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Modelling

FE model:




MZ̈(s) + CŻ(s) +KZ(s) = ν(s)

Y (s) = LZ(s)

(Mµ2 + Cµ+K)Ψµ = 0 , ψµ = LΨµ

State space:




Xk+1 = FXk + Vk

Yk = HXk

FΦλ = λ Φλ , ϕλ
∆= HΦλ

Parameter: eδµ = λ︸ ︷︷ ︸
modes

, ψµ = ϕλ︸ ︷︷ ︸
mode shapes

; θ ∆=




Λ
vecΦ



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Damage detection

Local approach (small deviations)

θ0 : reference parameter, known (or identified)

Yk: N-size sample of new measurements

Build a residual ζ significantly non zero when damage

Test H0 : θ = θ0 against H1 : θ = θ0 +
δθ√
N
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Residual ↔ Estimating function

ζN(θ0) =
1√
N

N∑

k=1
K(θ0, Yk)

Characterized by: Eθ0 K(θ, Yk) = 0 ⇐⇒ θ = θ0

Warning: Prediction error for sensor faults ONLY !

Mean sensitivity (Jacobian) and covariance

M(θ0)
∆= −Eθ0

∂K(θ0, Yk)

∂θ
, Σ(θ0)

∆= lim
N→∞ Eθ0 ζN(θ0)ζ

T
N(θ0)
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The residual is asymptotically Gaussian

ζN(θ0) →




N ( 0, Σ(θ0)) under Pθ0

N ( M(θ0) δθ, Σ(θ0)) under P
θ0+

δθ√
N

(On-board) χ2-test

ζTN Σ−1 M (MT Σ−1 M)−1 MT Σ−1 ζN ≥ h

Invariant / pre-multiplication of ζ with invertible gain
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Back to eigenstructure monitoring




Xk+1 = FXk + Vk F ϕλ = λ ϕλ

Yk = HXk Φλ
∆= H ϕλ

Canonical parametrization : θ ∆=




Λ
vec Φ




Observability in modal basis : Op+1(θ) =




Φ
Φ∆
...
Φ∆p




System parameter characterization:

Hp+1,q and Op+1(θ) have the same left kernel.
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Back to structural subspace identification

∃S, ST S = Is, ST Op+1(θ0) = 0; say S(θ0)

θ0 ↔ (R0
i )i characterized by: ST (θ0) Ĥ0

p+1,q = 0

Residual for structural damage monitoring

ζN(θ0)
∆= vec( ST (θ0) Ĥp+1,q )
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On-board damage diagnostics

without solving an inverse problem

complex,
not identifiable

DATA

simple,
identifiable

REFERENCE
(BLACK-BOX)

MODEL OF
PHYSICAL

SYSTEM

black-box
diagnostics

physical
diagnostics
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Damage diagnostics: projecting changes
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Damage diagnostics: (local) sensitivity approach

ζ ∼ N (M δθ, Σ), δθ = I J(M?
0 ,K

?
0)



δM
δK




(M?
0 , K

?
0) : design model

Jacobian : (δM, δK)
J(M?

0 ,K
?
0) → (δµ, δψµ)

Reduction: I matching computed/identified modes

Problem : dim



M
K


 � dim θ
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Computing Jacobian

1. (δM, δK)
IJ(M?

0 ,K
?
0)

mode selection
→ (δµ, δψµ)

2. Apply IJ to unit vectors (δM, δK)

3. Truncate small vectors (δµ, δψµ)

4. Cluster the remaining vectors (δµ, δψµ),

using the χ2-metric.

? Better reduction techniques, instead of 1., 2., 3.
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Computing sensitivities

MZ̈(t)+CŻ(t)+KZ(t) = ν(t) ; φT (µ2M+µC+K) = 0

δµ (2µM+C) Φ+ (µ2M+µC+K) δΦ+µ2 δM+µ δC+δK = 0

δµ = − φT (µ2 δM + µ δC + δK) φ

φT (2µM + C) φ

(µ2M+µC+K) δφ = −δµ (2µM+C) φ−(µ2 δM+µ δC+δK) φ

φTδφ = 0

δΦc = JΦcψ δψ ; δΦi = δΦc (Φi 6= Φc)
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Numerical results - Steelquake

Sensors 2, 8, 10, 13.

8 modes identified on Q10.

Theoretically, under no damage assumption: χ2 = 80.

Experimentally, for undamaged scenarios Q09 −Q12: χ2 = 8 · 103.

For damaged scenarios Q39 −Q42: χ2 = 8 · 108.
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Numerical results - Z24 bridge

Mode 1 2 3 4 χ2

Safe Freq.(Hz) 3.88 5.01 9.8 10.3 25

DS1 Freq.(Hz) 3.87 5.06 9.79 10.32 70000

DS2 Freq.(Hz) 3.76 4.93 9.74 10.25 70000
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Damage localization - Z24 bridge
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