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Joint probability, conditionals and marginals

In general, statistical learning is based on

y = arg myaxp(y\X) = arg manp(X!y)p(y)

which requires obtaining a model of either p(x|c) or p(c|x), where x might be
a complex collection of random variables.

Need for simple, tractable models = assumptions must be made

naive Bayes p(z1,...,z0|c) =11, p(zilc)
Markov property  p(z1,...,2,) = p(z1) [[; p(zili-1)
HMMs p(CIfl, Y1y -y Tn, yn) — p(ml)p(yﬂxl) Hzp(lexz—l)p(yzlxz)

... 1o the expense of accuracy!

How can we handle more complex (and thus better) models ... without
requiring a new theory everytime?
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The key idea of graphical models

\ / represent variable dependence (and thus independence) as a

\9\‘ graph that enables factorization of the joint probability and graph-
= theoretic generic inference algorithms

A graphical model is a family of probability distributions defined in terms of a
directed or undirected graph. The nodes in the graph are identified with
random variables, and joint probability distributions are defined by taking
products over functions defined on connected subsets of nodes.

[Michael |. Jordan, Graphical models, Statistical Science, 2004]

n

p(x,y) = p(y) | [ p(zily)

1=1
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Directed vs. Undirected

Directed graphs Undirected graphs

O
%) ) &) ) )

p(x) = | [ p(wo]ex,)

vey
© used to encode “causal” relations © used to encode spatial relations
© graph must be acyclic (DAG) © known as random fields

T A represents the set {ZL‘Z Vi € A} and 7, the set of parent vertices of v

age ) is the set of vertices, C is the set of cliques on the graph
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Undirected graph: Markov random fields

Markov property in random fields

P[XS m— xs‘XS\s — CL’S\S] — P[XS — Q?S‘XVS — CCVS]

oVse S v, € F

o sample space: ) = EI°I

° neighborhood system: V' S
o set of cliques : c € C
1 .
SGC P xS
U(x)
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Markov random fields: an example

exp (oz:z:s + D e ﬁZIZ‘SQZT)
1 + exp (ozxs + D rev. ﬁa:sxr)

P[X | Xy,] =
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Hidden Markov random fields

X —— Y, anoisy version of X

As we assumed conditional independence of the observations, we have

PlY =y|X =a] =[] bo.(ys) =exp— >  —Inb, (y.)

seS seS

U(y|x)

P[X = z|Y = y] : Gibbs distribution U (x) + U (y|x)
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Directed graph: Bayesian networks

Bayesian network

directed acyclic graph over a collection of (discrete) random variables

T
P(Xi,...,X7] = P[X1]P[X2|X1]P[X3| X2, X1]|P[X4| X1, X2, X3] T T3
Pl X5|X1,...,X4|P[X6|X1,...,X5]
P[X7|X1,...,Xe6]
x4 x5
= P[X1]|P[X2]P[X3]|P[X4| X1, X2, X3]
P[X5| X1, X3]Plxe|X4]|P[X7| X4, X5] - -
Interest: [from Bishop, 2006]

© enables factorization of the joint likelihood
© enables the use of generic algorithms for inference
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Bayesian networks: a parametric model

thththth

The sprinkler DAG encodes a family of
distributions that verifies P[C,S,R, W] =
P[C]P[S|C|P[R|C]P[W|S,R] (we say the dis-
tribution factorizes on the graph), an instance
of which is specified by the parameters in the
figure.

F F
F T

T F 0.1 0.9
T T 0.0l 0.99

Factorization enables different types of reasoning:

© Bottom-up: given observations, what are the most likely causes
— e, P[S =1|{W =1]and PR = 1|W = 1]

° Top-down or causal: what is the probability of an event?
—ie, PIW =1|C = 1]
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Bottom-up inference in the spinkler example

Y P[S=1,W=1C=c,R=r] o
P[S — 1‘W — 1] — &7 o.s 0.5
PIW = 1] |
= 0.2781/0.6471 _ “
l:ulFul:n| I:IFE . 'I'5 Sprinkler 7 Rain 7 :LnFul:l'I'|u: u:rz
ZP[Rzl,Wzl,C:C,S:S] T o oa ' T |02 o
c,s i
P[R — 1|W — 1] — | WET GRASS
P[W f— 1] “.H':lﬂ !F“l:KLE“ i ;—
= 0.4581/0.6471 A B,

Rain is more likely to have caused wet grass than sprinkler! Interstingly, if we
know it’s raining, we have

Y P[S=1,W=1,C=c,R=1]

P[S=1W=1,R=1] = -°© PW =1L R=1 = 0.1945

l.e., the probability that the sprinkler explains the wet grass diminishes (aka
explaining away for two competing variables).
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Basic (3 vertices) graphs and independence

Chain graph . , Y
X 1Y|Z and P[Y|Z X] = P[Y|Z] )
Latent cause graph 4
X 1Y|Z and P[X,Y|Z]= P[X|Z|P[Y|Z] X Y

Explain away graph (aka v-shape)

X 1Y and P[X,Y]= P[X]|P[Y] Z

| X 1 Y|Z does not hold in the explain away graph!
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Bayesian networks we’ve already seen

e e x) 00 (%) (x) (%)
X4 =O =/x—3\ =/>;\ > xs
\ P ./ N
Proportions Per-word
Parameter Topic Assigment
Per-document l _ Topic
Topic Proportions v Observed Word Topics Parameter
LDA
. O\
Or-OrO—0 OO
= Qd Z d,n | Fd;ﬂ N ﬁ Ik 7]
D K
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More complex networks

[...] The errors-in-covariates logistic regression

model of Richardson, Leblond, Jaussent and “'-; \-H

Green (2002). The core of this model is a logis- * /

tic regression of Y; on X; . The covariate X; x “ " 1

is not observed (in general ), but noisy mea- y PR

surements U; of X, are available, as are ad-

ditional observed covariates C';. The density

model for X; is taken to be a mixture model, X, ’:)-E'

where K is the number of components, W are c T

the mixing proportions, Z; are the allocations P x ;

anfj 0 parameterizes the rmxture compone.nts.. I— -.

[Michael I. Jordan, Graphical models, Statisti- g ' .

cal Science, 2004] N ¥; U
RN
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Common vision for directed/undirected graphs

Directed graphs Undirected graphs
1
— Hp(x’v‘xﬂv) p(X) — & ch(xc)
A
vey ceC
can all be cast into factor graphs: p H fZ :I:C
zEI

FOREE

o

"4 ob
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Moralization of directed graphs

X1 x3 Z1 x3

o X2

T4 L4
1

Plx] = Plza|z1, 22, 23] P|71]Pl2o] Pls] = Efa(xlax%x?nxél)

For chain graphs, moralization boils down to “removing” the direction of the
edges

Plx] = Plz1]Plxs|x1|Plxs|x2] ... Pley|Tn_1]
— fl(ilfl)f2(961, $2)f3(332, 5133) .. fn(ilfn—l, ﬂﬁn)

UNI{IRESI\TJEID\EI@ [From Chritopher M. Bishop, Pattern Recognition and Machine Learning, 2006]
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Towards generic inference algorithms

Inference = find posteriors for (all) unobserved variables given the
observed ones

The idea is to define generic algorithms that take advantage of the
(undirected) graph structure

Three families of approaches

© exact inference algorithms
— works well for particular cases or fairly simple structures

© Monte Carlo approaches
— use sampling to compute posteriors and marginalization
— Gibbs sampling commonly used in this case

© Variational methods
— make simplifications of the model to get an approximate solution

uen
N
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The variable elimination principle

factorizing according to

1

P[X] — Efa(xlaajZ)fb(ajl)$3)f0(3327334)fd($37x5)f€($27$57$6)

ti&/ DS U&'

o, il L
Q‘j« 4} f
[

d
"R ®
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The variable elimination principle (contd)

X3 Xs

Plzi] o Z Zfa 1, 22) fo(T1,23) fe(T2, T4) fa(T3, T5) fe (T2, T5, T6)

X Zfa 1,2 Zfb X1,T3 ch X2, T4 Zfd 3,5 Zfe 5132,335,376

7

~N"

me (902 @5)

o< Y falwrme) Y folwr,m3) Y felwa,m4) Y falws, xs)me(a2, s5)
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The variable elimination principle (contd)

X3 Xs

Plz;] Z fa(z1,22) Z fo(z1,23) Z fe(z2, x4) Z fa(xs, z5)me(z2, x5)

7

Ve

ms(x2,x3)

X Z fa(55'1,332) Z fb(xla 5133) Z fc(5132>$4) Z fd(w3,335)m6(5627335)

7

~
msg ($2,CE3)

o Y fal@1,72) Y folw1,23) Y fo(w2, 2a)ms(w2, 73)
- %e T2 L3 L4
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The variable elimination principle (contd)

X3 Xs

Plz;] Z fa(z1,22) Z fe(z2,x4) Z fo(z1, z3)ms (22, 3)

aVa

m4(:132)
X Z fa(l’h 562)77”64(56’2) Z fb($1, 56‘3)777/5(562, $3)
o T3

N

m3(331,332)

X Zfa(azl,xg)m4(x2)m3(a:1,x2) x ma(X1)

T2
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The variable elimination principle (aimost last)

To sum up, the idea is to progressively “eliminate variables” by iteratively
making partial sums.

The iterative process breaks down the complexity but key questions/issues
remain:

© choosing an adequate elimination order is far from trivial in general
> it's in fact known as a NP-hard problem for general graphs!

© need to run a specific elimination procedure foreach variable
> that’s bad!

If variables are observed, the algorithm remains valid by replacing the corresponding
sum by a single value
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Variable elimination on chain graphs

P[X] X f1,2(3317 ng2)f12,3($2, 51?3)f3,4(5133, 51?4) . fn—1,n(fl?n—1, il?n) -

To compute efficiently compute P|[z;] Z DY Z P[x] , we can

Ti—1 Ti41

take advantage of the fact that the summat|on on

° x, only depends on f,—1 n(ZTn_1,2n) = Bn(Tn-1)

© x,_10nlydependson f,_2,_1(xpn—2,%,—1)and B, (r,—_1)
or, similarly, that the summation on

° x1 only depends on fi 2(x1,22) = a1 (x2)

© xo only depends on f5 3(x2,x3) and o (z2)

uen
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Variable elimination and message passing

22 2 2 P

Tj_1 Tit1
(Z fi—1i(@io1,24) ... (Z f2,3(z2,x3) (Z fl,g(xl,xg))) )
047;—1(5177;)
(Z fiiv1(Ti, Tit1) ... (Z fn—2,n-1(Tn—2,Tn—1) <an 1.n(Tn—1, xn)>> )
LTit1 Tp_—1

~~

Biv1(w;)

OC 'L(x ) l(X

)
Q- p 2ty
(%. (% 2) A Cx“.) Pl (x

a1 xz Zfz 1,2 xz 1733%)04@ 2(377, 1) 6 Lj— 1 Zfz 1,2 xz 17561))624—1(551)
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Generalization to trees (sum-product)

The message passing principle illustrated with chain graphs straightforwardly
generalizes to trees (where a node has a single parent) and is know as the
sum-product algorithm

Many variants of the sum-product principle do exist like
© replace sum with max to get the most likely configuration

© exploit the bipartite factor graph

RENNES 1
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Generalization with junction trees

A junction tree ‘T for a graph G is a tree where nodes are clusters of nodes
from G related to the cliques in G and that verifies the following properties:

© only one path between each pair of clusters (it's a tree!)

o each clique in G is included in a cluster
° for each pair of cluster A and B that contains 2, each cluster on the
(unique) path between A and B contains 7

{b}

{b, c}
{b, e}

G /i
[borrowed from Mark Paskin’s course]
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Building junction trees

. choose a node elimination order

. run node elimination to get the set of elimination cliques

. build a complete graph over the elimination maximal cliques
. weight edge A — B with |A U B|

5. build maximum weight spanning tree
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Inference with the junction tree algorithm

-

\‘9”_ apply sum-product on the junction tree of § to perform in-

& ference on §

The junction tree inference algorithm boils down to
1. compute moral graph (if input is directed) — will change topology!

2. perform graph triangulation to remove chord-less cycles — will change
topology!

3. create junction tree on triangulated graph
4. run sum-product or max-product message passing on the junction tree

5. compute marginals on G from message passing on the junction tree

Generic and efficient algorithm for reasonably well-formed Bayes nets or
graphs but rapidly becomes intractable when graph topology gets complex
(because width of junction tree explodes)!

ueh
G\
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A quick word in estimation

Parameter estimation
o Standard maximum likelihood approaches for complete data

© Possible maximum a posteriori regularization

° EM and EM-like algorithms for incomplete data
— E-step benefits from sum-product algorithm!

Model selection: a large body of work on learning the BN structure

© Bayesian information criteria
© Augmented networks: tree augmented, forest augmented, etc.

© The K2 algorithm

© etc.
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Revisiting the bestiary of models

SBN, mix - mecture
Boltzrmann T -
Machines red-aim .-!
aIme

Factorial HIMR dyn : dynamics

A
10

Cooperative
Vector
Quantization

nonlin : nonlinear

switch :switching

Miture of
Gaussians

\ y HIVIN

(vC)
red-dim ‘
Mixture of
HiW s
i Mizture of
Gaussian WL e
dyn
Factor Analysis ._
(PCA) Switching
State-space
i Models
nonlin
FinEaT Switch
ICA Crenarmical
Systerns (SSMs) \
i Mixture of
LDSs
Meonlinear v so—
Gaussian o e
Belief Nets Vnamica
Systems
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i

Naive Bayes

cu@m

Logistic Regression

Revisiting the bestiary of models

=R Y =

SEQUENGE GENERAL

HMMs GRAPHS Generative directed models

GIJN NAL Gﬂ@lﬂl

SEI]UENGE GENERAL

Linear-chain CRFs GHAPHS General CRFs
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Bayesian network extensions of HMMs

4

@" —0

N,
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Key references

Full books

Judea Pearl. Probabilistic reasoning in intelligent systems: networks of
plausible inference. Morgan Kaufmann Publishers Inc., 1988.

Michael | Jordan. Learning in graphical models. MIT Press, 1999.

Christopher M. Bishop. Pattern Recognition and Machine Learning
(Information Science and Statistics) — Chap. 8: Graphical models.
Springer-Verlag New York, 2006.

Overview journal papers

Michael I. Jordan. Graphical models. Statistical Science, 19(1):140—-155,
2004.

Concha Bielza and Pedro Larragana. Discrete Bayesian network
classifiers: a survey. Computing Surveys, 47(1), 2014.
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