi = 2φj or φi = 3φj , the new state is(Θ, j).

Wins The game proceeds until no further move can be made. For such agame position(Θ, i):
(i) if φi = p, ¬p, ⊤ or i /∈ σ, playerE wins,
(ii) else if φi = ⊥, playerA wins,
(iii) else if φi = 2φj, then if for allθ ∈ Θ, j ∈ θ, thenE wins and otherwiseA wins,
(iv) else ifφi = 3φj, then if for someθ ∈ Θ, j ∈ θ, thenE wins and otherwiseA wins.

The next tableau is thenTn+1 = {σ ∈ Tn | E has a winning strategy inG(Tn, σ)}.
We note that each game is easily determined since because thesubformulaφi is strictly
decreasing, there is a maximum ofm moves in any game. Furthermore,T0 is finite and
Tn+1 ⊆ Tn, so a fixed pointT ∗ is eventually reached. If for someσ ∈ T ∗ we have0 ∈ σ

the tableau reports thatφ is satisfiable, and otherwise it reportsφ is unsatisfiable. We let
G(σ) abbreviateG(T ∗, σ).

The intuition behind this tableau is that each node represents a state in the model, and
records which parts of the formulaφ are satisfied at that state. The semantics of the⊲ and
◮ operator are captured by a game that is played at each state inthe model (i.e. successors
may be kept, pruned or split). To take a global view, the players are playing a game over
Tn whereE is trying to show a model forφ exists, andA is trying to show that whichever
modelE builds does not satisfyφ. Every time they get to a new state (i.e. they reach a game
position(Θ, i) wherei = 2φj or 3φj) they replay the series of moves that brought them
to that state, so that each player may select, in turn, refinements of the set of successors for
the new state.

Lemma 6.3 If the tableau reports thatφ is satisfiable, thenφ has a model.

Proof. Suppose thatT ∗ is the final tableau, andσ ∈ T ∗ andφ ∈ σ. We build a model
M = (S,R, V ) from T ∗ whereS = T ∗, for all θ ∈ S, if θ ∈ V (p) if and only if p ∈ θ,
and for eachθ ∈ S, {ξ |(θ, ξ) ∈ R} is the first move of playerE’s winning strategy in the
gameG(θ). By induction overφ we may see thatMσ |= φ. For our inductive hypothesis
we assume ifE has a winning strategy for the game position({ξ | (θ, ξ) ∈ RM}, i), and
i ∈ θ, thenMθ |= φi. Let θM be the set of successors ofθ in the modelM .

(i) If i ∈ θ whereφi ∈ {p,¬p,⊤} thenMθ |= φi.

(ii) If i ∈ θ whereφi = φj∧φk thenE must have a winning strategy for the game position
(θM, i) in G(θ), soE must also have a winning strategy for(θM, j) and a winning
strategy(θM, k), so by the inductive hypothesis we haveMθ |= φi.

(iii) If i ∈ θ whereφi = φj ∨ φk then E must have a winning strategy for the game
position (θM, i) in G(θ), so E must also have a winning strategy for(θM, j) or a
winning strategy for(θM, k), so by the inductive hypothesis we haveMθ |= φi.

(iv) If i ∈ θ whereφi = 2φj then everyξ ∈ θM must havej ∈ ξ. ThereforeE has a
winning strategy from(ξM, j) in G(ξ), so every successor ofθ satisfiesφj.

(v) If i ∈ θ whereφi = 3φj then someξ ∈ θM must havej ∈ ξ. ThereforeE has a
winning strategy from(ξM, j) in G(ξ), so some successor ofθ satisfiesφj .

(vi) If i ∈ θ whereφi = ◮φj , thenE has a winning strategy in the gameG(θ) from the
game position(θM, i), so for everyA ⊑ θM , playerE has a winning strategy from
the game position(A, j). Every refinementM ′

θ of Mθ may be represented by the
restrictionsAξ ⊑ ξM for all ξ reachable fromθ. As E has a winning strategy for all
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such game positions starting from(Aθ, j) we haveM ′
θ |= φj and the result follows.

(vii) If i ∈ θ whereφi = ⊲φj , thenE has a winning strategy to select restrictionsAξ ⊑ ξM

for all ξ reachable fromθ, in the gameG(ξ) so that she has a winning strategy from
the game position(Aξ, j). Collecting these restrictions together we are able to define
a single refinementM ′

θ of Mθ for whichE has a winning strategy from(θM ′, j), and
thusM ′

θ |= φj .

By induction it follows that sinceE has a winning strategy forG(σ), Mσ |= φ. 2

Lemma 6.4 If φ is satisfiable, then the tableau reports thatφ is satisfiable.

Proof. If φ is satisfiable, thenφ has some model,Ms. Seeing asφ is equivalent to a
formula ofL we may assume thatMs contains no infinite paths [6]. We useMs to build
a set of nodes in the tableau and define a winning strategy forE in each, ensuring they are
never pruned. The construction of the tableau mirrors the semantics ofL⊲. Given the set
of all refinements ofM modulo bisimulation,M, and the states inSM , we index a set of
nodes asnNt wheret ∈ SM andN ∈ M. We ensure0 ∈ nMs and build up the nodes as
follows:

(i) if i ∈ nNt andi = φj ∧ φk, thenj, k ∈ nNt ,

(ii) if i ∈ nNt andi = φj ∨ φk, thenj ∈ nNt if and only ifNt |= φj , andk ∈ nNt if and
only if Nt |= φk,

(iii) if i ∈ nNt andi = ◮φj, then for allN ′
t � Nt, j ∈ nN

′

t
3 ,

(iv) if i ∈ nNt andi = ⊲φj , then for allN ′
t � Nt, j ∈ nN

′

t if and only ifN ′
t |= φj ,

(v) if i ∈ nNt andi = 2φj , then for allu where(t, u) ∈ RN , j ∈ nNu ,

(vi) if i ∈ nNt and i = 3φj , then for allu where(t, u) ∈ RN , j ∈ nNu if and only if
Nu |= φj.

It is clear from the semantics ofL⊲ that that for alli ∈ nNt , Nt |= φi. Let T be the set
of nodes{nt | nt =

⋃

Nt�Mt
nNt }. Now E’s moves may be dictated by the modelMs.

For the nodent, the gameG(nt) simulates the set of formulas that must be true along the
path leading tot (whose index is not innt in the modelM ), and the sets of formula true
atMt (whose index is innt). Throughout the play, playerE records a tuple(N,u) of the
current refinement and state that is being used to evaluate the formulaφi, where the game
position is(Θ, i). Furthermore, at each step she may ensure thatΘ represents the set of
nodes{nv | (t, v) ∈ RN}. As E is guided by the semantic interpretation ofφ in Ms, her
recorded tuple(N,u) for the game position(Θ, i) is such thatNu |= φi. If at the end of
play,u 6= t, then it will be the case thati /∈ nt, so playerE wins. Otherwise, we will have
the game position(Θ, i) and either:

(i) φi ∈ {⊤, p,¬p} in which caseE wins (⊥ is not an option sinceNt 6|= ⊥); or

(ii) φi = 2φj soNt |= 2φj and thus for allu where(t, u) ∈ RN ,Nu |= φj soj ∈ nu =

Θ andE wins; or

(iii) φi = 3φj soNt |= 3φj and thus for someu where(t, u) ∈ RN , Nu |= φj so
j ∈ nu = Θ andE wins.

3 We assume, without loss of generality that every state in every refinement is associated with a single state fromSM
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Therefore no nodent ∈ T is pruned from the tableau, and as0 ∈ ns the tableau reports
thatφ is satisfiable. 2

Corollary 6.5 The satisfiability problem forL⊲ can be determined in 2EXP time.

Proof. This follows directly from the tableau description. Ifφ is a formula of sizem, then
there at most2m nodes in the initial tableau. To do the pruning steps we must search all
possible strategies forE to see if any are winning strategies. As the players moves involve
sets of nodes, this takes time22m

. For each step we must examineGn(σ) for every node
σ, and as the tableau are strictly decreasing, there are at most 2m steps. Thus the overall
complexity is2O(2m). 2

It is not yet known whether this complexity bound is optimal.However, below we show
thatL⊲ is exponentially more succinct thanLµ, which suggests that the 2EXP bound may
be optimal.

6.2 Succinctness

Here we use the refinement quantification to show thatL⊲ is able to express the property
that two binary trees aren-bisimilar, with a formula of sizeO(n2). We will then show that
neitherK , norLµ are able to express this property in size less than2O(n).

The basic idea of this construction is to encode a pebble game(or bisimulation game)
for showingn-bisimilarity, using the refinement quantification to encode players moves.
We restrict our attention to complete binary trees labelledby a single atom,a that marks
a prefix closed subtree, and consider the property: “The leftsubtree marked bya is n-
bisimilar to the right subtree marked bya”. To enforce the binary nature of the tree we
suppose that there is an atomℓ that labels each left successor, and we suppose thatr is an
abbreviation for¬ℓ. We may then refer to the left successor using the modal abbreviations
〈ℓ〉φ for 3(ℓ ∧ φ), and likewise for the right successor. Note orientation (left or right) of a
successor does not affect whether two subtrees are bisimilar. They are just used to ensure
that the rules of the game are followed.

Our intent is to encode a pebble game played by aSpoiler and aDuplicator. Each
player takes turns at selecting a successor (or moving a pebble) in either subtree. Spoiler
goes first, selecting a successor in either subtree (left or right), wherea is true, and then
Duplicator must select a successor in the other subtree where a is true. If Spoiler is ever
unable to move Duplicator wins, and if Duplicator is unable to move, Spoiler wins. If
Duplicator has a strategy to survive at leastn moves, then the left and right sub-trees must
ben-bisimilar [19].

In L⊲ we simulate “selecting a successor” by taking a refinement that leaves only the
left or right successor, but otherwise leave the tree intact. To do this we introduce the
abbreviationtrunkm to represent a (1-2)-tree where nodes of height less thanm have only
a left successor, or only a right successor and nodes of height greater than or equal tom,
but less thann have a left successor and a right successor:

trunkm =

m
∧

i=1

(2
i(ℓ ∧ a) ∨ 2

i(r ∧ a) ∧
n−1
∧

i=m

2
i(3ℓ ∧ 3r)
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a

left right

a

a

a

a

a a

aaa a

a a

a

a

Fig. 4. The state of the game after four moves. The winning move for Spoiler to play is to select the bold successor. Then no
matter what successor Duplicator picks, Spoiler may selectone of it’s successors, leaving Duplicator with no move to make

We can present the definition forn-bisimilarity recursively, where:

Bni = ◮





















〈ℓ〉trunki ∧ 〈r〉trunki−1

∨

〈r〉trunki ∧ 〈ℓ〉trunki−1











−→ ⊲
[

〈ℓ〉trunki ∧ 〈r〉trunki ∧ Bni+1

]











andBnn = 〈ℓ〉trunkn ∧ 〈r〉trunkn. Then the property ofn-bisimilarity is just equivalent
to Bn1 .

A game scenario in presented in Figure4.

Lemma 6.6 LetMs be a complete binary tree. ThenMs |= Bn1 if and only if the subtree
of the left node that is labelled bya is n-bisimilar to the subtree of the right node that is
labelled bya.

Proof. The proof follows the semantic encoding of a pebble game. If the left and righta-
marked subtree aren-bisimilar, then Duplicator has a winning strategy in the game. Thus
if Ms |= Bn1 , any move Spoiler makes corresponds to a refinement that makes trunk1

true at one branch, andtrunk2 true at the other. But for any move that Spoiler makes,
Duplicator may find a move (a refinement that makestrunk2 true for both subtrees) where
the remaining subtrees are(n−1)-bisimilar (and thusBn2 is true for the refined binary tree).
Applying the argument inductively, it follows that if the left and righta-marked subtrees
aren-bisimilar, thenMs |= Bn1 .
Conversely, ifMs |= Bn1 , then we may extract a winning strategy for Duplicator in the
pebble game. Any move that Spoiler may make in the game will correspond to a refinement,
M1
s that makestrunk1 true at one subtree andtrunk2 true at the other. AsMs |= Bn1 , for

every such refinement, there is a further refinement,M2
s that has botha-marked subtrees

satisfyingtrunk2, and furthermore,M2
s |= Bn2 . Therefore, Duplicator may chose to move

according to this bisimulation (i.e. by selecting which ever successor was preserved in the
refinement). AsMs |= Bn1 , Duplicator’s strategy is guaranteed to last at leastn moves and
thus the left and righta-marked subtrees aren-bisimilar. 2
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Lemma 6.7 No formula of the modalµ-calculus can express the property of(n + 1)-
bisimilarity in size less than2n/4.

Proof. We note that there are roughly22n

non-bisimilar (1,2)-trees of heightn + 1. The
actual number is specified by the recurrencef(n) = (f(n − 1)2 + f(n − 1))/2 where
f(0) = 2 and a simple induction will show thatf(n) > 22n/4. As every formula of the
µ-calculus is expressively equivalent to an alternating automaton of equal size, if a formula
of size less than2n/4 were able to expressn+1-bisimilarity then an alternating automaton
of size less than2n/4 would be able to accept all pairs of subtrees that aren+ 1-bisimilar.
Given the 2-player parity game that results from applying the alternating automaton to any
we may associate with every distinct sub-tree (up to bisimulation) the set of automaton
states for which the automaton player has a winning strategyfrom that state in the the
subtree. As there are more than22n/4 non-bisimilar subtrees and less than2n/4 states, there
must be two non-bisimilar subtrees,T1 andT2 for which an automaton winning strategy
exists for exactly the same set of states. The alternating automaton would not be able to
distinguish the case whereT1 is the left successor andT2 is the right successor (which it
cannot accept), and the case whereT2 is the left and right successor (which it does accept).
Therefore, any formula that expressesn+ 1-bisimilarity for (1, 2)-trees must have at least
2n/4 subformulas. 2

Corollary 6.8 L⊲ is exponentially more succinct thanL.

Proof. From the lemmas above,L⊲ is able to expressn-bisimilarity with a formula of
sizeO(n2), while L requires a formula of size2n/4 at least. The quadratic growth of the
L⊲ formula is cancelled out by by a constant in the exponent of the growth rate of theL
formula, so we may find a family of formulas inL⊲, such that for a formula of sizen, the
smallest equivalentL formula is bound below by2O(n). 2

We note this proof applies without change to showLµ⊲ is exponentially more succinct than
Lµ.

7 Discussion and perspectives

The logicL⊲ is presented with respect to the class of all epistemic models. By restricting
the class of models the logic is interpreted over we may associate different meanings with
the modalities. For example, the epistemic logicS5 is interpreted over all models where
the accessibility relation is reflexive, transitive and symmetric (we will denote this class
S5), and the logicK4 is interpreted over all models with a transitive accessibility relation
(denotedK4). Given any class of modelsC, we define the logicLC

⊲ to be as in Section3
except:

(i) The interpretation is restricted to models in the classC

(ii) The semantic interpretation of◮ is given by:

Ms |= ◮aφ iff for all M ′
s′ ∈ C : Ms �a M

′
s′ impliesM ′

s′ |= φ.

A study of how various classes of models affect the properties of bisimulation quantified
logics is given in [11]. For the effect of varying classes of models on the axiomatization
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given, we note that while the schemaFEL is sound forL⊲, it is not the case that the
axiomGK is sound for restricted classes of models. For example in theclass of reflexive,
transitive and symmetric models (i.e.S5 frames) we have3⊲2p ∧ 3⊲¬2p is consistent,
but ⊲∇(2p,¬2p) is not. In future work we will examine axiomatizations and complexity
for refinement quantifiers in logics such asS5, KD45 andK4.
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