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Abstract
Texture constitutes one of the fundamental properties of objects, besides color and shape. In
several image analysis applications it is often the only exploitable quality of objects. As such, it
has been studied, described, segmented, synthesized or in short analyzed, extensively. Among the
plethora of texture description methods, mathematical morphology deserves special attention, as
it excels at the exploitation of spatial relationships among pixels, rendering it inherently suitable
for texture description. In this chapter, we focus on morphological texture description methods for
grayscale and color images, in an effort to spread the advantages possessed by this framework in
the context of texture analysis. We review a great number of descriptors, ranging from the basic
granulometries and pattern spectra to the most advanced multivariate and multi-dimensional size,
shape, orientation and distance distributions, providing application examples as well as experimental
results.
Keywords: Mathematical morphology; Texture description; Granulometry; Morphological covariance; Color morphology.
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Introduction

Although there is no formal mathematical definition for the concept of textures, they can be described
as spatially adjacent basic structures, the placement and orientation of which are governed by certain
generation rules (Drbohlav & Leonardis, 2010). Along with color and shape, texture constitutes one
of the three fundamental properties of objects in our three-dimensional world. Consequently they are
extremely widespread, encountered in stones, leaves, soil, walls, wood, metal, etc, in short in all kinds
of environments, natural, urban as well as virtual.
Given its significance and prevalence, texture has been an object of study for the image analysis
community since its very early days. Indeed, a great deal of effort has been spent for the characterization of textures, thus leading early on to a rich variety of texture analysis tools (Manjunath & Ma,
1996; Tuceryan & Jain, 1998). Subsequently, these tools have found applications in diverse and numerous fields, including but not limited to content-based image annotation and retrieval (CBIR), medicine
and natural sciences (e. g. cytology, histology MR imagery, etc), geology, petrography, material sciences
(e. g. metallography, porous materials, fractography, glass fibers, etc), geography (e. g. remote sensing,
digital elevation models, meteorology, etc), oceanography (e. g. sea floor inspection, plankton identification, etc), industrial inspection (e. g. quality control, defect detection, etc) and biometrics (e. g. face
recognition, fingerprints, etc).
In particular, the principal application domains of texture analysis are subdivided into texture description & classification, texture segmentation, shape from texture, and texture synthesis (Tuceryan &
Jain, 1998). In this chapter, our focus is on texture description, where the main objective is to characterize a given texture, usually with the purpose of assigning it to some texture class. Moreover, a plethora
of methods exists for this task, encompassing all subsets of image analysis: linear, nonlinear, statistical, syntactical, neural, etc. Here, however we further concentrate on only one of these image analysis
strategies, namely mathematical morphology (MM).
Mathematical morphology is a nonlinear image analysis framework, based on complete lattice theory.
It is rather shape oriented and excels at exploiting the spatial relationships of pixels. Consequently it is
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inherently suitable for capturing the generation rules that govern the arrangement of the basic structures
of a texture (i. e. texture primitives). Interestingly though, although mathematical morphology has been
applied to practically all image analysis fields, it is still not as widely known as one would expect given
its potential.
Therefore, this chapter concentrates on texture description (Section 2), using mathematical morphology (Section 3). Specifically, we review the contemporary morphological arsenal for texture description,
with descriptors ranging from the basic granulometries and pattern spectra to the most advanced multivariate and multi-dimensional size, shape, orientation and distance distributions (Section 4). We further
present the issues of color morphology and though only a few, the associated color morphological texture tools as well (Section 5). Additional information is provided on the efficient implementation of
the reviewed approaches (Section 6). Moreover, the main application areas of the reviewed descriptors
are also provided, in order to help the reader comprehend the advantages of morphological approaches
when handling actual problems (Section 7). And last, a series of experiments is included, investigating
the discriminatory potential as well as noise robustness of selected descriptors against grayscale & color
textures (Section 8).
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Figure 1: Illustration of texture classification stages: feature extraction and classification.
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Texture description & classification

Texture description & classification is realized in two major steps (Fig. 1). Given a number of textures,
the first step consists of feature extraction, which leads to numerical descriptions, hopefully common for
all texture samples of the same class. This process, which represents the core issue of texture characterization, aims at identifying the “essence” of its input in such a way that it becomes possible to recognize
its samples even if they have been acquired at different scales (Fig. 2), illumination conditions (Fig. 3)
and even angles/viewpoints.
In order to extract qualitatively meaningful features, Rao (1990) carried out a pioneering taxonomy
work, according to which textures can be categorized with respect to their spatial distribution of details
into four categories (Fig. 4):
• Strongly ordered: Textures consisting of the repetitive placement of their primitive elements
according to a particular set of rules.
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Figure 2: A texture example from the KTH-TIPS2b (Caputo et al., 2005) collection at 4 different scales.

Figure 3: Texture examples from the Outex14 (Ojala, Mäenpää, et al., 2002) collection acquired under
three different illumination sources.
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• Weakly ordered: Textures possessing a dominant local orientation, which can however vary at a
global level.
• Disordered: Textures lacking any repetitiveness and orientation, and usually described based on
their roughness.
• Compositional: Textures that do not belong to any of the previous categories, and exhibit a combination of their characteristics.

(a)

(b)

(c)

(d)

Figure 4: Texture examples from the Brodatz album (Brodatz, 1966), strongly ordered (a), weakly ordered (b), disordered (c) and compositional (d).
In an effort to determine effective features, capable of discriminating among the members of these
categories, Rao and Lohse (1993) have conducted psycho-physical experiments, and identified regularity
(or periodicity), directionality and complexity as the most important perceptual texture characteristics as
far as human observers are concerned. With the subsequent work of Chetverikov (1999) and Mojsilović,
Kovačević, Kall, Safranek, and Ganapathy (2000), overall color and color purity were added to this list.
A plethora of approaches have been proposed in the last three decades for capturing these properties, and
according to Tuceryan and Jain (1998), they can be classified into the following categories: statistical,
structural (or geometrical), signal processing and model-based.
Statistical methods focus on the spatial distribution of pixel intensities and generally compute pixelwise local features, in an effort to obtain a number of statistics from them. Model-based methods on
the other hand, are based on assumptions concerning the underlying texture process, and attempt to
construct parametric models that could create the observed intensity distribution. While signal processing
methods, usually analyze the frequency content of a given texture. And last, structural methods, to which
mathematical morphology belongs, consider textures as composed of primitive components, and they try
to describe the rules governing their spatial arrangement.
Considering the variety of the texture descriptors in the literature, the following question is in order:
what makes one descriptor better than others? Besides a method’s discriminatory potential, when faced
with a texture description challenge, the main variables that come into play include invariance capacity,
i. e. how does the descriptor perform under illumination, viewpoint and scale variations, its robustness to
noise, its robustness to parameterization and of course its computational complexity. This last criterion
is especially crucial in the case of real-time applications. Once features suitable for the problem at hand
have been obtained, the next step is usually classification, where a classifier processes the computed
features and associates their corresponding images with texture classes.
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The two main classification methods are supervised and unsupervised. In supervised classification,
examples of each texture class are provided beforehand, and they constitute the training set. In which
case the classifier’s task is to discover the common characteristics of all the textures belonging to the same
class. In unsupervised classification on the other hand, no prior data is available on the texture classes,
and the input textures are examined directly by the classifier in an attempt to detect common properties.
Whereas semi-supervised classification is a mixture of the two where only some prior knowledge is
available.
Considering how widespread textures are, it is no wonder that the texture analysis application spectrum is so large, ranging from industrial inspection and content-based image retrieval (Shotton, Winn,
Rother, & Criminisi, 2009), to medical imaging, remote sensing and scene segmentation. In fact, latest
results show that face recognition has been added to this list too (Ahonen, Matas, He, & Pietikäinen,
2009; J. Chen et al., 2010). Applicational examples of morphological texture description are elaborated in Section 7. Let us now recall some of the basic elements of binary and grayscale mathematical
morphology.
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Basics of Mathematical Morphology

Mathematical Morphology is a theory introduced about 50 years ago by Georges Matheron and Jean
Serra. Since then, it has been a growing and very active field of research, with its regular International
Symposium on Mathematical Morphology (ISMM) taking place every two years and a half, and several
recent special issues of journals (Ronse, 2005; Ronse, Najman, & Decencière, 2007).

3.1

Theoretical foundations

Basically, Mathematical Morphology relies on the spatial analysis of images through a pattern called
structuring element (SE) and consists of a set of nonlinear operators which are applied on the images
considering this SE. Thus it can be seen as a relevant alternative to other image processing techniques
such as purely statistical approaches or linear approaches. First works in Mathematical Morphology were
related to binary image processing. The theoretical framework involved initially was naturally set theory.
Within this framework, the morphological operators were defined by means of set operators such as inclusion, union, intersection, difference, etc. However, despite initial efforts involving stack approaches,
this theory was deemed insufficient as soon as more complex images, such as grayscale ones, were considered. So another theoretical framework, namely the (complete) lattice theory has been advocated, and
is now widely considered as an appropriate underlying framework for mathematical morphology (Ronse,
1990).
In order to define the main morphological operators from the lattice theory viewpoint, let us note
f : E → T a digital image, where E is the discrete coordinate grid (usually N2 for a 2-D image, or N3
for a 3-D image or a 2-D+t image sequence) and T is the set of possible image values. In the case of a
binary image, T = {0, 1} where the objects and the background are respectively represented by values
equal to 1 and 0. In the case of a grayscale image, T can be defined on R, but it is often defined rather
on a subset of Z, most commonly [0, 255]. In case of multidimensional images such as color images,
multispectral or multimodal images, T is defined on Rn or Zn , with n the number of image channels.
A complete lattice is defined from three elements:
• a partially ordered set (T, ≥), which could be the set inclusion order for binary images, the natural
order of scalars for grayscale images, etc,
• an infimum or greatest lower bound ∧, which is most often computed as the minimum operator
(this choice will also be made here for the sake of simplicity),
• a supremum or least upper bound ∨, which is similarly most often computed as the maximum
operator.
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Once a complete lattice structure has been imposed on the image data, it is possible to apply morphological operators using a structuring pattern. It is called structuring function (SF) or functional structuring
element and noted g when defined as a function on a subset of T , and called structuring element (SE)
and noted b when defined as a set on E. In this chapter and for the sake of simplicity, we will assume
the latter case unless otherwise mentioned, and use the so-called flat structuring elements. Let us notice
however that the features reviewed in this chapter can be easily computed with structuring functions
without important modification (if any).

3.2

Erosion and dilation

From these theoretical requirements, one can define the two basic morphological operators. The first one
called erosion is defined as:
^
f (p + q), p ∈ E
(3.1)
εb (f )(p) =
q∈b

where p is the pixel coordinates, e.g. p = (x, y) in 2-D images or p = (x, y, z) in 3-D images. The
coordinates within the SE b are denoted by q and most commonly defined in the same space as p. In
binary images, erosion will reduce white areas (or enlarge black areas). In grayscale or more complex
images, it will spread the lowest pixel values (i.e. the darkest pixels in case of grayscale images) while
removing the highest ones (i.e. the brightest pixels in case of grayscale images). In other words, the
erosion results in an image where each pixel p is associated with the local minimum of f computed in
the neighbourhood defined by the SE b.
The other main morphological operator is called dilation and is defined in a dual way as:
_
δb (f )(p) =
f (p + q), p ∈ E
(3.2)
q∈b̆

Here the result is an image where each pixel p is associated to the local maximum of f in the neighbourhood defined by the SE b. Thus it will enlarge areas with highest values (i.e. brightest pixels)
while reducing areas with lowest values (i.e. darkest pixels). Another main difference is related to the
SE: contrary to the erosion where b is considered, here the dilation is applied using the reflected SE
b̆ = {−q | q ∈ b}. In other words, the dilation can be defined as:
δb (f )(p) =

_

f (p − q), p ∈ E

(3.3)

q∈b

Mathematical morphology is of particular interest due to the numerous properties verified by its
operators. Indeed, morphological operators such as erosion and dilation (but also the more complex
ones) are invariant to (spatial and grayscale) translations, and are commutative, associative, increasing,
distributive, dual with respect to image complementation, and can most often be broken down into simple
operators.
Erosion and dilation, as many other morphological operators, require the definition of a structuring
element b. This parameter has a strong impact on the results returned by an operator. Main SE shapes
are diamond , square , cross +, disc •, and line − or |. A pixel and its 4- or 8-neighbourhood
correspond respectively to a 3 × 3 pixel diamond- or square-shaped SE, also called elementary isotropic
(or symmetric) SE. The shape of the SE can also be defined from a basic shape and an homothetic
parameter (or SE size), so we will use the notation bλ = λb to represent a SE of shape b and size λ. For
(λ−1)
most of the SE shapes, bλ can be generated from λ − 1 successive dilations, i.e. bλ = δ
(b). This
b̆
is obviously not true with disc-shaped SE, where •λ = {p : d(p, o) ≤ λ} with o the origin or centre of
the disc, and d the exact or approximated Euclidean distance. Moreover, we can also consider a growing
factor κ between successive λ sizes, i.e. bλ = κλb. For the sake of simplicity, the b parameter may be
omitted in formulas, e.g. ελ = εbλ and δλ = δbλ . For elementary structuring elements (e.g. 1 or 1 ),
we may also omit the λ = 1 parameter, i.e. ε = ε1 and δ = δ1 , thus resulting in elementary erosion and
dilation. We also state that ε0 (f ) = δ0 (f ) = f . Fig. 5 illustrates the basic structuring elements used in
mathematical morphology.
6

disc

cross

diamond

horizontal

square

vertical

size

λ=1 λ=2 λ=3

λ=4

size

λ=1 λ=2 λ=3 λ=4

Figure 5: Illustrative examples of basic SE with increasing size λ.
Since morphological operators are often applied several times successively, we will use the notation
ε(n) (f ) and δ (n) (f ) to denote respectively the n successive applications of ε and δ on f . In other words,
ε(n) (f ) = ε(1) (ε(n−1) (f )) and δ (n) (f ) = δ (1) (δ (n−1) (f )), with ε(1) = ε and δ (1) = δ.
Even if most of the features presented in this chapter will be defined with flat SE b (i.e. sets), they
can easily be defined also with structuring functions (SF) g. In this case, the basic operations are defined
as:
^
εg (f )(p) =
f (p + q) − g(q), p ∈ E
(3.4)
q∈supp(g)

and
δg (f )(p) =

_

f (p − q) + g(q), p ∈ E

(3.5)

q∈supp(g)

with supp(g) representing the support of g, i.e. the points for which the SF is defined.
Fig. 6 illustrates the effects of morphological erosions and dilations applied on grayscale images with
8-connected elementary SE λ of increasing size λ.

ε0 (f ) = f
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δ2 (f )

δ3 (f )

δ4 (f )
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Figure 6: Grayscale erosion and dilation with square-shaped SE λ of increasing size λ as applied on a
texture of the Outex collection (Ojala, Mäenpää, et al., 2002).

3.3

Opening and closing

Erosion and dilation are used to build most of the other morphological operators. Among these operators,
we can mention the well-known opening and closing filters where erosion and dilation are applied successively to filter the input image, starting with erosion for the opening and with dilation for the closing.
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Opening is defined by
γb (f ) = δb̆ (εb (f ))

(3.6)

ϕb (f ) = εb̆ (δb (f ))

(3.7)

while closing is defined by
These two operators respectively result in a removal of local maxima or minima and return filtered
images which are respectively lower and higher than the input image. This is called the anti-extensivity
property of the opening with γ(f ) ≤ f and the extensivity property of the closing with f ≤ ϕ(f ) (with
the ≤ relation being replaced by the ⊆ relation if set theory is considered). Moreover, both opening and
closing share some very nice properties (in addition to those of erosion and dilation). First they have the
idempotence property since γb (γb (f )) = γb (f ) and ϕb (ϕb (f )) = ϕb (f ). Second they also ensure the
increasingness property, i.e. if f ≤ g, γb (f ) ≤ γb (g) and ϕb (f ) ≤ ϕb (g). Since they verify these two
properties, they are called morphological filters.
Fig. 7 illustrates the effects of morphological openings and closings applied on grayscale images
with 8-connected elementary SE λ of increasing size λ.
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Figure 7: Grayscale opening and closing with square-shaped SE λ of increasing size λ.
The main concern with these two morphological filters is their very strong sensitivity to the SE
shape, which will have a straight influence on the shapes visible in the filtered image. In order to avoid
this problem, it is possible to involve the so-called algebraic filters which are a generalization of the
morphological opening and closing defined above. For the sake of conciseness, we will use in this
chapter the operator ψ to represent any morphological filter (e.g. γ or ϕ).

3.4

Algebraic filters

The term algebraic opening (respectively closing) is related to any transformation which is increasing,
anti-extensive (respectively extensive) and idempotent. Thus morphological (also called structural) opening and closing are a particular case of algebraic filters. The two main ways of creating algebraic opening
and closing are recalled here.
The first option relies on opening and closing by reconstruction, which are useful to preserve original
(1)
object edges. More precisely, let us note εg (f ) the geodesic erosion of size 1 of the marker image f
with respect to the mask image g:
(1)
ε(1)
g (f )(p) = ε (f )(p) ∨ g(p)

(3.8)

where the elementary erosion is limited (through a lower bound) within the mask, i.e. εg ≥ ε.
Similarly, the geodesic dilation of size 1 is defined by:
δg(1) (f )(p) = δ (1) (f )(p) ∧ g(p)
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(3.9)

where the elementary dilation is limited (through an upper bound) within the mask, i.e. δg ≤ δ.
These two operators are usually applied several times iteratively, thus we will use the following
notations:
(1) (n−1)
ε(n)
(f ))
(3.10)
g (f ) = εg (εg
and
δg(n) (f ) = δg(1) (δg(n−1) (f ))

(3.11)

From these two geodesic operators, it is possible to build reconstruction filters ρ which consist in
successive applications of these operators until convergence. More precisely, the morphological reconstruction by erosion and by dilation are respectively defined by:
(j)
(j−1)
ρεg (f ) = ε(j)
(f )
g (f ) with j such as εg (f ) = εg

(3.12)

ρδg (f ) = δg(j) (f ) with j such as δg(j) (f ) = δg(j−1) (f )

(3.13)

and
Based on these reconstruction filters, new morphological filters which preserve object edges can be
defined. Indeed, the opening by reconstruction γbρ (f ) of the image f using the SE b is defined as:
γbρ (f ) = ρδf (εb (f ))

(3.14)

while the closing by reconstruction ϕρb (f ) is defined by:
ϕρb (f ) = ρεf (δb (f ))

(3.15)

In other words, for the opening (resp. closing) by reconstruction, the image f is used both as input for the
first erosion (resp. dilation) and as mask for the following iterative geodesic dilations (resp. erosions).
Contrary to their standard counterparts, these morphological filters by reconstruction remove details
without modifying the structure of remaining objects.
The second option consists in computing various openings (respectively closings) and select their
supremum (respectively infimum). Here each opening is related to a different condition or SE. Let us
consider a set B = (b)i of SE, we can then define respectively the algebraic openings and closings by:
_
α
γB
(f ) =
γb (f )
(3.16)
b∈B

and
ϕαB (f ) =

^

ϕb (f )

(3.17)

b∈B

and
and we will use the shortcuts
=
= ϕαλB with λB = (λb)i .
Among the main algebraic filters, we can mention the area-based operators, which have the very
interesting property to be invariant to the shape of the SE b under consideration. To do so, they consider
the whole set of all SE of a given size λ, thus resulting in the following operators:
_
γλa (f ) = {γb (f ) | b is connected and card(b) = λ}
(3.18)
γλα

α
γλB

ϕαλ

b

and
ϕaλ (f ) =

^
{ϕb (f ) | b is connected and card(b) = λ}

(3.19)

b

ψa

Area filters
are a special case of more general attribute filters ψ χ , with the attribute or criterion χ
to be satisfied being related to the area, i.e. the Boolean function χ(b, λ) = {card(b) = λ}. Other
attribute filters can be elaborated, in particular shape-related ones, involving for instance the perimeter
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P
χ(b, λ) = {card(b − ε(b)) = λ} or the moment of inertia χ(b, λ) = { q∈b d(q, o) = λ} (with d the
Euclidean distance and o the origin of the SE b). More generally, attribute filters can be defined as:
_
γλχ (f ) = {γb (f ) | b is connected and χ(b, λ)}
(3.20)
b

and
ϕχλ (f ) =

^
{ϕb (f ) | b is connected and χ(b, λ)}

(3.21)

b

In Fig. 8 some visual comparisons between structural filters, filters by reconstruction, and area filters
as applied on grayscale images are given. One can observe the interest of filters by reconstruction and
area filters as they possess limited sensitivity to the SE shape.
λ=2

λ=3

λ=4

λ=5

Structural
Opening
γλ

Opening by
Reconstruction
γλρ

Area
Opening
γλa

Structural
Closing
ϕλ

Closing by
Reconstruction
ϕρλ

Area
Closing
ϕaλ

Figure 8: Comparison between grayscale standard (structural) filters, filters by reconstruction, and area
filters with increasing λ parameter.
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Apart from these basic operators, mathematical morphology offers a wide range of operators or
methods to process images. We can cite the morphological gradient, the hit-or-miss transform to perform
template matching or object skeletonization, the watershed or levelling approaches for segmentation, the
alternating sequential filters (ASF) for image simplification, etc. Starting from the following section, we
will focus on morphological texture features that use largely combinations of the previously presented
operators. For more detailed information on mathematical morphology, the interested reader may consult
(Soille, 2003), that provides an excellent overview of the morphological toolbox for image processing
and analysis.

4

Morphological approaches to texture description

The two main morphological tools used for texture analysis are granulometry and morphological covariance, and both are based on the common principle of morphological series. The first one studies
the amount of detail removed by applying successively basic morphological operators along with SEs
of various sizes, whereas the latter is the morphological equivalent of the standard covariance operator.
They have been both employed successfully in a large number of applications (Soille, 2003).
Multiple morphological solutions have been developed, in order to resolve the core issues of texture
characterization, usually in the form of extensions for covariance and granulometry (Lefèvre, 2009).
Scale invariance was addressed early on with iterative morphological decompositions and scale-spaces
(Jalba, Wilkinson, & Roerdink, 2004; Lam & Li, 1997), whereas illumination invariance was investigated later by Hanbury, Kandaswamy, and Adjeroh (2005). Attempts to increase effectiveness have also
been made through the use of invariant moments (Aptoula & Lefèvre, 2006; Wilkinson, 2002), as well
as through the use of composite structuring elements (Aptoula & Lefèvre, 2007b). In addition, a rotation
and scale invariant approach oriented towards general purpose image retrieval and based on combined
use of size and shape in structuring elements has also been proposed by Urbach, Roerdink, and Wilkinson
(2007). Yet, with the advent of new approaches in texture analysis, such as local binary patterns (LBP)
(Ojala, Pietikäinen, & Mäenpää, 2002), maximum response 8 (MR8) (Varma & Zisserman, 2005), and
Gabor filter based descriptors, the efforts to further improve morphology based texture description approaches in the last years, have been rather scarce (Southam & Harvey, 2009) and/or application specific
(Cord, Bach, & Jeulin, 2010).
In this section, we present the contemporary morphological arsenal for texture analysis. We start
from the advantages of morphological texture features and then elaborate on the principles of morphological series and size distributions. Next, we advance through the various extensions of granulometry and morphological covariance; organized mainly in terms of distribution combinations: distanceorientation, size-shape, etc; while rotation and illumination invariance are handled separately. We additionally present several other alternative extensions such as spatial moment based valuations, etc.

4.1

Advantages of morphological texture features

Given the huge variety of texture description approaches, why should anyone use structural and particularly morphological features? Morphological analysis is well suited for textures, since as a nonlinear
shape based image filtering framework, it excels at the exploitation of spatial relationships among pixels,
and possesses a large number of tools capable of extracting size and shape information. This becomes especially valuable when concentrating on texture primitives. Moreover, multi-scale morphological tools
can be implemented relatively easily, thus handling texture pritimive size variations, while connected
morphological operators represent a further powerful set of tools capable of exploting pixel connectivities.
In addition, conversely to difference statistics and Fourier transforms, that only describe a texture
process up to second-order characteristics, morphological methods can capture higher-order properties
of the spatial random processes (Baeg et al., 1999). And last, in case of increased efficiency requirements,
morphological tools can be directly expressed with Boolean Algebra, and can therefore be implemented
on dedicated hardware. In short, given the spatial nature of the aforementioned texture characteristics in
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Section 2 (with the exception of overall color and color purity), mathematical morphology possesses a
considerable theoretical advantage over its linear counterparts in capturing them.

4.2

Principles of morphological series and size-distribution feature

Although there exists a considerable variety, the vast majority of morphological texture features rely on
the principle of morphological series, which lead to uni- or multi-dimensional distributions, based on
one or more SE properties, such as size, shape, orientation, etc. To explain, applying a morphological
filter such as a structural opening with a SE b of increasing size λ results in a series of successive filtered
images with less and less details. Let us denote by bλ the SE b of size λ, and write γλ as a shortcut for
γbλ . We can then formulate the series Πγ (f ) of successive openings γ on the input image f :

Πγ (f ) = Πγλ (f ) | Πγλ (f ) = γλ (f ) 0≤λ≤n
(4.1)
where γ0 (f ) = f and n + 1 is the length of the series (including the original image). Instead of focusing on filtered images, one can also emphasize the details removed after each opening, thus building a
differential series. Let us note ∆γ this series:

∆γ (f ) = ∆γλ (f ) | ∆γλ (f ) = Πγλ−1 (f ) − Πγλ (f ) 0≤λ≤n
(4.2)
with the assumption ∆γ0 = 0. In this series, a pixel p will appear (i. e. have a non null value) in ∆γλ (f ) if
it is removed by the morphological opening γλ of size λ (or in other words, if it was present in γλ−1 (f )
but not anymore in γλ (f )).
From these two series Π and ∆, it is possible to compute morphological texture features related
to the distribution of primitive sizes within a texture image. The most basic among these features, is
granulometry, and it is built by first gathering the values of the series Πγ over all pixels p of the filtered
image γ(f ) through a Lebesgue measure, for instance a volume or sum operation. In the particular case
of binary images, the image volume can either be computed as the sum of pixel values or as the amount
of white pixels (or 1-pixels). Granulometry (i. e. size distribution) is then defined by:




X
Πγλ (f )(p)
(4.3)
Ωγ (f ) = Ωγλ (f ) | Ωγλ (f ) =


p∈E

0≤λ≤n

We can observe that Ωγ is monotonically decreasing due to the extensivity property of the opening, i.e.
γ(f ) ≤ f . In order for this measure to be invariant to image size and to represent cumulative distribution
functions, it is worth being normalized, thus resulting in the new definition:


Ωγλ (f )
γ
γ
γ
Γ (f ) = Γλ (f ) | Γλ (f ) = 1 − γ
(4.4)
Ω0 (f ) 0≤λ≤n
Of course, one is by no means limited by using only the image volume, as higher order statistical moments can be computed in order to form the final feature vector, some of the usual of which include
the mean, variance, skewness and kurtosis. These features are referred to as granulometric moments
(Dougherty & Astola, 1994). Furthermore, anti-granulometry (also called anti-size distribution) can
similarly be measured using series of morphological closings Πϕ instead of openings.
Consequently, while granulometry captures bright details on dark background, anti-granulometry focuses on dark details upon bright background, together providing an effective description of a texture’s
granularity (Dougherty, Newell, & Pelz, 1992). Furthermore, according to (Sand & Dougherty, 1998),
the granulometric moments of an image containing disjoint primitives are asymptotically normally distributed, with increasing numbers of primitives present in the image. In which case, an asymptotically
normal distribution can be assumed, thus explaining why granulometry works well along with Gaussian
Maximum-Likelihood classifiers. Although structural openings and closings are the most often employed

12

operators for computing these distributions, the use of more sophisticated alternatives, such as their reconstruction based counterparts is also widespread, in fact there have even been early reports that the
latter have superior noise robustness (Li, Hease-Coat, & Ronsin, 1996).
However, an often overlooked issue at this point is the choice of a suitable SE shape. Theoretically
speaking, in order to be obtain a granulometry, it is necessary for the SE to be a compact convex set
containing the origin (Matheron, 1975), but is there an ideal choice, e. g. square, disk, segment ? This
question has been studied by Ves, Benavent, Ayala, and Domingo (2006), who propose various objective
functions for quantifying the suitability of a SE shape. In addition, Asano, Miyagawa, and Fujio (2000)
has suggested a further SE shape optimization method, where the optimal choice is determined as the
one minimizing the variance of granulometry, since that shape is assumed to fit the texture perfectly.
Hendriks, Kempen, and Vliet (2007) on the other hand, have studied isotropic granulometries, and propose two methods for improving their description accuracy: placing the origin of the disk away from
the center in order to suppress its irregular size increments, and interpolating the input image for small
scales, which allows for a denser sampling of the discrete disk. Let us know look into the extensions
built upon granulometry.
A very interesting and classic morphological global texture feature is the pattern spectrum Φ, introduced by Maragos (1989), also called pecstrum (Anastassopoulos & Venetsanopoulos, 1991). It can be
seen as the morphological counterpart of the well-known histogram. Instead of measuring the distribution of intensities within an image, it aims at measuring the distribution of sizes (and to a lesser extent,
of shapes). To do so, it gathers values of the differential series ∆ over all pixels:




X
(4.5)
∆γλ (f )(p)
Φγ (f ) = Φγλ (f ) | Φγλ (f ) =


p∈E

0≤λ≤n

and the normalization ensures that measures are independent of image size:


Φγλ (f )
γ
γ
γ
Λ (f ) = Λλ (f ) | Λλ (f ) = γ
Ω0 (f ) 0≤λ≤n

(4.6)

The normalized pattern spectrum represents the proportion removed at each scale λ, while approximating
the derivative of Γγ , and it is a probability mass function. Moreover, Fig. 9 provides an illustration of
granulometry and of its corresponding pattern spectrum. As a side note, in case negative SE indices are
encountered, they denote the use of closing filters with increasing size λ.
The pattern spectrum provides an important amount of texture related information. In detail, if one
studies more carefully Fig. 9, it can be easily observed that “peaks” correspond to the size (if it is a size
distribution) of the SE best fitting the processed texture. In case it was a shape distribution where SE
shapes had been varied instead of their sizes, then the pattern spectrum would provide the corresponding
best fitting shape; the reason for this being that each value of the pectsrum represents the drop in the
number of texture primitives similar to the SE under consideration. Conversely, smoother graphs signify
a dissimilarity between the texture content and the SE. Consequently, by means of varying the SE properties (e. g. size, shape, etc) and/or the valuation method (e. g. volume, or higher statistical moments)
of the filtered images, one can effectively capture the inner structure of a given texture. Moreover, the
associated moments of pattern spectra have been used extensively as texture features since the 90s by
various authors for many texture classification problems (Y. Chen & Dougherty, 1994; Ghadiali, Poon,
& Siu, 1996).
However. even if these global features appear as particularly effective alternatives to “usual” approaches such as histograms, wavelets, or other textural features (just to mention a few), they are still
not deficiency-free. In short, as methods progress so do the requirements, and in the light of the current
need for fully invariant texture classification (Section 4.4), the basic form of granulometries and pattern
spectra is far from meeting these challenges. Naturally, following the attention that these tools received
during the 90s in the context of texture description, various extensions to them have appeared. One
of them has been iterative morphological decomposition (IMD) (Wang, Haese-Coat, Bruno, & Ronsin,
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Figure 9: The granulometric size distribution (top) and its corresponding pattern spectrum (bottom) with
disk-shaped SEs for the texture of Fig. 3 (left).
1993), which basically decomposes a given texture into a set of morphologically “simple” functions. In
particular, IMD is based on the associated component image sλ of a pattern spectrum:
f0 = f(
(fλ ◦ gn−λ )
sλ =
fn
fλ+1 = fλ − sλ
n
X
fλ =
sk

λ = 0, 1, . . . , n − 1
λ=n

(4.7)

k=λ

where f is the original image and gλ a sequence of SEs. The final features consist of the mean, variance,
gradient and area of each of the component images. IMDs have been further developped and equipped
with scale invariance (Lam & Li, 1996, 1997).
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Figure 10: The structure of a sieve decomposition, where φ is the sieve operator (Southam & Harvey,
2009).
Another global approach capturing the granularity of a texture image is the morphological sieve. To
explain, a morphological sieve performs a decomposition by scale as shown in Fig. 10, where in contrast
to the parallel structure of granulometry, it is sequential. Sieves are described using graph morphology
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Figure 11: From left to right, the original image, its M-sieved to scale 4470 version and the equivalent
closing using a square-shaped structuring element of equivalent scale (Southam & Harvey, 2009).
notation (Heijmans, Nacken, Toet, & Vincent, 1992), and are defined as operations on connected sets of
pixels. At each stage the sieve operator φ removes the extrema of only that scale. Formally, the result of
applying the sieve operator φ at scale s to an input image f can be written as:
(
φs (fs−1 )
s 6= 0
fs =
(4.8)
f0 = φ0 (f ) = f s = 0
where the φ operator is often in the form of a M- or N- filter, a subset of ASF filters. Moreover, sieves
preserve scale-space causality (Bangham, Ling, & Harvey, 1996) and are invertible transforms, since the
original image can be reconstructed up to an additive constant from a simple summation of the granule
images gs , across all scales s. In addition, their list of positive properties also includes leading to much
less image distortion due to the fixed shape of the SE (Fig. 11). All these advantages have led early on
to their application in texture analysis (Acton & Mukherjee, 2000; Fletcher & Evans, 2005), with most
recent work belonging to Southam and Harvey (2009).
Although granulometries and by extension pattern spectra are powerful multi-scale tools used in
image and particularly texture analysis, they do suffer from a drawback. More precisely, Eqs. (4.4) and
(4.6) do not retain any spatial information, i. e. information about the position of components removed by
each filter is not included neither in granulometry nor in a pattern spectrum. This effect is demonstrated
in Fig. 12. All three binary images in this figure contain the same number of squares in each size category.
If we use a granulometry consisting of openings by reconstruction with square structuring elements of
width λ, the resulting pattern spectra are the same for all three images. In fact, no granulometry is capable
of separating these patterns, because the only differences between the images lie in the distributions of
the connected components, not in their shapes or sizes (Wilkinson, 2002).
Of course, the spatial distribution of texture details is not necesserily always of relevance, for instance
when dealing with random content. On the other hand, when the spatial placement of the micro patterns
of a texture does become crucial, in that case the classical definitions of granulometry and pattern spectra
given above, can no longer help. This problem was studied by Wilkinson (2002) who suggested the
use of a spatially sensitive measure for quantifying the intermediate images of a morphological series.
Specifically, it has been proposed to replace the volume, i. e. sum of pixel values, with spatially invariant
moments, thus leading to pattern moment spectra, that can effectively distinguish the images of Fig. 12.
Ayala and Domingo (2001) also investigated this issue, and proposed a new descriptor named spatialsize distribution which constitutes a generalization of granulometry. More precisely, in their descriptor
filtered images of the morphological series are replaced by their intersection with filtered translated
images; the intersection being computed in a linear way with a product rather than in a nonlinear way
with a minimum. Thus their feature can be obtained by comparing the linear covariances applied on both
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Figure 12: In the top row, three images consisting of squares of different sizes, and in the bottom their
identical pattern spectra showing the number of foreground pixels removed by openings by reconstruction by λ × λ squares (Wilkinson, 2002).
initial and filtered images, for all possible vectors in a set defined by κb, with increasing κ values:














X
1
0~
q
0~
q
Ω(f ) = Ωλ,κ | Ωλ,κ =
K1 (f ) − K1 (Πλ (f ))
(4.9)
!2




P
q∈κb




f (p)




p∈E

0≤κ≤k
0≤λ≤n

−
where ~q is a shortcut for the vector →
oq with o the centre or origin of the SE b, and q any neighbour
belonging to the SE. Here we have used the notation K 0 to denote the autocorrelation function. The
spatial-size distribution can finally be computed as a 2-D differential measure, in a way similar to the
computation of the ∆ measure from the associated Π one. According to their experimentation, the new
descriptor performs better when finer description capacity is required.
Granulometries are one of the oldest and most extensively used and studied tools of the morphological toolset, thus their properties are well-known. They have been developed enough to achieve near
perfect scores in the past with benchmark databases (Y. Chen & Dougherty, 1994; Dougherty, Newell, &
Pelz, 1992). For a more detailed description of the potential of this operator outside the texture description context, the reader is referred to (Dougherty & Lotufo, 2003) (chapter 8).

4.3

Distance-orientation distributions

Although granulometry and the pattern spectrum rely on openings and closings, it is also possible to
involve any morphological operator, such as erosion (ε) to build a morphological texture feature able
to describe the global texture content. A fine example in this regard is the morphological covariance
feature K, defined as the morphological counterpart of the autocorrelation operator. To compute this
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Figure 13: In the top row, texture examples 0000 and 3780 from the Outex10 collection, and in the
bottom the resulting morphological covariance plots for 4 directions (0◦ , 45◦ , 90◦ , 135◦ ) and 20 distances
(Eq. 4.14).
feature, the SE b under consideration consists of a set of two points p1 and p2 and is defined by both a
→
→ −−→
size 2λ = k−
p−
v=−
p−
1 p2 k and an orientation ~
1 p2 /kp1 p2 k:




X
Πελ,~v (f )(p)
(4.10)
K ~v (f ) = Kλ~v (f ) | Kλ~v (f ) =


p∈E

0≤λ≤n

where
ελ,~v (f )(p) = f (p − λ~v ) ∧ f (p + λ~v )

(4.11)

Another definition of the covariance has been given by Serra (1982) where the autocorrelation function
is used, thus resulting in the operator ε0 defined by
ε0λ,~v (f )(p) = f (p − λ~v ) · f (p + λ~v )

(4.12)

where the intersection ∧ is replaced by a product · operation. A further generalization of covariance is
the variogram (Hanbury et al., 2005), which is of particular interest for color textures, as it will be shown
in Section 5.
Thus morphological covariance concentrates on detecting and quantifying primitives placed at preset distances. For the sake of clarity, we simplify the notation of Eq. (4.10) as:

K(f ; P2,v ) = Vol εP2,v (f )

(4.13)

where the morphological covariance K of a grayscale image f is defined as the volume Vol of the image,
eroded by a pair of points P2,v separated by a vector ~v and ε denotes the erosion operator while Vol the
sum of pixel values of f . In practice, K is computed for varying lengths of ~v , and most often the
normalized version is used for measurements:
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K n (f ) = Vol εP2,v (f ) / Vol (f )

(4.14)

Given the resulting series (Fig. 13) one can gain insight into the structure of a given texture (Soille,
2003). In particular, the periodic nature of covariance is strongly related to that of its input. Furthermore,
the period of periodic textures can be determined easily by the distance between the repeated peaks, that
appear at multiples of the sought period. Whereas the size of the periodic pattern can be quantified by
means of the width of the peaks. In other words, their sharpness is directly proportional to the thinness
of the texture patterns appearing in the input image. Likewise, the initial slope at the origin provides an
indication of the coarseness, with quick drop-off corresponding to coarse textures.
Additional information concerning the anisotropy of f can be obtained by plotting against not only
different lengths of ~v , but orientations as well (Fig. 13); in which case the intermediate results are concatenated to form a single feature vector. Moreover, in the light of the previous section, one can clearly
remark that morphological covariance thus provides complementary information to granulometry, urging
one to consider their union. The combination of these two tools is studied in Section 4.6.
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Figure 14: In the top row, three texture images differing only in the spatial distribution of their content,
and in the bottom row their identical normalized covariance plot obtained with a pair of horizontal points
for varying distances.
As illustrated in Fig. 14, the effectiveness of morphological covariance in retaining information of
spatial nature, depends strongly on the properties of the chosen pair of points. However, setting aside
the structuring element choice, the final characterization of the intermediate eroded images is realized
through their volume, in other words using their unscaled spatial moment of order (0,0). Spatial moments
constitute well known pattern recognition tools, employed especially in shape analysis (Hu, 1962). Consequently, given their proven sensitivity to spatial details, they can effectively replace the volume as
alternative characterization measures. This extension, first realized for pattern spectra by Wilkinson
(2002), has been further carried to morphological covariance by Aptoula and Lefèvre (2006), thus leading to spatial morphological covariance. In detail, the unscaled moment mij of order (i, j) of a grayscale
image f of size M × N pixels is given by:
mij (f ) =

M X
N
X
x=1 y=1
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xi y j f (x, y)

(4.15)

Thus, one can define an initial version of normalized spatial covariance of order (i, j) based on
unscaled moments:
S 0 Kij (f ; P2,v ) = mij (εP2,v (f ))/mij (f )

(4.16)

It becomes now clear that the volume corresponds to the use of m00 , or mean in the case of normalized operators. Hence, depending on the order and type of the chosen moments, different kinds of
information may be extracted from the input, while the exact effect of these choices on the computed features remains to be investigated. For instance, further refinement is possible through the use of unscaled
central moments:
µij (f ) =

M X
N
X

(x − x)i (y − y)j f (x, y)

(4.17)

x=1 y=1

where x = m10 (f )/m00 (f ) and y = m01 (f )/m00 (f ), that lead to translation invariant measurements.
In order to quantify the effect of the measure chosen in place of Vol, on the effectiveness of covariance as a feature extraction tool, several moment order combinations have been implemented in Section 8
and the resulting operators have been tested in terms of classification performance. As far as (Aptoula
& Lefèvre, 2006) is concerned, it is suggested to employ the normalized unscaled central moments, as
defined by Hu (1962):
ηij (f ) =

µij (f )
i+j
+ 1, ∀ (i + j) ≥ 2
α , with α =
[m00 (f )]
2

(4.18)

thus achieving scale and translation invariance. The resulting normalized spatial covariance equation
becomes:
SKij (f ; P2,v ) = ηij (εP2,v (f ))/ηij (f )

(4.19)

Normalised spatial covariance of order (3,0)

An application example of SK30 is given in Fig. 15. The three spatially different textures of Fig. 14
are once more processed with a horizontal pair of points. The results this time are clearly distinct, spatial
covariance having successfully captured the differences of the textures.
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Figure 15: Spatial covariance of the textures in Fig. 14, computed with translation and scale invariant
moments of order (3,0), by means of a pair of horizontal points at varying distances.

4.4

Rotation and illumination invariant distributions

Although using various point pair orientations transforms morphological covariance into an invaluable
anisotropic tool, in practice it is usually preferred to describe a texture independently of its orientation.
In other words, rotation invariance is sought more often. Since the previous goal of describing textures
effectively and efficiently under pre-set conditions has been relatively met, with near perfect classification
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scores being achieved with popular texture collections (Ojala, Pietikäinen, & Mäenpää, 2002), the early
years of content-based image description & retrieval are being left behind.
We advance into the next stage with a set of new challenges, of which fully invariant texture description is an important element (Shotton et al., 2009), and that is why the last decade has shown an increased
demand for all types of invariances in the context of texture analysis, with respect to scale, viewpoint
and illumination conditions, which we are still far from meeting (Vacha, Haindl, & Suk, 2011).
Moreover, even though morphological series are inherently suitable for multi-scale analysis, and
morphological scale-spaces have been thoroughly studied (Lefèvre, 2009; Shotton et al., 2009), rotation
and especially illumination invariant morphological texture description on the other hand has not received
the attention it deserves. Subsequently, a great deal of current morphological texture tools lack these
otherwise desirable properties.
For instance, as it can be observed from Fig. 16, morphological covariance as given at Eq. (4.14) is
neither rotation nor illumination invariant. Increasing brightness by 25% modifies radically the resulting
series, while rotating by 90◦ leads to a permutation of inter-orientation values. Motivated by this situation, Aptoula (2011) has recently set out to formulate a number of extensions for this operator that a)
increase its overall performance as a texture descriptor and b) equip it up to a certain degree with rotation
and illumination invariance.
Specifically, if we study carefully Eq. (4.13), one can easily remark that the standard covariance
operator consists of three basic elements, that are open to all kinds of modification. Those elements are:
• The structuring element (SE) that is employed, by default: point pairs.
• The morphological operator that is employed, by default: erosion.
• The evaluation method of the processed image, by default: the image volume, i. e. sum of pixel
values.
Having established these three exploration directions, each of them has been investigated in (Aptoula,
2011), always in the context of the aforementioned double objective. Multiple findings are reported in
the last reference, formulated as extensions for morphological covariance, such as Circular Covariance
Histograms, Circular Covariance Location Histograms and Rotation Invariant Points. They are all based
however on the same theoretical concept. Moreover, a combination of all these extensions, named Extended Morphological Covariance (ECOV) is also suggested, exhibiting rotation and illumination invariance. In addition, extensive experiments show it to outperfom many of the best known texture descriptors
for grayscale data.
All the same, rotation invariance is fairly straightforward to achieve with mathematical morphology.
As long as one continues to use a rotationally variant SE, such as a point pair along a certain direction,
the underlying operator is bound to possess the same undesirable property. What is needed in fact, is
a SE that will contain pixels independently of their orientation with respect to its centre, or simply an
isotropic SE. Intuitive choices in this case include disk and circle shaped SEs, that have been long used
with granulometry (Soille & Pesaresi, 2002) and its variants. Nevertheless, these circle or disk shaped
SEs are still nothing but discrete approximations of continuous circles, thus still preventing the operator
from becoming 100% rotation invariant.
One can at this point ask if it is not possible to use floating point circle coordinates, and approximate
the values not falling into pixel centres through interpolation, as done for instance using bilinear interpolation in the case of LBP’s (Ahonen et al., 2009). Although tempting as an approach, the answer is that
using such a strategy would lead to the appearance of pixel values that did not exist in the original image,
hence violating multiple morphological principles and leading for example to non-idempotent “openings”. Consequently the operators thus obtained could be at most denoted as pseudo-morphological.
That is why, even though they are only approximations, isotropic SEs are still chosen in exchange for
theoretical validity.
Important and relatively recent work on rotation invariant texture description has been carried out
by Southam and Harvey (2004, 2005a, 2005b, 2009), who focus on morphological sieves in order to
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Figure 16: From left to right, texture sample 3780 of Outex10, the same texture with its brightness
increased by 25%, the same texture rotated clockwise by 90◦ and the morphological covariance plot (4
directions, 20 distances) of all three.
construct morphological series. In particular, they have proposed the Tex-Mex features, that given a
texture employ a number of its channels, i. e. not necessarily successive granules, obtained through
opening and closing filters as well as from M-filters. Then they compute basic and rotation invariant
statistical measures such as mean, mean of the absolute value, standard deviation and skewness from
them as features. They have additionally investigated the use of 1D-sieves, where sieves are constructed
by means of a 1D recursive median filter applied at various orientations.
Illumination invariance on the other hand, concerns the stability of the computed features under
varying illumination conditions, such as intensity, illumination source and angle. In this context, morphological operators have a distinct advantage over their linear counterparts. Specifically, as mentioned
in Section 3, morphology is based on complete lattice theory, meaning that the tools operate on pixel
extrema, and not on their linear combinations. This can also be easily observed in practice by simply
taking into account the fact the morphological operators consist of various combinations of dilation and
erosion, which compute respectively the maximum and minimum of a given set of pixel values.
In other words, even if in a set of pixels the overall intensity levels change, as long as the relative order
of pixels with respect to their intensity remains the same, the morphological operator under consideration,
be it erosion, dilation or a combination thereof, will be unaffected, and will still pick as extremum the
same pixel, albeit with a modified intensity value. Nevertheless, as shown in Fig. 16, the statistical
measures that come into play within the morphological features for the valuation stage have an adverse
effect.
In further detail, an important volume of work has been done over general illumination invariance
leading to effective approaches, such as the one from Finlayson, Hordley, Schaefer, and Tian (2005)
(Fig. 17). Nevertheless, there is still no final texture representation that can provide fully invariant features. Moreover, according to (Mäenpää & Pietikäinen, 2004), illumination condition variations can lead
to drops in classification performance reaching 25%.
As far as mathematical morphology and textures are concerned, the problem of illumination invari-
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Figure 17: In the first row, a texture example from Outex 14 under the three different illumination sources
and in the second row, the same images after the application of a channelwise histogram equalization.
ance to the best knowledge of the authors, has been studied only by Hanbury et al. (2005). They investigate both granulometry and the variogram operators along with grayscale and color texture images. And
more importantly, they introduce a method for minimizing the effect of different illumination conditions
and show that its use leads to improved classification.
Specifically, they employ the MinVariance model, in which the change in the pixel values is modelled
as a function of relative change in two interdependent variables. To explain, the RGB pixel values are
expressed as a product function of sensor response function and illumination; leading them to rewrite
Lambert’s law, which by differentiation and a few assumptions later, results in the following condition
for illumination invariant pixel values:
dΩ = T (~
ρ)−1 · dχ

(4.20)

where Ω is the visual apparatus response function, ρ
~ is the sensor response, χ is the incident illumination
and T denotes the ratio between partial derivatives, i. e. the ratio between the partial change in pixel
values due to a change in illumination and the partial change in pixel values due to a change in sensor
sensitivity. In practice, the above condition may be achieved by a histogram stretching (Hanbury et al.,
2005).

4.5

Size-shape distributions

In the standard size-distribution, a unique parameter λ is considered for measuring the size evolution,
through the SE bλ . This definition, assuming a single size varying parameter λ, prevents us from performing accurate measurements. Indeed, it is not adequate for elliptical or rectangular texture grains for
instance, where the two independent axes should be taken into account. So several attempts have been
made to build bivariate morphological series, thus allowing to obtain size-shape measurements.
Lefèvre, Weber, and Sheeren (2007) considers structuring elements with two different size parameters α and β that vary independently. More precisely, a way to define the 2-D series of SE bα,β is given
(α−1) (β−1)
(β−1) (α−1)
by bα,β = δκ̆1 (δκ̆2 (b)) = δκ̆2 (δκ̆1 (b)) with κ1 and κ2 denoting the structuring elements
used as growing factors in the two dimensions, and b the initial SE. In the case of rectangular SE series,
a relevant choice for κ1 and κ2 consists in 1-D SE such as horizontal and vertical lines respectively (with
a length proportional to the degree of coarseness desired) and an initial rectangular SE b.
The new Π series built using the 2-D set of SE bα,β is then computed as:
n
o
Πγ (f ) = Πγα,β (f ) | Πγα,β (f ) = γα,β (f ) 0≤α≤m
(4.21)
0≤β≤n
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where the application of γ on f with a SE bα,β is noted γα,β (f ) and with the convention γ0,0 (f ) = f .
Similarly, the ∆ series measures the differential in both size dimensions:


1 γ
γ
γ
γ
γ
γ
∆ (f ) = ∆α,β (f ) | ∆α,β (f ) =
2Πα−1,β−1 (f ) − Πα−1,β − Πα,β−1 (f )
(4.22)
0≤α≤m
2
0≤β≤n

∆γα,0

∆γα ,

∆γ0,β

∆γβ ,

∆γ0,0

where
=
=
and
= 0.
Fig. 18 illustrates the potential interest of such 2-D features for sample images where standard pattern
spectra are irrelevant.
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Figure 18: Three input images (top) and their respective 2-D ∆ feature (middle). As a comparison,
standard pattern spectra using square SE (bottom left), horizontal line SE (bottom centre) and vertical
line SE (bottom right) are also given.
A similar approach has been proposed by P. Ghosh and Chanda (1998) who introduce conditional
parametric morphological operators, and who build a 2D set of SE with increasing size, both on the horizontal and vertical dimensions. From this set of SE they finally compute the bivariate pattern spectrum
for binary images. Bagdanov and Worring introduce the same feature under the term rectangular granulometry (Bagdanov & Worring, 2002), while a slightly different definition has been given by Barnich,
Jodogne, and Van Droogenbroeck (2006) to limit the SE to the largest non-redundant rectangles within
the analysed object (in binary images). Moreover, a more general expression of m-parametric SE has
been used in (Gadre & Patney, 1992) to define multiparametric granulometries.
Batman and Dougherty (1997); Batman, Dougherty, and Sand (2000) propose an alternative definiα
tion of this series using Euclidean series Πγ (f ) with the set of SE B = {−1 , |1 } where − and | denote
respectively elementary horizontal and vertical SE. Moreover, they also introduce a univariate series by
combining through the sum operations two series of SE bα and cβ built from initial SE b and c:
n
o
Πγ (f ) = Πγα,β (f ) | Πγα,β (f ) = γbα (f ) + γcβ (f ) 0≤α≤m
(4.23)
0≤β≤n
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Urbach et al. (2007) also propose to combine size and shape information in a single 2-D granulometry. They rely on attribute filters (Breen & Jones, 1996) γ χ and use a max-tree representation (Salembier,
Oliveras, & Garrido, 1998) of the image for computational reasons. Their 2-D series can be defined as:
o
n
χ1 ,χ2
(4.24)
Πγ
(f ) = Πγα,β (f ) | Πγα,β (f ) = γαχ1 (f ) ∧ γβχ2 (f ) 0≤α≤m
0≤β≤n

where the two criteria χ1 and χ2 are respectively related to the area (i.e. defining size) and the ratio of
the moment of inertia to the square of the area (i.e. defining shape).

4.6

Distance-orientation-size

Considering the fundamental perceptual texture properties mentioned in Section 2, morphological covariance and granulometry provide invaluable, yet complementary information on their input. More
precisely, covariance extracts a feature vector containing information on periodicity and directionality,
whereas granulometry concentrates rather on the granularity of its input. Consequently both are necessary in the general case for an effective texture description.
0

45

90

135

distance & direction

size

Figure 19: Illustration of structuring element pair variations, with respect to size, direction and distance.
However, their combination is rather ambiguous, as it can be realized in a variety of ways. The obvious method, is to calculate independently each feature vector and then employ their concatenation. An
alternative has been proposed by Aptoula and Lefèvre (2007b), which consists of unifying the two operators’ functionalities by varying in parallel three SE properties: its size, direction and distance (Fig. 19).
For practical purposes, the erosion operator of covariance in Eq. (4.14) is replaced with an opening.
Of course, on the contrary of granulometry it is also necessary to employ SE pairs, so that periodicity
information may be extracted. Hence the following hybrid expression is obtained:

GK n (f ) = Vol γPλ,v (f ) / Vol (f )

(4.25)

where Pλ,v denotes a SE pair of size λ separated by a vector ~v . However, it should be noted that as
the sieving principle of multiple morphological openings is satisfied if, and only if the SE is a compact
convex set containing the origin (Matheron, 1975), this combination no longer qualifies as a granulometry. In practice, only the four basic directions (0◦ , 45◦ , 90◦ , 135◦ ) are of importance, thus it has been
chosen to integrate directional variation with distance. Of course, in case directionality becomes particularly significant one can always separate it as an additional dimension representing a finer distinction
of directions, or even add one more dimension for shape distributions, where different SE shapes (e. g.
disc approximation, square, lines, etc) are also employed along with direction, size and distance. Fig. 20
presents the plots of the resulting feature matrices, as applied to the strongly ordered and disordered
textures of Fig. 4. Although their size distributions are rather similar, their directionality and periodicitiy
are clearly distinct.
Moreover, as far as classification is concerned, feature matrix size is of primary importance, since
redundant information may eventually be present and disrupt the overall process. Even with the moderate
sizes used in practice (e. g. 20-30 different SE distances) the resulting feature set can easily become
excessively large. That is why dimension reduction techniques, such as principal component analysis
(PCA), might become necessary.
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Figure 20: Plots of the feature matrices resulting from the application of Eq. (4.25) on the strongly
ordered (a) and disordered (b) textures of Fig. 4.
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4.7

Other approaches

Besides the previously presented texture characterization methodologies, there have been also some other
approaches, that although somewhat based on morphological series, they cannot be classified into one of
the previous categories.
For instance, Asano, Kobayashi, and Muraki (2005) have proposed a novel method, called intersize
correlation of grain occurrences, which is based on estimating texture primitives. Their model assumes
that a texture is composed by arranged grains, each regarded to be derived from a primitive pattern at a
certain homothetic magnification. Their method aims at estimating the primitive pattern and the grain
arrangement of a given texture. Specifically, according to their model a texture image X is represented
as:
[
X=
Br ⊕ Φr
(4.26)
r

where for non-empty Φr , Br denotes a grain and Φr the pixel positions where the r times magnified
grain is located. Each grain Br is assumed to be a homothetic magnification of a primitive B of size
r. Based on the idea that the SE yielding the simplest grain arrangement is the best estimate of the
sought primitive, they derive the estimate by finding the SE minimizing the integral of 1 − F (r), where
F (r) is the size distribution by openings with respect to size r. And it is this SE that is regarded as
the texture primitive. Once the primitive B is computed, an estimate of grain arrangement is obtained
by the morphological skeletonization employing B as SE. And the final characterization, i. e. intersize
correlation, is provided by the correlation between the occurrences of grains of different sizes located
closely to each other.
Another approach, proposed by Xia, Feng, and Zhao (2006) and extending that of (Samarabandu,
Acharya, Hausmann, & Allen, 1993), employs multifractal dimensions for texture characterization. In
detail, a fractal dimension represents how completely a fractal appears to fill space, and it has achieved
a certain popularity with the texture analysis community, due to its relative insensitivity to scaling transformations and strong correlation with the judgment of surface roughness by the human vision system.
Although inherently suitable for exploiting the regularity and coarseness of textures, its effectiveness has
been generally inferior to its major alternatives, since there is a gap between the mathematical fractal
model and real world digital images with their limited spatial resolution and bit depth. All the same, in
order to improve its discrimination ability, instead of using a single measure, the use of a set of measures has been advocated lately, that describes statistically the same phenomenon at different scales, thus
leading to multifractal dimensions.
This feature is commonly computed with the differential box-counting algorithm, which instead of
directly measuring an image surface, measures at different scales are obtained by means of counting the
minimum number of boxes of different sizes, that can entirely cover the whole surface. According to
(Xia et al., 2006) the same task can be accomplished in a more straightforward and accurate way by
means of morphological methods. In short, they apply iterative dilations on the image support at various
scales, using functional SEs of cubic shape. Specifically, for every scale s they first define the local
natural measure µs (i, j) in a window of size W × W :
|fs (i, j) − f (i, j)|
µs (i, j) = PW
i,j |fs (i, j) − f (i, j)|

(4.27)

where f is the original image, and fs its dilation by a cubic SE at scale s. Then the measure of order q at
scale s is computed:
I(q, s) = α

W
X

PW
µs (i, j)

q

where α =

i,j

i,j

|fs (i, j) − f (i, j)|
s

(4.28)

thus a set of multifractal texture descriptors, named local morphological multifractal exponents are defined:
1
ln(I(q, s))
Lq =
lim
, q 6= 0
(4.29)
|q| s→0 ln( 1s )
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possessing a superior discriminational ability with respect to other multifractal analysis approaches (Xia
et al., 2006).
A further original method for texture classification has been suggested by Lee, Lee, and Hsueh
(1995), in which a fuzzy hit-or-miss transform is employed. More precisely, first three SEs are generated dynamically by genetic algorithms, based on the test textures. They are then used for determining
the degree at which they fit the input images. The distribution of these fitting degrees are then converted
into a “texture spectrum” which constitutes the final feature vector.
An additional technique has been presented by Aubert, Jeulin, and Hashimoto (2000), who propose
exploiting the segmentation map of an image as produced by the watershed transform, in order to describe
its textural content. Specifically, they suggest constructing a size distribution using the area and volume
of the catchment basins of an image as well as of its complement. While McKenzie, Marshall, Gray,
and Dougherty (2003) have developed a new technique for modeling and classifying a growing texture
using its evolution function over time. Their method encompasses morphological texture classification
and parameter estimation with the objective of assessing the state of growth achieved by a texture using
only a small sample set to train on, consistent with many real world situations for quality control. And
last, Sivakumar and Goutsias (1999) have investigated morphologically constrained Gibbs’ random fields
leading to easier and more efficient implementations.

5

Extension to color

As explained in Section 2, color is an integral part of texture description, and as such several ways of
exploiting it have been reported, e. g. color histograms, color correlograms, etc. However, the challenge
does not consist only of how to exploit color, but of how to combine it with texture as well. According
to Palm (2004), color texture analysis techniques can be classified into the following three categories
(Fig. 21):
• Parallel approach: Color and intensity information is processed separately. For instance a color
histogram is computed independently from a granulometric curve, and then the two are used
jointly.
• Sequential approach: Color information is transformed into scalars, and then this label image is
processed with the tools available for intensity images.
• Integrative approach: This approach can be divided into single- and multi-channel strategies. In
single-channel strategies, each color channel is processed independently by means of grayscale
operators, whereas in multi-channel strategies two or more channels are handled simultaneously.
Morphological approaches usually take place in this category.
As far as mathematical morphology is concerned, the extension of the basic texture description tools
to color, falls inherently into the integrative approach category, where the same operator (e. g. color granulometry, color morphological covariance, etc) handles color and intensity information simultaneously.
The main obstacle in this regard is establishing a basis for color morphology, since despite numerous
attempts, there is still no widely accepted color morphological framework. For a comprehensive survey
of color morphology the interested reader is referred to (Aptoula & Lefèvre, 2007a). In this section, we
will first briefly recall the issues of color morphology, namely color space choice and color ordering, and
then present a selection of the so far proposed morphological color texture description tools.

5.1

Color mathematical morphology

The extension of mathematical morphology to color and more generally to multivariate images, is an
open problem. Specifically, as explained in Section 3.1, it is theoretically possible to define morphological operators on any type of image data, as long as a complete lattice structure can be introduced on the
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Figure 21: From top to bottom, the illustrations of parallel, sequential and integrative color texture
analysis approaches.
image intensity range. As suggested in (Serra, 1982), dilation and erosion basically rely on three concepts: a ranking scheme, the extrema derived from this ranking and finally the possibility of admitting
an infinity of operands. Yet, the first two are missing from multivariate images.
To explain, in the case of continuous multidimensional grayscale images f : Rd → R, it suffices
to employ the usual comparison operator “<”, in order to induce a complete lattice structure on R.
Likewise, the inclusion operator “⊂” can be used with binary images f : Rd → {0, 1}. However, if we
now consider multivariate images f : Rd → Rn , n > 1, where n = 3 for the specific case of color
images, it becomes problematic to find an ordering relation for the vectors of Rn , due to the fact that
there is no universal method for ordering multivariate data.
Consequently, given an adequate vector ranking scheme, the vectorial erosion (εb ) and dilation (δ b )
of a multivariate image f by a flat SE b, can be expressed immediately by means of the vectorial extrema
operators supv and infv based on the given ordering:
εb (f)(x) = infv {f(x + s)}

(5.1)

δ b (f)(x) = supv {f(x − s)}

(5.2)

s∈b

s∈b

Therefore, the main obstacle preventing the extension of morphological tools such as covariance and
granulometry to multivariate images, consists in defining an ordering relation that will induce a complete
lattice structure on the set of vectorial pixel intensities (Fig. 22).

Vector (Color) orderings

Vector extrema

Vector erosion & dilation

Vector morphological texture analysis

Figure 22: The relation between vector orderings and vector morphological texture analysis.
Several ordering approaches have been proposed with this purpose (e. g. marginal, reduced, conditional, etc). Given however the ambiguity of ordering vector data, coupled with the subjective nature
of color, it comes as no surprise that none of the color morphology approaches proposed so far in the
literature has met with general acceptance. Moreover, despite the rich variety of color morphological
frameworks, there are in fact only two main variables that are modified at each case: the extrema calculation method and the color space change, that takes place on the image data before ranking; undoubtedly
both influence the properties of the resulting operators. Depending on the ordering choice, whether for
instance it prioritizes color over intensity, one can achieve various results.
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Figure 23: A lettuce leaf texture sample from the KTH-TIPS2-b collection (a), its luminance (b), saturation (c) and hue (d) channels.
5.1.1

Color space choice

The choice of color space is of fundamental importance in color morphology, as it can largely influence
the end operators (Mäenpää & Pietikäinen, 2004). Although a great deal of color spaces have been
investigated (Aptoula & Lefèvre, 2007a), the general trend of the last years in color morphology has
been to employ a polar color space based on the notions of hue (h ∈ [0, 2π]), saturation (s ∈ [0, 1])
and luminance (l ∈ [0, 1]), mainly due to their intuitiveness. Besides, the polar color space trend is also
suitable for texture analysis, since textural information is contained largely within the intensity channel
(Fig. 23), and thus using a color space that separates it from chrominance is of practical interest, unlike
RGB. Furthermore, perceptually uniform color spaces such as CIELAB constitute good alternatives, yet
their conversion cost and need for a reference white point render them impractical. Moreover, although
most polar color spaces derive from essentially similar non-linear transformations of the RGB color cube,
several implementations exist e. g. HSV, HSB, HLS, HSI, etc (Gonzalez & Woods, 1992). According to
Hanbury and Serra (2003), the cylindrical versions of these spaces that are commonly used in commercial
software packages, have serious inconsistencies that render them inappropriate for quantitative color
image processing. These inconsistencies include dependence between brightness and saturation as well
as the lack of norms for the same dimensions, that effectively hinder basic color operations like averaging.
Hence, the same authors have proposed the improved HLS color space (denoted as LSH), which is based
on the original bi-conic version of HLS.
As illustrated in Fig. 24, one of the most important drawbacks of the cylindrical HLS space is the
unintuitive definition of saturation. Specifically, it is possible to have maximized saturation values for
zero luminance. This inconvenience, as well as the dependence of saturation on luminance are remedied
with the LSH space, where the maximal allowed value for saturation is limited in relation to luminance.
Therefore, all that remains in order to benefit from the advantages offered by polar spaces in the context
of multivariate morphology, is the ordering of their color vectors.
5.1.2

Vector orderings

As the concept of ordering plays a central role in color morphology, let us briefly recall the relative
definitions. A binary relation R on a set S is called:
• reflexive if x R x, ∀ x ∈ S
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Figure 24: Vertical semi-slice of the cylindrical HLS (left) and bi-conic LSH (right) color spaces.
• anti-symmetric if x R y and y R x ⇒ x = y, ∀ x, y ∈ S
• transitive if x R y and y R w ⇒ x R w, ∀ x, y, w ∈ S
• total if x R y or y R x, ∀ x, y ∈ S
A binary relation < that is reflexive and transitive is called a pre-ordering; if the anti-symmetry constraint
is also met, it becomes an ordering. If additionally the totality statement holds for <, it is denoted as
total, if not partial.
Establishing an order relation among multidimensional vectors and especially among colors, is a
challenging task requiring appropriate measures for handling the inherent relations between the channels
of the color space under consideration. Color vectors may be ordered in a variety of ways, such as
marginally, lexicographically, etc.
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Scalar Processing

g1
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Scalar Processing

g2

f2

f3

Scalar Processing

g3

f3

g1
Vector Processing

g2
g3

Figure 25: Marginal (left) and vectorial processing (right) strategies of a color image f consisting of
three channels f1 , f2 and f3 .

Partial orderings (Marginal) The marginal processing strategy, despite being presented usually as an
alternative to vectorial (Fig. 25), is as a matter of fact nothing more than just its variation, as it employs
the following partial ordering:
∀ v, v0 ∈ Rn , v ≤ v0 ⇔ ∀ i ∈ {1, . . . , n} , vi ≤ vi0

(5.3)

From an implementational point of view, marginal ordering consists in processing separately each channel of the input image and is thus equivalent to a parallel color texture analysis approach. Obviously,
there can be vectors that may not be comparable under this ordering relation, for instance a = [7, 2, 3]T
and b = [3, 4, 6]T . Nevertheless, this does not prevent the definition of valid morphological operators
based on extrema computed by means of this ordering (Serra, 1993). Furthermore, it makes it possible
to employ all tools offered by grayscale morphology with no need for special adaptation steps.
Despite its implementational simplicity, marginal ordering suffers mainly from two disadvantages:
not accounting for inter-channel information as well as the risk of altering the spectral composition of its
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input. More precisely, as each component is processed independently, any eventual correlation among
them is totally ignored, hence rendering this approach unsuitable for images with highly correlated components (e. g. RGB color images).
Furthermore, there is absolutely no guarantee that marginally processed vectors belong to the input
image. The lack of vector preservation constitutes an undesirable effect for several applications. For
example, this can lead to the appearance of new colors (also known as false colors) and thus deteriorate
the visual quality of the result, and in particular the color balance and the object boundaries (Fig. 26). In
texture description, it can be harmful for spectral signature based classification, where an altered spectral
composition can damage the entire process.
Formally, the only way to use morphological operators without generating new vectors is to impose
an order on the vector space by means of an (pre-)ordering verifying the totality constraint (Talbot, Evans,
& Jones, 1998). Yet, vector preserving approaches are in the same time limited by this property, due to
the restriction imposed on their output (i. e. the output must be a vector from the input set); whereas the
marginal approach has access to a much broader range of output values.

Figure 26: Example of false colors. From left to right, the original image, the result of a marginal median
filter and of a vector (lexicographical) median filter.

Total pre-orderings In this case, contrarily to the marginal approach, by means of the additional property of totality, all vectors become comparable and as a result it is possible to construct a totally ordered
lattice structure. Hence pixels can be manipulated as whole vectors, and consequently the risk of altering the pixel composition of an image is eliminated (Talbot et al., 1998). All pre-orderings however
share a common drawback, which is the relaxation of the anti-symmetry constraint. Thus distinct vectors
can eventually end up being equivalent. That is why additional measures become necessary, in order to
resolve the ambiguity of eventually multiple extrema.
Total pre-orderings are most often obtained through reduced orderings employing a non-injective
reduction transformation. More precisely, vectors are first reduced to scalar values and then ranked
according to their natural scalar order. For instance, such an ordering on Rn could consist first in defining
a transformation h : Rn → R, and then ordering the vectors of Rn with respect to the scalar order of
their projection on R by h:
∀ v, v0 ∈ Rn , v ≤ v0 ⇔ h(v) ≤ h(v0 )
(5.4)
Classic choices for the h transformation, include ranking a family {vj } of vectors according to their
distance from a reference vector vref :
∀ vk , vl ∈ {vj } , vk ≤ vl ⇔ d(vk , vref ) ≤ d(vl , vref )

(5.5)

where d(·, ·) represents a distance measure. In case the reference vector is the origin, Eq. (5.5) becomes
equivalent to using the vector norms. Of course, any transformation capable of realizing the necessary
reduction may be used. For example in (Comer & Delp, 1999), RGB color vectors are reduced to scalars
with the help of a linear weighted combination:
h(v) = w1 · v1 + . . . + wn · vn

(5.6)

Hence enabling the arbitrary prioritization of color channels by means of the wi ∈ R, i ∈ {1, . . . , n}
coefficients.
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Total orderings Total orderings, from a theoretical point of view, have two main advantages that render
them more suitable for vector ordering, as far as color morphology is concerned. First, thanks to their
totality, they are vector preserving, and contrarily to pre-orderings, as they verify the anti-symmetry
constraint the computed extrema are unique. That is why the majority of the attempts concentrated on
extending morphological operators to color images are based on total orderings.
However, it should be noted that the uniqueness of extrema takes a serious toll, since the prioritization
of certain vector components becomes inevitable. That is why they are almost always used in combination with a suitable domain transformation (e. g. HSV, CIELAB, etc) that will place the “interesting”
part of the data in specific channels.
In particular, lexicographical ordering is the most widely employed total ordering within this context
(Aptoula & Lefèvre, 2007a):
∀ v, v0 ∈ Rn , v ≤L v0 ⇔ ∃ i ∈ {1, . . . , n} , (∀ j < i, vj = vj0 ) ∧ (vi ≤ vi0 )

(5.7)

As a conditional ordering, it is most suitable to situations where an order of “importance” exists on the
available channels, either inherently or artificially created by means of an appropriate transformation.
Fig. 27 provides an example of the priority attributed to the first component during lexicographical ordering. More precisely, a vectorial dilation is applied on a RGB color image (Fig. 27, left) and as red
is the head component, it dominates visibly over green (Fig. 27, middle). Whereas if we permute the
channels as GRB, the effect is reversed in favor of green (Fig. 27, right).

Figure 27: Original image (left), results of applying a vectorial dilation based on a lexicographical ordering (RGB - middle) (GRB - right) with a 21×21 square SE.
The popularity of lexicographical ordering in color morphology, is also due to the fact that several color spaces exhibit an inherent prioritization among their channels as far as human observers are
concerned. Specifically, as the human vision system is more sensitive to brightness changes than to chromatic changes, brightness components tend to be privileged (Gonzalez & Woods, 1992). Polar spaces
are particularly suitable for this task, as they are closely related to the way which humans perceive color.
Nevertheless, we should note that even though luminance and saturation are scalar in nature and can
thus be directly employed in Eq. (5.7), hue on the other hand is 2π-periodic, and consequently requires
special treatment. This problem is usually overcome by using a distance with respect to one or more
reference hue values h0 (Aptoula & Lefèvre, 2009b):

|h − h0 |
if |h − h0 | < 0.5
h ÷ h0 =
(5.8)
1 − |h − h0 | if |h − h0 | ≥ 0.5
The hue values are then ordered according to their distances from h0 :
∀ h, h0 ∈ [0, 1], h < h0 ⇔ h0 ÷ h0 < h ÷ h0

(5.9)

where hues closer to h0 are considered greater.
As the majority of lexicographical comparisons are often determined by the first vector components,
variations of the classical lexicographical ordering have been proposed, with the end of better tuning
the priority as well as degree of influence of each component. For instance Rivest (2006) has suggested
reduced lexicographical ordering, which exploits the symmetrical nature of a norm based ordering by
using it at the first position of a lexicographical cascade:
v ≤ v0 ⇔ [kvk, v1 , . . . , vn ]T ≤L [kv0 k, v10 , . . . , vn0 ]T
32

(5.10)

where ≤L is the classical lexicographical ordering.
Another approach aiming for a “smoother” lexicographical cascade is Bit interlacing (or mixing).
Specifically it employs an injective transformation exploiting the binary representation of each component in order to impose a total order on the vector space (Chanussot & Lambert, 2000).
Given a vector v, with each component coded in k bits, the corresponding reduction transformation
h : Zn → Z is formulated as:
(
)
k
n
X
X
n·(k−m)
n−i
h(v) =
2
·
(5.11)
2
· vi,m
m=1

i=1

where vi,m denotes the mth bit of the ith component of v. Hence, the resulting binary representation of
h(v) becomes:
v1,1 v2,1 . . . vn,1 v1,2 v2,2 . . . vn,2 . . . v1,k v2,k . . . vn,k
(5.12)
Besides being endowed with all the qualities of a total ordering, bit mixing provides a more symmetrical
approach than its lexicographical counterpart as dimensions are mixed in bit level.
Another type of extension to the classical lexicographical ordering consists in using of a user defined
parameter α in such a way that it can modify the degree of influence of the first component. For instance,
the α-modulus lexicographical ordering, introduced by Angulo (2005):
∀ v, v0 ∈ Zn , v ≤ v0 ⇔ [dv1 /αe, v2 , . . . , vn ]T ≤L [dv10 /αe, v20 , . . . , vn0 ]T

(5.13)

has been implemented in the LSH color space. More precisely, by dividing the first vector component
with a parameter α, and then rounding it off to the next closest integer, a sub-quantization of the first
vector dimension is realized, hence forming larger equality groups within this dimension. Consequently,
a higher number of comparisons is expected to reach the second dimension. Further work aiming to
refine the contribution balance of each color channel during lexicographical comparison has been carried
out by Aptoula and Lefèvre (2008b). In particular they suggest new ordering strategies for the LSH
color space taking additionally into account the inter-channel relations, as well as marker based and
pseudo-morphological approaches.

5.2

Color morphological texture description

Despite the plethora of color orderings, as no formal color morphological framework has yet been established, morphological attempts at color texture analysis have been relatively rare. In particular, Aptoula
and Lefèvre (2006), have employed the Euclidean norm in RGB to obtain a reduced ordering:
∀ v, v0 ∈ Rn , v ≤ v0 ⇔ kvk ≤ v0

(5.14)

where the resulting vector erosion operator (ε) has been used in place of its grayscale counterpart in
Eq. (4.19), in order to define color morphological covariance combined with spatial moments. This type
of ordering is considered suitable for operations on RGB space, as all channels are equally important,
and the norm calculation does not privilege any of them during comparison.
An alternative reduced ordering has been employed in (Aptoula & Lefèvre, 2007b) for extending the
combination of morphological covariance and granulometry to color images (Section 4.6). Specifically,
this approach employs the LSH space and omits the hue while concentrating on capturing intensity and
color purity. It uses a particular scalarization function, that aims at balancing the use of saturation and
luminance, depending on the levels of the first. More precisely, given the bi-conic form of LSH (Fig. 24),
saturation can reach its maximal value for medium luminance levels, whereas it is of minimal importance
for extreme luminance levels (i. e. either too dark or too bright). In order to model the importance of
saturation (s) with respect to luminance (l) a sigmoid based transition is employed:
(
1
1+exp(−kL (l−ll )) if l ≤ 0.5
l ∈ [0, 1], f (l) =
(5.15)
1
if l ≥ 0.5
1+exp(kL (l−lu ))
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where the slope kL = 10, and the lower and upper offsets are respectively ll = 0.25 and lu = 0.75. Its
plot is given in Fig. 28. The arguments of f (l) have been set empirically, and divide the luminance range
roughly in three regions, with the middle corresponding to important saturation levels.
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Figure 28: Plot of the weighting function for the importance of color in relation to luminance.
Having established a relation between the two image components, it remains to determine the contribution of each in the scalarization process. In other words, in what amount is one to use luminance
and saturation when comparing vectors? In the ideal case, one would follow an image or vector specific
approach, for example by increasing the contribution of saturation if the image or vectors under consideration are highly saturated. However, this method although suitable for intra-image problems such
as filtering, is ill suited for inter-image problems, such as texture description; since it results in using
different weights for each component depending on the vectors or the processed image, hence leading to
a highly adaptive approach, which undermines the comparability of the calculated feature sets.
Therefore, it has been proposed to follow a strategy where the contribution of each component is
dependent on the image database under consideration. More precisely, the scalarization function h is
defined as:
wl , ws ∈ R, ∀(l, s) ∈ [0, 1]2 , h(l, s) = wl × l + ws × f (l) × s
(5.16)
where wl , ws are the weights of luminance and saturation respectively. These weights can be determined
by means of genetic, or some other means of (un)supervised optimization. Specifically, given the training
set of textures, the values of wl and ws can be set according to a cost function that minimizes the distance
of features among textures of the same class, and maximizes the distance of textures belonging to distinct
classes. Consequently, the color ordering becomes specific to the image database under consideration.
Of course this principle is by no means limited with textures and can be applied similarly for optimizing
for instance the ordering of multispectral vectors in remote sensing images.
It should have become clear by now that color orderings, although lead to theoretically valid color
morphological operators, are less than straigthforward. That is why, alternative possibilities to color morphological texture analysis are always investigated. A fine example in this context is the extension of the
variogram (i. e. generalization of covariance) to color images, suggested by Lafon and Ramananantoandro (2002). In detail, according to (Hanbury et al., 2005), to calculate the variogram of an image f (x),
a direction α and a unit displacement vector v̂ in this direction must be chosen. For various multiples of
vector v̂, written qv̂, the following value:
1
V (q, α) = E [f (x) − fα (x + qv̂)]2
(5.17)
2
is plotted against q, where fα (x + qv̂) is the displacement of image f in direction α by distance q. The
expectation value E of the grayscale differences squared is calculated only in the region in which the
original and displaced images overlap. The extension of the variogram to color images is an integrative
multi-channel strategy in which the difference in Eq. (5.17) is replaced simply by the Euclidean distance
in the perceptually uniform CIELAB color space, with no further need for color ordering mechanisms.
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As a side note, an interesting application of the variogram can be found in (Kourgli & Belhadj-Aissa,
2004), where its descriptive capability is employed for estimating texture primitives.
Moreover, this section would not be complete without mentioning color specific granulometries
(CSG) (Aptoula & Lefèvre, 2009a). Although a color descriptor, aiming to capture the size distribution of
color patches for content-based image description purposes, the fact that it handles the color information
of a given image as a texture, renders it suitable for this chapter. To explain, CSG does not employ a
vector processing strategy, and instead focuses on each (quantized) color of an image separately using
granulometry for description.
In particular, given a color image f with possible colors in {ci }1≤i≤m , a graylevel image fci for each
ci is computed, where every pixel fci (x, y) denotes the distance of f(x, y) to ci :
∀(x, y), fci (x, y) = d(f(x, y), ci )

(5.18)

Granulometry curve

where additionally d represents a color metric suitable for the color space under consideration, e. g.
the Euclidean distance for perceptually uniform spaces. Next, the granulometric curve of every fci
is computed using closings by reconstruction, since the color patches corresponding to each ci will
appear as darkest. The resulting curves (or their discrete derivatives) are concatenated to form the final
feature vector. Consequently, by applying granulometries “marginally” for each possible color, one can
distinguish for instance a connected “large” patch of color ci , from a number of smaller components of
the same color (Fig. 29).
Let us know switch context, and take a look into the implementation issues concerning the aforementioned morphological texture description tools.
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Figure 29: The input image (a) and the granulometric curves (b) coresponding to red, green and blue,
obtained by processing the distance image of (a) computed using an Euclidean distance in RGB.

6

Implementation efficiency

In support of the theoretical presentation presented above, here the issues related to the practical implementation of morphological texture features are discussed. To explain, straightforward coding of the
features described previously will lead to prohibitive computation times, thus making morphological
textures features impractical for most real-life problems. Fortunately, a lot of work has been done on
efficient algorithms and operators in the field of mathematical morphology. So all the features presented
in the previous sections can be computed very efficiently and thus be involved actually in any real (even
real-time) system.
Almost all of the textures description tools presented in this chapter, rely on morphological series, in
other words, they require the repeated application of a filter, with varying arguments. In the case of features based on standard filters (e. g. structural openings and closings), the reader will find in R(Vincent,
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2000) a comprehensive set of fast algorithms. We recall here the main ideas of this paper. When dealing
with binary images, two different cases have to be considered. The most simple case is related to linear
SEs for which a run-length technique can be involved. The principle for horizontal SEs is to scan each
line of the image from left to right, and add the length λ of each discovered run (i. e. series of successive
white pixels) to the associated Φλ bin of the pattern spectrum Φ. With more complex SE, creating an
opening transform is most of the time a prerequisite for fast algorithms, and can be performed using
a distance transform. Once the opening transform has been computed, extracting the granulometry or
pattern spectrum is straightforward.
In (Vincent, 2000) very efficient algorithms compatible with SEs which can be decomposed into
most simple ones (horizontal, vertical or diagonal SE) are given. Specifically, the opening transform for
binary images has been extended to the opening tree for grayscale images. Linear SEs are tackled with a
run-length technique rather similar to the binary case, with an additional step which consists in opening
the segments found in the input image iteratively to fill all the related bins in the pattern spectrum.
For other kinds of SEs (from which a decomposition into simple SEs is possible), it is necessary to
compute an opening tree. In such a structure, each node represents a plateau in the image (i. e. a series
of successive pixels having a value higher or equal to a level l). The tree root is related to the lowest
level l = 0 while the leaves correspond to local maxima. The pattern spectrum can then be obtained
by analysing the successive nodes of the opening tree for each pixel. Some techniques to deal with
semi-local computation of granulometries are also introduced in the same reference.
As far as attribute-based operators are concerned, several efficient algorithms have also been proposed. Vincent (1993) introduces an algorithm for area-based filters which starts from all image maxima
and iteratively analyzes their neighbourhoods by increasing the grayscale range until the area parameter
is reached. This work was extended to general attribute-based filters in (Breen & Jones, 1996), while in
(Salembier et al., 1998) another solution for attribute-based filters has been introduced, using new data
structures, the max and min trees. More recently, an alternative solution to the use of queues based on
the very efficient union-find structure has been given in (Meijster & Wilkinson, 2002).
In order to reduce the computation time, it is necessary to limit the number of comparisons needed
when applying a morphological operator. This can be achieved either by decomposing a 2-D SE into
smaller 1-D or 2-D SE, or by optimising a given morphological operator through analysis of its behaviour (in particular with linear SE); a recent review on this topic may be found in (Van Droogenbroeck
& Buckley, 2005) (the case of filters using a rectangular SE is considered in a previous paper (Van
Droogenbroeck, 2002)). To illustrate the first case, let us assume a SE b can be written as a combination of smaller SE b1 and b2 such as b = δb˘1 b2 . Then the morphological filtering simplifies, e. g.
(λ−1)

εb (f ) = εb1 εb2 (f ). Similarly, the SE b with size λ can be defined as bλ = λb = δ
(b). Thus various
b̆
solutions have been introduced in the literature for SE decomposition, mainly dealing with convex flat
SE.
Among the earliest works, an efficient tree search technique has been proposed in (Zhuang & Haralick, 1986) and later in (Park & Chin, 1995) the decomposition of a SE into its prime factors is considered.
More recently, a greedy algorithm which minimizes the number of SE used in the decomposition was
introduced (Hashimoto & Barrera, 2003). But all the deterministic approaches are related to convex SEs,
some are even dedicated to a particular shape (e. g. a disc in (Vanrell & Vitria, 1997)). When dealing
with nonconvex SEs, solutions can be obtained through the use of genetic algorithms (Shih & Wu, 2005)
or linear programming (Yang & Lee, 2005). In case of structuring functions, one can refer for instance
to (Engbers, Boomgaard, & Smeulders, 2001). Moreover, it is also possible to perform a 1.5-D scan of
the 2-D SE as proposed in (Fredembach & Finlayson, 2008). To the best knowledge of the authors, the
most up-to-date technique is in (Urbach & Wilkinson, 2008) where a SE is not decomposed into smaller
SEs but into chords, and for which the C source code is freely available from the authors.
Besides efficient algorithms to ensure low computation time, one can also rely on hardware implementation of the morphological operators (Mertzios & Tsirikolias, 1998; Sivakumar, Patel, Kehtarnavaz,
Balagurunathan, & Dougherty, 2000). In case of hyperspectral data, a parallel architecture built from a
cluster of workstations is investigated in (Plaza, Plaza, & Valencia, 2007).
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7

Applications

The different morphological texture features reviewed in this chapter have been used in the literature to
solve various problems. We present here the main areas where they have been applied, as illustrative
examples to help the reader to understand their benefits over conventional features when dealing with
real-life problems.

Figure 30: Material examples from the ALOT collection (Burghouts & GeuseBroek, 2009).

7.1

General purpose texture segmentation and classification

When computed at a local or semi-local scale, texture features may be used in order to perform segmentation of textured images. Early work in this field is due to Dougherty, Pelz, Sand, and Lent (1992) who
proposed to consider several features (mean and variance of the pattern spectrum, or more generally the
granulometric moments) leading to various studies since then. Among them we can cite the work of
Fletcher and Evans (2005) on area-based filters. While a supervised segmentation scheme is proposed in
(Racky & Pandit, 1999) which requires to learn the different textures before applying the segmentation
algorithm. For each image in the morphological scale-space, the mean and standard deviation are computed with 3 different SEs (square, horizontal and vertical line segments) that lead to the identification
of the scales which are relevant for texture recognition.
Furtermore, the Brodatz dataset (Brodatz, 1966) has been extensively used in the near past as a
benchmark for texture features, for instance hat scale-spaces are considered in (Jalba et al., 2004), while
in (Velloso, Carneiro, & Souza, 2007) various dimensionality reduction techniques are compared. Similarly, in (Ayala, Diaz, Demingo, & Epifanio, 2003) various statistical moments are investigated for
improving the performance of granulometric size distributions.
All the same, in the last decade, newer and more effective texture collections such as Outex (Ojala,
Mäenpää, et al., 2002), KTH-TIPS2 (Caputo et al., 2005) and ALOT (Fig. 30) (Burghouts & GeuseBroek,
2009) have emerged, rendering Brodatz relatively obselete. The Outex collection in particular has been
popular with morphological textures (Aptoula & Lefèvre, 2006, 2007a, 2007b, 2008a, 2008b; Southam
& Harvey, 2005a).

7.2

Content-based image retrieval

Mathematical morphology has been present in the field of content-based image retrieval since the 90s,
and it has been so primarily through granulometric distributions. These measures have been employed
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Figure 31: Screenshot of the Morphological Image Annotation and Retrieval system (Aptoula, 2008).
by various authors mainly for shape-based object recognition. Some of those approaches however have
been multi-purpose operators aiming to characterize texture as well, such as the quantised size-shape
2-D pattern spectra, using attribute scale-spaces (Urbach et al., 2007).
Purely morphological texture oriented approaches applied to CBIR on the other hand have been
very few. The MIMAR content-based image annotation and retrieval system developed by Aptoula and
Lefèvre is one such example (Fig. 31) (Aptoula, 2008), where the offline annotation of image collections is carried out by means of morphology based color and texture descriptors. Specifically, texture is
characterized through morphological spatial covariance, using a variety of spatial moments. While color
is described using color specific granulometries (Section 5.2), and multi-scale histograms, constructed
over a scale-space based on morphological levelings and on the watershed transform (Aptoula & Lefèvre,
2009a).

7.3

Biomedical Imaging

In the field of biomedical imaging, morphological texture features have been successfully involved in
the resolution of various problems. We provide here some examples related to medical and biological
imaging.
In the field of Ophthalmology, binary images obtained from specular microscopy are analyzed by
means of granulometric moments either at a global scale (Ayala, Diaz, & Martinez-Costa, 2001) or at a
semi-local scale (Zapater, Martinez-Costa, Ayala, & Domingo, 2002) to determine the corneal endothelium status. Segmentation of X-ray mammographies is performed in (Baeg et al., 1999) by relying on
a clustering algorithm. Each pixel is characterized by some features which consist of the 3 first moments computed on several semi-local granulometric curves obtained using 10 different SE (both flat
and non-flat).
Skin lesion images acquired with diffuse reflectance spectroscopic imaging are analyzed in (Mehrubeoglu,
Kehtarnavaz, Marquez, & Wang, 2000) through several pattern spectra computed with various SEs.
While Sariyanni, Asvestas, Matsopoulos, Nikita, and Nikita (2001) have performed a quantitative study
for the discrimination of different hepatic lesions using morphological and other fractal dimensions.
Veenland, Grashuis, Weinans, Ding, and Vrooman (2002) on the other hand, have studied the ability of
texture features to assess changes in trabecular bone architecture as projected in radiographs. Specifically, they have concentrated on the ratios of the differences of morphological gradients with various SE
shapes, that provide invariance against multiplicative intensity changes. The same topic has also been
studied before by Y. Chen, Dougherty, Totterman, and Hornak (1993), who detect changes in trabecular
bone by means of granulometries and an ML classifier.
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As far as biology is concerned, Diatom shells are classified using some features computed on scaleρ
spaces built using top-hat operators by reconstruction (i.e. Πτ series) (Jalba et al., 2004) and using
size-shape features (Urbach et al., 2007). In the field of quantitative cytology, histological images of
breast tissue are classified using an SVM with size-density features in (Zingman, Meir, & El-Yaniv,
2007). While Dougherty and Chen (1998), employ granulometry based texture description for blood
cell analysis and chromosome overlap detection. Granulometry is also involved in (You & Yu, 2004) to
determine accurate parameters to separate overlapping cells. Likewise, Theera-Umpon and Gader (2000)
use granulometries for counting white blood cells. Grayscale granulometries and Fourier boundary descriptors are further combined in (Tang, 1998) to perform classification of underwater plankton images
with a neural network. And last, Angulo, Klossa, and G.Flandrin (2006) extend granulometry to color
images using a polar space, and employ it to characterize lymphocytes in color blood images.

Figure 32: Classification example of a remote sensing image using differential morphological profiles
(DMP) (Aptoula & Lefèvre, 2007a).

7.4

Remote sensing

Morphological texture features have also been applied to remote sensing, or satellite image analysis,
mainly with the purpose of image segmentation and pixel classification. In either case, pixel signatures
are traditionally provided by differential morphological profiles (DMP), that are computed by means of
size pattern spectra using structural and reconstruction based filters.
Specifically, the interpretation of multispectral images has been elaborated by Aptoula and Lefèvre
(2007a) with the comparison of various vector ordering schemes for computing the DMP used in a
subsequent supervised pixelwise classification (Fig. 32). Additionally, in (Lefèvre et al., 2007) a sizeshape pattern spectrum with rectangular SE has been considered in order to determine automatically the
optimal parameters for a noise removal step based on an opening, in the context of a morphological
approach to building detection in panchromatic remotely-sensed images.
Remotely-sensed textures have also been analyzed by means of pattern spectra in (Velloso et al.,
2007). Some further work done in pixelwise classification of hyperspectral images include (Benediktsson,
Palmason, & Sveinsson, 2005; Plaza, Martinez, Perez, & Plaza, 2004). The problem of dimensionality
reduction has also been tackled (Plaza et al., 2007), while post-conflict reconstruction assessment has
been addressed in (Pesaresi & Pagot, 2007), and building detection has been studied in (Shackelford,
Davis, & Wang, 2004). And last, in (Bellens, Martinez-Fonte, Gautama, Chan, & Canters, 2007), operators by partial reconstruction have been used as intermediate filters between standard filters and filters
by reconstruction.

7.5

Industrial texture inspection and classification

A further application area of morphological texture description has been automated industrial inspection,
where texture features are often employed with the end of defect detection and surface inspection. As
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lighting conditions may be unstable in such environments, illumination invariance becomes particularly
crucial.
In particular, the corrosion process of materials, where a few small “spots” gradually increase in size
and number until they cover the surface of a material, has been studied in the context of evolving textures
by McKenzie, Marshall, and Gray (2006) using pattern spectra and parallel evolution functions. Another
application, this time on the inspection of steel surfaces has been developed by Cord et al. (2010). They
use statistical learning techniques along a variety of linear (curvelets) and morphological texture features
(granulometries with various SE shapes), in order to select the most relevant among them. Interestingly,
they conclude on the effectiveness of combining linear and nonlinear filters, thus underlining the practical interest of their complementarity. Furthermore, according to Chetverikov and Hanbury (2002) as
well as Hanbury and Serra (2001) texture defects can be perceived as irregularities and/or perturbations
in dominant orientation. So the authors employ orientation maps, which they process using the morphological top-hat operator, extended to angular image data, in order to detect defects respectively in textile
and wood textures.
Moreover, micrographs have been studied in (D. Ghosh & Wei, 2006) where a k nearest neighbours
(k-NN) classifier is involved in distinguishing between various texture classes. The morphological texture feature here is a 3-D pattern spectrum (i. e. trivariate pattern spectrum) with various heights, widths,
and graylevels of the structuring function.

7.6

Geology

Geology has been one of the first application areas of mathematical morphology, since the days when
Matheron and Serra (2002) were studying porous media. Some relatively recent work in this field,
involving morphological textures, has been carried out by Doulamis, Doulamis, and Maragos (2001),
who investigate generalized multiscale connected operators for constructing granulometries. They apply
them to the characterization and description of the size content of soil section images, in an effort to find
soil characteristics that can be measured automatically and then be corresponded with the biochemical
properties of the soil.
Moreover, size-intensity morphological measures have been used to describe granite textures in
(Ramos & Pina, 2005), involving a k-NN classifier and a genetic algorithm to reduce the feature space.
Pierret, Capowiez, Belzunces, and Moran (2002) on the other hand, have worked on the 3D reconstruction and quantification of macropores using X-ray computed tomography. Specifically, they have employed three-dimensional morphological filters, in combination with granulometry and simplified skeletons, leading to an effective description of 3D macropores. And last, comparison of different morphological features for texture analysis has also been investigated, for instance in the context of nondestructive
and quantitative assessment of stone decay (Mauricio & Figueirdo, 2000).

8

Experiments

Ideally, one would like to compare all the approaches to morphological texture characterization presented
in this chapter with a variety of texture databases and settings. Unfortunately, the mere volume of work
required for such a feat, renders it extremely difficult. That is why, instead of providing a series of
exhaustive experiments, we have focused on a few particular cases. Specifically, we present in this
section the results of three experiments.
The first aims to illustrate the practical interest of combining granulometry and covariance against
color textures, while the second explores the improvement that can be achieved by using spatial moments
for valuation, instead of the image volume. While the last one compares the effect of using various color
orderings and color spaces in the context of texture description. They are all carried out using the Outex
color texture collection.
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Figure 33: Examples of the 68 textures of the Outex collection (Mäenpää & Pietikäinen, 2004).

8.1

Outex

The Outex database (Ojala, Mäenpää, et al., 2002), contains a wide variety of textural material (Fig. 33),
that is well organized into various testing suites and publicly available. In the present case, we concentrate on the testing suites Outex_TC_0013 (TC13) and Outex_TC_0014 (TC14), which have been
prepared respectively for general purpose color texture classification and illumination invariance testing.
In particular, they both contain 68 textures, examples of which are given in Fig. 33. Each image, of
size 746 × 538 pixels at 100dpi, has been acquired under three different illumination sources and has
been divided into 20 non-overlapping sub images of 128 × 128 pixels, thus providing 3 × 1360 images.
Moreover, in Outex14 the training set consists of those illuminated with 2856K incandescent CIE A light
source (reference illumination). Outex13 on the other hand is a subset of Outex14, as it contains only its
training set, which is divided evenly as training and testing data.
As far as the test set of Outex14 is concerned, two differently illuminated samples of the very same
textures have been employed. The illumination sources are 2300K horizon sunlight and 4000K fluorescent TL84. Consequently, with 1360 images for each illumination source, a total of 2720 test images
have been used for Outex14. Although the rotation of the textures is identical under each light source
(0◦ ), the three illumination sources slightly differ in positions, thus producing varying local shadowing.
The choice of Outex 14 for our experiments is due mainly to its popularity and the challenge that it
presents.

8.2

Experiment 1

In our first experiment, we present the results that have been obtained using the color textures of Outex13. We compare four different feature extraction schemes with both grayscale and color images.
Specifically, we test features computed using a granulometry (Granulometry), morphological covariance
(Covariance), their concatenation (Concatenated) and finally their combined form (Combined) according
to Eq. (4.25).
More precisely, for granulometry Eq. (4.4) square shaped SEs have been employed, where a SE
of size k has a side of 2k + 1 pixels, and k varied from 1 to 30 in steps of size 2. As to covariance
Eq. (4.14), the four basic directions have been used (0◦ , 45◦ , 90◦ , 135◦ ) in combination with distances
varying from 1 to 20. For their concatenated as well as combined form Eq. (4.25) the same arguments
were in place. The 80 × 25 feature matrix that has resulted from the combination option, was reduced
into a vector of size 160 by means of a PCA transform and preserving only the first two dimensions.
For grayscale computations the luminance component of LSH has been used, while for the processing
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of color information the vectorial versions of operators have been implemented, based on the ordering
of Eq. (5.4), the weights of which have been optimized according to Eq. (5.16). The image set has been
classified using a kNN classifier with k = 1 along with the Euclidean distance.
The results are given in Table 1. Globally, one can immediately remark the positive, though comparably to intensity small effect of using color information. A result which asserts the auxilliary role of
color in texture recognition. Moreover, covariance outperforms granulometry, hence showing the higher
pertinence of periodicity and directionality with this database, compared to granularity. The combination of the two operators by means of a concatenation improves the accuracy levels, while the proposed
hybrid operator provides the overall best results, both with color as well as grayscale images.
Table 1: Classification rates (%) for the Outex 13 textures.
Features
Granulometry
Covariance
Concatenated
Combined

8.3

Grayscale
67.53
73.82
77.75
83.53

Color
74.03
80.46
83.74
88.13

Experiment 2

In this second experiment, illumination invariance is tackled with Outex14. The two previous best classification results for this dataset appear in (Mäenpää & Pietikäinen, 2004; Hanbury et al., 2005) with
scores respectively 69.5% and 78.09%. Specifically, the first value has been obtained with the help of
local binary pattern features. However, only half of the available data has been employed for training
and testing. On the other hand, the latter value with which we compare our results, has been obtained
using features computed with a variogram applied on the L∗ component of the textures in the CIE L∗ a∗ b∗
space, in combination with a preprocessing step, aiming to provide illumination invariance.
Feature Sets and Classification Given the negative influence of illumination changes on the classification rates (Mäenpää & Pietikäinen, 2004), a preprocessing step, aiming to produce illumination invariant
subjects has been considered necessary. The topic of illumination variance has received attention particularly during the last few years and some models have been proposed with varying performances to
counter its effect. In the present case it was chosen to employ the approach proposed by Finlayson et al.
(2005), which consists in applying a histogram equalization independently to each channel of the input
image (Fig. 17). It should be noted that a different invariance model, namely minvariance, was employed
in (Hanbury et al., 2005).
The covariance and granulometry based features have been calculated by means of their normalized
spatial versions, according to Eq. (4.19), of which the adaptation to granulometry is trivial (i. e. replace
erosion with opening and the point pairs with convex and compact SEs). As far as the valuation measure
is concerned (by default the volume, i. e. the sum of pixel values), several choices have been implemented: various combinations of the first three moments, computed according to Eq. (4.18), the first two
invariant moments, as well as other standard statistical measures, of which here we present the results
obtained for variance, energy and entropy.
As to covariance, four directions have been used for the point pairs (0◦ , 45◦ , 90◦ , 135◦ ), each along
with distances ranging from 1 to 49 pixels in steps of size two. Consequently, 25 values were available
for each direction, making a total of 100 values for every channel and moment order after concatenation.
Besides comparing their sensitivities to spatial characteristics of data, granulometry based features
have been included also with the purpose of quantifying the effect of histogram equalization on the end
results. Similarly to covariance, flat linear structuring elements in the same four directions have been
used. The sizes λ, corresponding in our case to 2λ + 1 pixels in length, ranged from -25 to 25, where
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negative values denote closings. Consequently, a total of 104 features were computed per channel. In
cases where multiple moment orders are combined, each 104-pack was concatenated.
The color textures were processed in their native RGB color space, where covariance and granulometries were computed both marginally and vectorially, by means of a norm based vector ordering as
in Eq. (5.14). In fact, the CIE L∗ a∗ b∗ space was also tested, however the obtained results were omitted as
they were largely inferior to the rest. In the case of grayscale images, the L∗ component of CIE L∗ a∗ b∗
was employed. As far as the conversion from RGB to CIE L∗ a∗ b∗ is concerned, special care is required
since the proper transformation matrix calibrated to the CIE A white point must be used (Mäenpää &
Pietikäinen, 2004).
In order to provide indications on the robustness of operators against noise, both training and test
images were corrupted with zero mean uncorrelated Gaussian noise. The classification was realized by
means of a kNN classifier using only the nearest neighbour (k = 1), contrarily to (Hanbury et al., 2005)
where k = 3. In addition, after experimenting with different metrics it was decided to use the standard
Euclidean distance as similarity measure during classification.
Table 2: Classification rates (%) for the Outex 14 textures, obtained with spatial normalized covariance
and granulometry based features, for various choices of valuation measures T .

Features
Granulometry (T)
volume
vectorial volume
η00 η03 η30
entropy
variance
energy
h1
h2
Covariance (T)
volume
vectorial volume
η11
η00 η11
η00 η01 η10
η00 η02 η20
η00 η03 η30
entropy
variance
energy
h1
h2
Best result of (Hanbury et al., 2005)

TL84

RGB
Horizon Average

TL84

L∗
Horizon Average

81.25
82.13
92.65
85.15
86.47
82.06
84.12
83.60

65.44
69.78
80.51
61.69
72.06
59.56
61.10
60.44

73.34
75.95
86.58
73.42
79.26
70.81
72.61
72.02

77.5
86.54
76.4
85.07
78.9
78.46
77.87

84.41
90.22
88.24
88.01
85.51
83.6
84.04

80.95
88.38
82.32
86.54
82.20
81.03
80.95

96.10
94.63
96.10
97.21
97.28
97.50
97.65
90.07
94.85
96.84
96.18
96.10
-

90.96
76.62
90.51
93.16
94.26
94.72
94.78
77.57
87.65
92.28
90.00
90.51
-

93.53
85.62
93.30
95.18
95.77
96.11
96.21
83.82
91.25
94.56
93.09
93.30
-

92.57
93.53
95.44
96.32
96.76
96.91
83.97
90.07
93.09
93.6
93.01
77.35

93.46
92.87
94.71
94.49
95.44
95.44
91.54
92.06
93.09
93.53
93.53
78.82

93.01
93.20
95.07
95.40
96.10
96.17
87.75
91.06
93.09
93.56
93.27
78.09

Noise free classification The resulting classification rates of the experiments are given in Table 2. As
far as granulometry is concerned, contrarily to covariance, the classification scores vary significantly.
In particular, higher average performances are obtained for grayscale images, while the use of vectorial
processing provides only a marginal improvement. Among the different alternatives to the volume, the
best rates were obtained for the moment combination (0, 0; 0, 3; 3, 0), which resulted in an improvement
of ≈13% for color and ≈7% for grayscale textures, compared to standard granulometry.
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Judging from the values resulting from the use of covariance, its overall superiority to granulometry
with this database is obvious. Apparently, the histogram equalization that preceded has effectively reduced the variations due to the three light sources, and covariance appears to benefit most from it. To
illustrate this remark, even the standard covariance operator produces a remarkable 93.53% in average.
The use of vectorially computed features however did not result in an increase as in granulometry.
Moreover, the use of η11 further improves the end result for grayscale images while having only a
slight effect on RGB. Since with each moment, the covariance provides a description of another statistical
property of the input, it was decided to combine these features. As a first attempt, η00 and η11 were
concatenated, thus resulting in an improvement of 2% on both types of images. Several tests followed in
order to determine the optimal combination, and the best performance was obtained with concatenations
of type η00 , η0i , ηj0 . In particular, the best classification scores were obtained for i = 3 and j = 3,
with 96.21% in RGB and 96.17% in grayscale; in other words an improvement of ≈3% (from ≈93% to
≈96%) compared to standard covariance, and overall of 18.12%, compared to the previous best result of
78.09%.
Additionally, as far as color is concerned, one can easily observe the almost systematic, though only
marginal superiority of RGB over L∗ with covariance. A fact which asserts the availability of some
further discriminating information in the color components. Nevertheless, it should also be pointed out
that the number of features computed for color images is the triple of those on grayscale, while their
performance differences are relatively negligible.
Table 3: Classification rates (%) for the Outex 14 textures corrupted with gaussian noise (µ = 0, σ = 16),
computed by means of spatial normalized covariance based features, for various choices of T .

Features
volume
η11
η00 η11
η00 η03 η30
entropy
variance
energy
h1
h2

RGB
Average Rel. Diff
61.10
-34.6
63.48
-31.9
68.42
-28.1
76.36
-20.6
53.35
-36.3
58.79
-35.6
61.72
-34.7
63.71
-31.6
63.45
-31.9

L∗
Average
62.13
63.23
71.14
76.58
56.43
59.04
62.65
60.92
61.84

Rel. Diff.
-33.2
-32.1
-25.2
-20.3
-35.6
-35.1
-32.3
-34.8
-33.7

Noise robustness Given its previous superiority, in this part of the second experiment we concentrate exclusively on morphological covariance and study its robustness against Gaussian noise. Table 3,
presents the classification rates that have been obtained after corrupting the images of Outex 14. Both
the average classification scores of the two test sets as well as the relative differences with regard to the
values of Table 2 are given. According to the results, the average performances appear to have decreased
in the magnitude of ≈-33%, with the exception of higher order spatial moments. The combination
η00 , η03 , η30 once more provides not only the highest classification scores but the highest robustness to
noise too. Specifically degradations of -20.6% and -20.3% have been obtained for respectively color and
grayscale textures.
This last experiment has been repeated with different noise levels in order to better quantify the performance difference between spatial (η00 , η03 , η30 ) and standard (Volume) covariance. As illustrated in
Fig. 34, spatial covariance counters the negative effect of noise on the classification rates more efficiently
than volume, with a performance difference stabilized at ≈16%.
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Figure 34: The evolution of classification rates with increasing noise, for the standard (volume) and
moment based (η00 , η03 , η30 ) covariance.

8.4

Experiment 3

In this experiment, we aim to quantify the relative performance of color orderings in the task of texture
description using color morphological covariance. More precisely, we test marginal (M), bit mixing (B),
lexicographical (L), reduced lexicographical (rL) Eq. (5.10) and the norm based ordering of Eq. (5.14).
Different color spaces have been also employed (RGB, YUV, CIELAB) for mainly two reasons; first in
order to simulate various correlation levels among the channels as well as for testing the effect that uneven
distributions of the intensity information among the channels have on the underlying ordering schemes.
Moreover, as hue based color spaces usually require a reference value, they have been excluded from the
experimentation process with the end of avoiding any further parametrization.
In addition, the covariance based feature vectors have been calculated identically to the previous
experiment. As far as the conversion from RGB to CIELAB is concerned, the proper transformation
matrix calibrated to the CIE A white point of the acquisition apparatus has been used (Mäenpää &
Pietikäinen, 2004). The classification process is realized using a kNN classifier with k = 1 and the
Euclidean distance.
Table 4: Classification rates in % for the textures of Outex13, using vectorial erosion based covariance.
Color
spaces
RGB
CIELAB
YUV

M
77.65
77.76
77.66

Vector Orderings
L
N
B
70.74 71.62 70.86
80.03 77.89 80.13
79.23 77.75 79.43

rL
71.85
78.02
77.36

Table 4 contains the accuracy rates that have been obtained. In detail, marginal processing outperforms its alternatives in RGB, followed by norm based ordering. Since all channels are equally important
in this color space, both prioritization attempts with L and B fail to surpass it. While the superiority of the
marginal approach is assumed to be due to its access to a much broader range of comparison outcomes,
as far as extrema computation is concerned. However, the situation is radically modified with the other
two color spaces, where all approaches increase their performances, a result showing the effect of the
color space choice on their behavior. Specifically, lexicographical and bitmixing orderings take the lead,
though with a small margin, while they provide the overall best results in CIELAB.
Since luminance/luminosity alone is considered sufficient for the recognition of most image variations, its prioritization by means of total orderings has a positive impact on the end results. Further
improvements are probably possible by decreasing the perturbations caused by the last two channels
(i. e. a, b and U, V ), for instance by processing the last two marginally.
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Conclusion

The importance of texture in the context of image analysis is undeniable. Our objective in this chapter
has been to underline the effectiveness of mathematical morphology, as an image processing framework,
in texture description. To this end, the contemporary texture oriented morphological arsenal has been
presented, along its strengths, weaknesses and corresponding remedies, as well as real-world application
examples and experiments with benchmark texture collections on selected topics.
In conclusion, mathematical morphology provides indeed a very rich variety of texture descriptors,
that benefit largely from its shape based nature as well as from its capacity to exploit the spatial relationships of pixels. The main tools are granulometry and morphological covariance, that focus respectively
on the granularity and periodicity of their input. The extensions that have been built on top of them, have
enriched these tools, with spatial sensitivity, invariance against scale, illumination as well as viewpoint
variations, thus leading often to record-high classification performances with state-of-the-art benchmark
texture collections. This is achieved mostly thanks to the capacity of morphological series to capture
higher order properties of spatial random processes, without being limited by the theoretical bounds
imposed on alternative approaches.
What is more, thanks to the computation related breakthroughs of the last decade, morphological
texture descriptors are no longer limited with off-line systems, but can be employed in real-time annotation, indexation and retrieval systems, while also being transferrable to dedicated hardware, thanks to
their compliance with Boolean Algebra. As far as color is concerned, no doubt it is an indispensable part
of an effective texture descriptor. Although color morphology still lacks a widely accepted framework,
several competent approaches for color morphological tools are present in the literature; the effectiveness
of which in the textural context has been demonstrated more than once by the reviewed methods.
Furtermore, the experiments that have been carried out, have additionally underlined the practical
interest of combining granulometry with covariance, but more than that, they have shown us that we
are still far from reaching the full potential of morphological distributions, as new extensions are published regularly to this day. Noise robustness, as well as spatial sensitivity issues have also been tackled
experimentally, illustrating the superior performance of morphological solutions in this regard. As to
the examined color orderings, although no single color space-color ordering couple stands out, we have
underlined their various properties, that can potentially improve description performance considerably,
when used under proper conditions.
As to future perspectives, the main challenges presently in texture description, be it morphological
or not, lie in conquering invariances: viewpoint, illumination and scale, as well as in incorporating
effectively color into texture signatures. Mathematical morphology has tacked all of these challenges
in the last decade, always successfully, yet at various degrees. In fact, much work remains to be done
on morphological distributions, while even the preliminary efforts in combining morphology with linear
and statistical alternatives has underlined a further significant research potential. In short, research efforts
in the near future will most probably continue to be oriented towards the aforementioned goals, within
the general objective of achieving effective and efficient description of real-world textures. Whatever
the final solution may be, mathematical morphology is certainly one of the most promising strategies
capable of reaching it.
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